Rate Equations and Dynamics
in the Cell

Chapter Overview: In which dynamic
trajectories of molecules are described
using rate equations

Much of our discussion of the interplay of the molecules and macro-
molecular complexes that fill the cell, both large and small, has been
founded upon the use of arguments about chemical potentials and
equilibrium constants. In living cells, however, circumstances are con-
stantly changing. Ion channels are constantly opening and closing,
enzymes are constantly catalyzing biochemical transformations and the
elements of the cytoskeleton are growing and shrinking. In this chap-
ter we introduce deterministic and statistical approaches for handling
these kinds of dynamical processes within cells. In particular, this chap-
ter introduces the use of rate equations, which provide a description of
the time variation of populations of different chemical species. We illus-
trate these ideas with special reference to the dynamics of ion channels,
enzyme kinetics and cytoskeletal assembly.

15.1 BIOLOGICAL STATISTICAL DYNAMICS:
A FIRST LOOK

A cell is a bustling metropolis of chemical reactions that are linked
together in complex networks of reactants and products. Whether we
think about the chemical reactions that make up the metabolic pathways
that guarantee the energy solvency of living cells such as are shown in
Figure 5.2 (p. 000) or about the synthetic pathways that construct the
structural components of such cells, ultimately, all of these pathways
are built up of chemical reactions. If we measure the chemical activity
of living cells we see that the rates and identities of these reactions are
constantly changing to reflect the dynamics of metabolism, cell divi-
sion, and motility, to name a few examples. As a result, we are faced
with the challenge of putting together modeling tools that are up to the
task of describing the rich dynamics of cellular life.

Thus far in this part of the book we have considered the fluid dynam-
ics of life’s watery medium and the diffusive dynamics of random walks
in sparse and crowded environments. To truly tackle biological dynam-
ics, we must also consider transformations in which a molecule changes
its identity rather than just its position. We begin by examining a few
case studies in cellular dynamics and then derive the mathematical
toolbox to address these problems quantitatively.

Illustration to follow

To improve is to change;
to be perfect is to
change often.

Winston Churchill
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15.1.1 Cells as Chemical Factories

When we first considered the composition of cells in Chapter 2, we esti-
mated the average cell contents in terms of the numbers of each of the
kinds of macromolecular component. For a review, see Section 2.1.2
on p. 000. In deriving the average values we paid no attention to the
biological reality that every cell and every component within it is in
a constant state of material flux. As cells go about their daily busi-
ness of consuming, excreting, growing, dividing, moving around, etc.,
their compositions are constantly changing. Even for a cell under fairly
constant conditions, which is not actively changing in size, its indi-
vidual constituents are constantly being synthesized and degraded in
a steady-state manner. When conditions do change, living organisms
rapidly adapt by altering their complement of proteins, RNAs, lipids,
other macromolecules, and even small metabolites.

Examples of the variation in cells over time at the level of the
genes that are expressed were shown in Figures 3.17 (p. 000) and 3.19
(p. 000). It is technically more difficult to measure changes in pro-
tein, lipid, or metabolite levels than it is to measure changes in RNA
levels, but many such experiments have indeed shown that the com-
positions can vary to a surprising degree over a very short time. In
order to quantitatively understand the nature of these changes we
must be able to describe the processes by which one kind of chemical
species is transformed into another. The general theme of transfor-
mation is embodied over many different time scales and size scales
in living cells. Rapid transformations can include processes such as
protein phosphorylation and steps in metabolic pathways catalyzed by
enzymes. Slower transformations may include the construction of new
large scale assemblies such as the bundles of stereocilia at the top of
a hair cell during differentiation. Because cells usually contain many
copies of each individual kind of molecule, it is often useful to think
of transformations at a population scale as changes in concentrations.
Accordingly, several of our derivations will consider rate problems as
descriptions of changes in concentrations over time. At the molecu-
lar level, however, transformations also take place, though usually in
a less deterministic manner. One of the main goals of the chapter will
be to integrate the molecular-level and population-level views of rate
equations.

