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We study the structural and mechanical properties of jamefigibe packings, and find that the nature of the
jamming transition in these systems is fundamentally diffie from that for spherical particles. Ellipse packings
are generically hypostatic with more degrees of freedom tuastraints. The spectra of low energy excitations
possess two gaps and three distinct branches over a rangpaftaatios. In the zero compression limit, the
energy of the modes in the lowest branch increasestically with deformation amplitude, and the density of
states possesseddunction at zero frequency. We identify scaling relatidhat collapse the low-frequency
part of the spectra for different aspect ratios. Finally,find that the degree of hypostaticity is determined by
the number of quartic modes of the packing.

PACS numbers: 61.43.-j, 81.05.Kf, 63.50.Lm, 83.80.Fg

A decade ago, Liu and Nagel proposed that jamming transithese result@O]. These previous studies raise sevemal fu
tions in glassy, granular, and other nonequilibriumamorgh damental questions about static packings of ellipsoidal pa
systems can be described by the jamming phase dia&am [H]cles; for example, why are they hypostatic and what is the
and that a ‘fixed point’ (Point J) in the jamming phase diagramnature of their low-energy excitations? In this letter, wedy
controls slow dynamics in these systems even far from Pointhe low-energy, vibrational excitations of 2D static pags
J ﬁ]. For model disordered systems composed of friction-of ellipses using a numerical packing-generation algoritt
less, spherical grains interacting via purely repulsivers  which soft ellipses interact via purely repulsive potelstiat
range potentials, the packings at Point J isbstatic [E @], zero temperature. Our analysis demonstrates the existénce
where the number of degrees of freedom exactly matches thevo gaps in the vibrational spectrum over a range of aspect
number of constraints. It has been shown that isostatic-packatios. The energy of the modes below the first gap increases
ings of spherical grains have interesting mechanical prope quartically with deformation amplitude along the soft direc-
ties; for example, they possess an abundance of spatially ekions, and the number of these quartic modes determines the
tended “floppy modes” of excitatioE|[E|. 6, 7] and non-elasticdegree of hypostaticity of the packings.

response to applied deformatiohss [8]. Compression packing-generation protocol We generated
However, there have been relatively few theoretical studan extensive set of static packings of ellipses over a rahge o

ies of jamming in systems with aspherical particles, despit system sizes fronN = 120 to 1920, in which particles are

the fact that most physical particulate media have graitis wi ‘just touching’, using a numerical packing-generationtpro

anisotropic shapes. The introduction of aspherical degtin  col similar to that employed to create static packings oksph

equilibrium systems gives rise to completely new phases ofcal particles[11] 12]. We will refer to this protocol as the

matter and critical behavior as evidenced in the field ofiiqu ‘compression method’. In this method, soft, purely repsi

crystals. What s the nature of jamming transitions in naneq ellipses are first randomly deposited in a square cell with pe

librium systems when the grains are aspherical? For exampledic boundary conditions at a low packing fractign= 0.5).

is there still a special point J in the jamming phase diagramThe configurations are successively compressed in smad ste

where packings are isostatic, that controls slow dynaniits? (Ap = 10%) and then relaxed using conjugate energy min-

this letter, we begin to address these important open quessti imization after each step. Near the jamming packing frac-

by investigating the structural and mechanical propewies tion @;, where the particles are just touching, the configura-

static packings of frictionless anisotropic particles. tions are expanded or compressed by decreasing amounts un-
For a static packing oN grains ind spatial dimensions, til the system has vanishingly small total potential engygy

with d — 1 rotational andd translational degrees of free- particleVio) <V < 2Vio1. Vil = 10712 for most simulations,

dom per grain, total force and torque balance on each graM = ;- V(rij) summed over all ellipse pairs,

can be satisfied only if the total number of contacts satis-

fiesNe > Ny = N(2d — 1) in the large system limit. Isostatic N2 .

: AN : : : N {(1_rIJ/OIJ) fij < Gij

packings satisf\N. = N, while hypostatic packings possess V(rij) =

Nc < N;. In contrast to spherical particle packings, static pack- 0 fij > Oijs

ings of ellipsoidal particles, studied previously by Donetv

al. [|§] are generically hypostatic and possess higher densandrij is the separation between the centers of mass of ellipses

ties without translational and orientational order. Expents i andj. The separations and orientatiansfiduj of the long

on packings of ellipsoidaM&M candies have also verified axes of ellipses and j determine the Perram and Wertheim
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FIG. 1: (Color online) Normal mode frequencies from the dy-
namical matrix (EqLI3) vs. indeix sorted by increasing frequency
for N = 120 ellipse packings at nine aspect ratmss 1.02 (black),
1.04 (red), 106 (green), 108 (blue), 11 (yellow), 12 (brown), 14
(gray), 16 (violet), and 180 (turquoise). The sorted frequency spec-
trum possesses three distinct branches (numbered 1, 2).aimdi3e
inset, we show the scaled frequenay w* vs.i/i*, which collapses
the low frequency part of the spectra at 1 (vertical dashe) li

overlap parametel [18,14,115] 16]
Gij = min Oo(A) @
4 \/sz B0V 6B 10)Fi G,
2 2E T IR0,

whereay, 3, andy depend o\ and the major (minor) axis,
a; (by), of theith ellipse E’V]. To determine;; for each pair,

minimization of the parameter9 A < 1 must be performed.
We simulate bidisperse mixtures to inhibit translationadl a
orientational order: one-third of the particles are largéhw
the major axis X times that of the small particlesl [9]. Us-