In order to give a feeling for the numbers with respect to rates of
biological transformations, we consider an everyday example, literally
the amount of energy that is used by the human body every day.

Estimate: Rate of ATP Synthesis in Humans To get a sense
of the cellular ATP budget, consider the ATP equivalent of
the average daily human diet of 2000kcal. If we use an
approximate figure of 12 kcal/mol as the energy liberated by
the hydrolysis of ATP and further assume that half of the
energy input in the form of our diet is turned into ATP, the
number of moles of ATP synthesized each day is equal to
(1000 kcal/day)/(12 kcal/mol) = 80 moles/day. Given that the
molecular weight of ATP is roughly 500 g/mol, this implies a
daily turnover of more than 40 kg of ATP! Obviously a human
body does not at any moment have 40kg of ATP; this mass
reflects the constant turnover accompanying metabolic pro-
cesses. A total of 40kg ATP synthesized as part of this busy
metabolic enterprise.
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15.1.2 Dynamics of the Cytoskeleton

In addition to the constant flux of small metabolites of the cell such
as ATP, there is also a surprising degree of turnover among the cell’s
structural elements. We have already considered the filaments of the
cytoskeleton in a number of contexts, for example, as macromolecular
assemblies in Chapter 2, as beams that can bend and buckle in Chap-
ter 10, and as one of the key elements that make the cell so crowded in
Chapter 14. However, we have neglected to explore the construction of
these filaments and their extraordinarily dynamic nature.

All cytoskeletal polymers within living cells are constantly growing
and shrinking by addition and loss of protein subunits at the same
time as they are serving as construction beams and tracks for molecu-
lar motors. The rates of the process of filament assembly are illustrated
in Figure 15.1 for actin filament assembly both in vitro and in vivo. In
vitro, a solution of purified actin monomers can assemble into filaments
over a time scale of a few minutes. In cells, this same kind of assem-
bly over comparable time scales can be harnessed to push forward the
leading edge of a crawling cell. The microscopic processes that attend
polymerization are more complex than those shown here. For example,
subunits can dissociate from the filaments as well as assemble, and in
addition there are ATP hydrolysis reactions that take place within the
polymer. Furthermore, the rate at which monomers are added to the
growing filament depends upon the concentration of actin monomers
and also on the regulatory influences of many other proteins in the cell.

The rates associated with cytoskeletal dynamics can be estimated by
observing the motions of living cells. Figure 15.2 shows a fish skin cell
called a keratocyte migrating on a surface. Note that actin filaments are
polymerizing at the leading edge of the cell and pushing the membrane
forward with the cell moving at a average rate of 0.2 wm/s. Interestingly,

BIOLOGICAL STATISTICAL DYNAMICS: A FIRST LOOK

Figure 15.1 Snapshots in the life
history of cytoskeletal filaments.
These schematics aim to give a
sense of the spatial and temporal
dynamics of cytoskeletal assembly.
(A) In-vitro assay revealing the
growth of cytoskeletal filaments
assembled from monomeric
subunits. (B) In-vivo time series
showing the dynamics of actin
filaments growing at the leading
edge of a crawling cell.
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Figure 15.2 Actin-based crawling motility of epithelial cells. (A) This series of time-lapse images shows a single fish
skin cell moving across a glass cover slip. Behind the cell an actin-rich fragment of another cell’s lamellipodium is
crawling autonomously without a nucleus or cell body. The frames were captured at 20 s intervals. The outlines show
the positions of the cell and cell fragment at these time intervals. Note that they glide forward without changing shape.
(B) Organization of actin filaments in the keratocyte. Seen from the top as in the microscope images, the lamellipodium
is a large extension filled with a cross-linked network of actin filaments (see also Figure 14.2 on p. 000). Seen from the
side, the lamellipodium is a very flat structure that drags the rounded cell body and nucleus behind it. A schematic
illustration of the leading edge indicates the approximate density of actin filaments in this structure. (A, courtesy of G.
Allen, K. Keren, and J. Theriot.)