FIG. 2: (Color online) Change in potential eneryy; vs. displace-
mentd alongég for N = 120 anda = 1.5 (i* = 22). AV; (solid blue)
fori=115>i* is quadratic ird. In contrast, foi <i*, AV, O &2 for

5 < &, but 3% for 3 > &.. Fori = 24, we show thab; decreases
from approximately 103 to 104 asVig varies from 1012 (green)

to 1016 (purple). The dashed black (red) line has slope two (four).
Inset: The translational contributioh to the sum of the squares of
the amplitudes of each eigenvecgofthe dynamical matrix for as-
pect ratioa = 1.01 (black), 120 (red), 150 (green), and.0 (blue).

the square roots of the eigenvalues of the dynamical ma-
trix give the normal mode frequencies indexed byi. We
denote the normalized eigenvector correspondingutdy
A _ [ai=l oi=1 Gi=1 =N =N =Ny
&=1{e & . . .8 .& .6 } withthe con-
straint thate? = 1. Below, we show the relative contributions
of translational and orientational components of the eigen
tors, for example, the translational contribution from raod
isTi =3\, {(})?+ ()% andR =1-T,.

Over a range of aspect ratios, the spectmmsorted in
order of increasing frequency, possesses three distigiches
(cf Fig.[D): (1) modes with indexes— 2 < i*(a) below the

ing this procedure, we generated an ensemble of at least 108w-frequency gap, (2) modes with indéx<i—2 < i; =
ellipse packings, each characterized by the jamming pgckin(d — 1)N, where fora < a, there is a second gap at indigx

fraction ¢y, over a range of aspect ratios from= 1 to 2.

and (3) modes with indek— 2 > i;. (We are explicitly not

We calculated the global bond-orientational and nematic orincluding the two trivial modes corresponding to transial
der parameters [18], and found no significant ordering withinvariance.) In the inset to Fig] 1, we show that we are able

order parameters 1/+/N for all a.
Vibrational Spectra To determine mechanical properties
of ellipse packings, we calculate the dynamical matrix

LAY
0EmoEn’
where&m = {Xm,Ym,ambm}, Xm andyn, are center of mass

coordinates of ellipsen, 6, is the angle betweeny, and
the x-axis, andmn=1,--- N [IE]. When Eq[B is evalu-

Mim = 3)

to choose aspect ratio dependent scaling facbdr@ndi* that
collapse the low-frequency part of the spectra includirg th
first gap. We find thato* is roughly linear witha — 1, while

i* possesses two different scaling regimesdor 1 < 1 and

a > 1. As demonstrated in the inset to Fif. 2, modes in regions
(1) and (2) are mainly rotational, whereas those in regign (3
correspond to mainly translational motion.

We find that our ellipse packings at finite, but small over-
compression posse$2d — 1)N — d nonzero, positive eigen-

ated for an ellipse packing and diagonalized using periodivalues [2D]. To rationalize this result with the fact thatda

boundary conditions, in principle one obtaif2sl — 1)N' —d
nontrivial vibrational eigenmodes, wheN = N — N; and
N; is the number of ‘rattlers’ with fewer thad + 1 con-
tacts.

ellipse packings are generically hypostaﬂc [9], we pdréal
our ellipse packings along each of the eigendirections ef th
dynamical matrix over a range of overcompressiogg kthar-

If we assume that all ellipses have the same masacterizes the centers of mass and orientations of the afigin
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FIG. 3: Density of vibrational modd3(w) for ellipse packings with

N =120 fora = 1.0 (black), 11 (red), 12 (green), 1 (blue), 17 F|g_ 4: (Color online) Contact numbée) vs. a for compression
(wolet),land 20 (orange).. The Iqwn peak gorresponds to rotathnal (triangles) and annealind@ = 0.005 (open squares) and8 (filled
modes in frequency regime 2 discussed in the text. The inaghm  ¢jrcles)) methods foN = 480. (z) for annealing diverges from that
fies the loww region fora near 1:a = 1.001 (thin solid), 1005 (thin ¢4, compression fort > 1.1. The filled diamonds represefs) =
dashed), D1 (thin dotted), 102 (thick solid), 104 (thick dashed), 6— I*(G)/(3N) for the compression method data. The inset shows
and 108 (filled cir(_:les). The low-frequency peak is sharp &ndo) the system size dependenceNofi*(a) — N/(N + 1) for N = 120
possesses a gapanfor a < ot ~ 1.2. However, the peak broadens (cjrcles), 240 (squares), 960 (upward triangles), and {8@8@nward
and connects tB(w) at largew without going to zero foo > a. triangles) for the compression data. The red (black) dashedas
slope 05 (1.0). The solid line is an interpolation between power-laws
static ellipse packing, the perturbed configuration oletdiaf- ~ ©f 0.5 at smalla —1 and 10 at largeo — 1, which was used to fitz)
ter a shift byd along eigenmodeand relaxation to the nearest " the main plot (solid blue line).

local energy minimum ig; = &0 +8&. In Fig.[2, we plotthe o for )~ 10. These new features will be investigated in
change in potential energVi =V (&;) —V(&o), of ellipse  more detail in future work [21]. We have verified that the vi-
packings withN = 120 ata = 1.5 arising from a perturbation  prational properties described here also hold for packings
along modei as a function of amplitud® and for two val-  \yhjch ellipses interact via the Gay-Berne potential [228hwi
ues of overcompressiofi. As shown in Fig[R, for modes 4 simpler form for the overlap function than in &g 2.

with indexes in regions (2) and (3) of the frequency spectrum . yoqaticity  Our analysis of the structural and mechan-

82 : .
Av; D 3 for all 3 independent oW1 In contrast, there is oy, properties of ellipse packings has led to several novel

ranged > c over which4modes in regiog (1) displayartic  gpservations: (1) The quartic modes that exist for hard el-
dependence ob AV L 5", whereadlV L16° for 3 < &. Since  jinge packings develop a quadratic contribution at finiterev

8 ~ Vig) " for modes in region (1), quartic behavior will per- compression, and therefore compressiabilizes ellipse
sist over the entire range &fin the zero compression limit. packing<[0]; (2) The contribution of these quartic modes to
Thus, ‘just-touching’ ellipse packings are stabilized lwat  the density of vibrational modes decreases as the aspect ra-
tic rather than quadratic terms in the expansion of the totafio increases; and (3) Ellipse packings are genericallyohyp
potential energy around the reference packing[9]. static, as shown in Fil] 4, with smaller average contact rarmb
The density of vibrational modeB,(w), obtained from the  (2) than that predicted from isostatic counting arguments, i.e
spectrumgy, shown in Fig[B, exhibits several key differences (2)iso = 6 for ellipses witha > 1. Hypostatic packings have
from that for disk packingd [2]. First, the plateau at smallfewer contacts than required to satisfy all force and totzple
w characteristic of nearly-isostatic disk packings is repth ~ance conditions, and thus in some directions of configumatio
by a narrow peak at low frequencies. This peak is compose8pace these packings are only quartically, not quadrbtical
of modes in region (2) of the spectrum that display collec-stable. We find that quartic modes represent collective, pri
tive, primarily rotational motions. Fax < a; (with a; ~ 1.2 ~ marily rotational motions of the ellipses, which do not l¢ad
for N = 120), this peak is clearly separated by a gap fromcage breaking and particle rearrangements. Thus, we expect
the broad, high-frequency regime. Note that on a logarithmi that if the isostatic counting argument is reformulatedrs t
scale one would also see a peak that corresponds to modestlie quartic modes are not constrainég, will correspond to
region (1), and is separated by a gap from the modes in regiofie minimum number of contacts necessary to constrain the
(2). As discussed before, this peak shifts to lomegand nar-  quadratic modes. Thus, ellipse packings are isostatic nith
rows to ad-function at zero frequency in the zero-compressiorspect to only theuadratic modes.
limit. Second, for large aspect ratios & 1.5 for N = 120), When each internal degree of freedom in an ellipse packing
D(w) has significantly more structure than that for disk pack-is stabilized, the isostatic conjecture givé&) /2=3N—1. If
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it is not necessary to constrain the quartic modes, thistequa motions. Thus, Landau theories for ellipse packings have a

can be rewritten as 4th order term as the lowest nonvanishing contribution & th
N(2) _ generalized free energy. These results will likely stineila
— = 3N—i*(a), (4)  further work on statistical descriptions of packings oftzesp
ical particles.

whereNg = i*(a) — 1 is the number of quartic modes in region Support from NSF grant numbers DMR-0549762 (BC
1 of the frequency spectrum. Thus, by measuring the numbeg MM), DMR-0448838 (CSO) and CDI-0835742 (CS) is
of quartic modes, we are able to determi{aga) as shown acknowledged. During the workshop “Dynamical hetero-
in Fig.[4. In the inset we show that/i*(a) —N/(N+1) has  geneities in glasses, colloids, and granular media” in &eid

two power-law regimes: scaling aga —1 (o — 1) for small  in August 2008, we learned of independent, parallel results
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An(a—1)" sions. We acknowledge discussions and suggestions from Z.
(2(a) = (2)(1) + Zm, (5)  Zeravcic and S. Nagel at the workshop, and also thank M. Bi,

G. Lois, T. Witten, and N. Xu for helpful comments.

wheren = 0.5 (1) for small (largepx — 1 andAgs andA; are

positive constants. In Figl 4, we use a function that interpo

lates between these power-laws and allows us t@fitor the
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