this same fundamental process of orchestrated cytoskeletal assembly
can be hijacked by infectious bacteria such as Listeria monocytogenes
and used as the basis of their own motility within the cytoplasm of
the infected human host cell as shown in Figure 15.3. In this case, the
bacterium manipulates the host cell cytoskeletal self-assembly process
to form a comet tail made up of actin filaments which pushes the bac-
terium along at rates ranging between 0.05 and 1.4 .m/s, depending
upon the host cell type. As shown in Figure 15.3(C), the key compo-
nents of this system can be abstracted from their cellular context and
induced to drive the motions of synthetic beads as well.

Estimate: The Rate of Actin Polymerization We can use the
observed rate of cell migration in the examples considered
in Figures 15.2 and 15.3 to estimate the mean rate of poly-
merization of actin filaments. Because the motion of both the
keratocyte and Listeria reflect the incorporation of monomers
on linear actin filaments, we can make a simple estimate of
the rate of polymerization through a knowledge of the speed
of the cell and the size of the individual monomers that make
up the actin filament. The mean velocity of a Listeria bacterium
in a typical epithelial host cell is comparable to the speed of
keratocyte migration, about 0.2um/s. For each G-actin sub-
unit added to the growing filament, it increases in length by
approximately 3 nm (see Figure 10.28 on p. 000). If we assume
that there is a perfect linear relation between the growth of
individual filaments and the macroscopic motion of the cell

1.3
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(obviously, this is a gross oversimplification, but neverthe-
less provides a useful bound), then we estimate that the mean
incorporation rate is
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200 nm/s

3 nm (15.1)

~ 60 monomers/s.

Note that this rate of polymerization is very characteristic of
cellular polymerization and will serve as a useful rule of thumb
in subsequent discussions.

Three notes of caution are in order. First, the actual rate of poly-
merization is strongly dependent upon the concentration of available
subunits as we will explore in more detail later in the chapter. Second,
actin polymerization is not the rate determining step for movement of
either the keratocyte or Listeria. Other forces such as adhesion actually
limit their speeds. Third, living cells employ a legion of cytoskeleton-
associated proteins to regulate the location and dynamics of actin and
the other cytoskeletal filaments. Frequently, the rates of cellular events
are determined by the activation and localization of these accessory
proteins, rather than actin itself. Nevertheless, this estimate accu-
rately demonstrates that cytoskeletal dynamics must be considered on
time scales in which individual events may take place in only tens of
milliseconds.

Besides the assembly of the actin structures at the leading edge during
cell motility, another dramatic example of regulated actin dynamics is
seen during cell division, when a belt of actin and myosin filaments
quickly assembles around the center of a cell and contracts to pinch
it in half. In the fission yeast, Schizosaccharomyces pombe, about 30
accessory factors have been identified that modulate the assembly of
actin filaments in the cleavage ring.

BIOLOGICAL STATISTICAL DYNAMICS: A FIRST LOOK

Figure 15.3 Actin
polymerization-driven movement of
L. monocytogenes. (A) This series of
time-lapse images shows the
movement of a bacterium in a
cytoplasmic extract. Phase-contrast
images of the bacterium are shown
on the bottom in each frame (the
bacterium is indicated with an
arrow) and fluorescently labeled
actin is shown on the top frame.
The frames were collected at 30s
intervals. (B) Schematic diagram
showing the dynamics of actin
filaments in the comet tail. (C)
Electron micrograph of plastic bead
driven by actin polymerization with
schematic shown below. (A,
courtesy of D. Fung and J. Theriot;
C, courtesy of L. Cameron,

T. Svitkina, J. Theriot, and G. Borisy.)
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Experiments Behind the Facts As stated above, rates for
cytoskeletal reactions depend upon the concentrations of the
proteins involved. Many proteins are not uniformly distributed
throughout the cell and we need to know the local concen-
tration rather than the global average concentration of the
protein of interest. For these purposes, merely knowing the
number of molecules per cell is not enough, we must also
know their spatial distribution. The combination of fluores-
cence microscopy with other quantitative techniques permits
this kind of measurement.

An example of a census of actin-related proteins is shown in
Figure 15.4. It is first necessary to determine the total concen-
tration of each protein and then to characterize the distribution
of the protein within individual cells. For a large number of pro-
teins believed to play roles in cell division, S. pombe strains
were generated in which exactly one protein of interest was
fused to a yellow fluorescent protein, YFP. In order to determine
the number of molecules of each tagged protein present in the
cells, the average protein concentration can be measured using
a quantitative technique such as Western blotting. In a Western
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Figure 15.4 Calibration and quantitation of cell-division-associated proteins in the fission yeast S. pombe. (A)
Wild-type yeast cells, clearly visible as individuals by differential interface contrast microscopy, have no fluorescent
signal in the YFP channel. Polo kinase is not visible in most cells, but in two cells caught in the process of chromosome
segregation, the kinase is seen concentrated in pairs of dots (small arrows). The myosin regulatory light chain
accumulates in a narrow ring as seen in the cell at the bottom of the image (fat arrow), immediately before the cell
divides. At a slightly earlier stage in the cell cycle, myosin regulatory light chain begins to accumulate near the
presumptive division site in a loose band of dots (long arrow). (B) The average concentration of each protein fusion can
be measured using calibrated Western blots. On the left-hand half of the gel, known amounts of purified YFP protein are
loaded together with a control protein present in the same amount in every lane. On the right-hand part of the gel, four
replicate measurements are made for a single YFP-tagged protein. The amount of the tagged protein is determined by
comparing the intensity of the bands to the calibration curve. (C) The number of molecules per cell determined by
immunoblotting is linearly related to the average fluorescence intensity per cell measured by flow cytometry or
fluorescence microscopy. (A-C, adapted from J.-Q. Wu and T. D. Pollard, Science, 310:310, 2005.)
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blot the proteins from a large population of cells are all run
out together on a gel and then probed with an antibody. A spe-
cific antibody against YFP recognizes all of the tagged proteins
with equal affinity and the Western blot signal can be calibrated
against a known dilution of purified YFP. Dividing this by the
number of cells loaded on a gel gives a measurement of the
average concentration of each tagged protein per cell. Having
calibrated the actual number of molecules per cell using the
Western blot, the measured fluorescence intensity (observed
either by fluorescence microscopy or by flow cytometry) can be
related to an absolute scale of cytoplasmic protein concentra-
tion. Finally, local concentrations can be determined from the
fluorescence microscopy images. Proteins involved in building
the cytokinetic furrow (plane of cell division) are concentrated
up to 100 fold on the furrow relative to their global abundance.

15.2 A CHEMICAL PICTURE OF BIOLOGICAL
DYNAMICS

We have given a few qualitative descriptions of cases where under-
standing rates of transformation are critical to understanding biological
processes. We now turn to building the quantitative toolkit to treat
these cases rigorously. A quantitative theory of such reactions must
ultimately answer three key questions about all of the molecular par-
ticipants: how many molecules are there, where are they, and when are
they there?

15.2.1 The Rate Equation Paradigm

The starting point for our discussion is the idea of a chemical concentra-
tion. Recall that the concentration tells us the number of molecules of a
given species per unit volume (see Figure 13.9 on p. 000). The conven-
tional reason for using a concentration rather than explicitly calling out
the number of molecules is that the concentration is applicable whether
we talk about a drop of water or an entire lake. Further, as we will see
below, concentrations (and not absolute particle numbers) often dictate
the rates of chemical reactions.

Chemical Concentrations Vary in Both Space and Time

For the purposes of the present discussion, we now imagine that the
concentration of the ith species varies with both position and time such
that we think of the concentration as c;(r, t), which tells us the number
of molecules of type i per unit volume at position r at time t. Exploiting
a definition of concentration as a “field variable” (a quantity that varies
in space) anticipates the fact that the chemical state of a test tube or a
cell can develop spatial nonuniformity (that is, dependence on r) and
time variation. The assumption that makes these ideas tolerable is that
the spatial variation of the concentration changes over distances which
are large compared to the mean spacing of the molecules themselves.
That is, every little box within the overall volume behaves like a box of
uniform concentration.

We note that in the context of a living cell, there may be reasons to
doubt the validity of the concentration idea itself since (i) the number
of molecules can be exceedingly small and (ii) such molecules can be

A CHEMICAL PICTURE OF BIOLOGICAL DYNAMICS
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localized to membranes or particular organelles. Thus it is important
to bear two things in mind: first, local concentration rather than global
concentration is the appropriate parameter for cases where molecules
are confined to particular organelles or regions, and second, for those
cases where actual molecular numbers are small, it will be important to
consider the stochastic behaviors of individual trajectories rather than
global averages. With these provisos, we forge ahead.

Rate Equations Describe the Time Evolution of Concentrations

We begin with the simplest case in which we assume that the concentra-
tion at one point in space is identical to that at another. As a result, we
drop the label r in our description of the concentration and focus only
on c;j(t) which changes over the course of time as a result of the reac-
tions that link the various reactants, {c;}. We introduce the notation {c;}
as shorthand for the set (cj, ¢, c3,..., cn) where each subscript refers
to a different species. The fundamental postulate of the rate equation
paradigm is that we can write the time evolution of the concentration
in the form of a differential equation as

dcj(t
0 — ey thap, (15.2)
where f({c;}; {ki}) = f(c1,¢2,...,cn; k1, ko, ..., km). These various concen-
trations ¢y, ¢y, ..., cn are for all of the species implicated in the reactions

of interest and the parameters k; are “rate constants” that dictate how
fast the various reactions go. Equation 15.2 says that the concentration
of the ith species changes in time. How much it will change depends
upon the concentrations of all of the various other species which couple
to ¢;. To make these ideas precise, we now consider explicit examples
of different types of reaction which take f({c;}; {k;}) from abstract to
concrete form.

15.2.2 All Good Things Must End

Macromolecular Decay can be Described by a Simple, First-order Differen-
tial Equation

One of the key physical processes that must be considered when trying
to endow the function f({c;}) with real content is the idea that macro-
molecules decay and are degraded. For example, if we consider the
mRNA within a cell, these molecules are generally short-lived in com-
parison with the average division time of the cell. Similarly, proteins in
the cell have a characteristic tendency to decay. The actual lifetime of
an individual protein may vary from one kind of protein to another and
may be regulated within the cell.

For these decay reactions, just as for radioactive decay, the mate-
rial does not vanish but rather is transformed into something else.
Degraded mRNA is broken down into individual nucleotides and
degraded proteins are broken down into individual amino acids. For the
purposes of our discussion on rates of decay reactions, we will begin
by ignoring these complexities and instead consider the concentration
of only one species at a time.

Our principal biological example in this section will be the chemical
reaction that lies at the heart of photosynthesis and also vision. A small
organic molecule called retinal, illustrated in Figure 15.5, can exist in
two slightly different conformational forms. As found in its natural envi-
ronment associated with a protein in the membrane of photosynthetic
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bacteria, the lower energy form of retinal, or ground state, is referred
to as “all-trans-retinal” because of the arrangement of the double bonds
in its long tail. A second form, 13-cis-retinal, exists in a slightly higher
energy state. To go from the all-trans form to the 13-cis form, one of
the carbon-carbon double bonds must undergo a 180° rotation intro-
ducing a kink in the middle of the molecule’s tail. In nature, retinal and
related molecules can undergo this conformational change (also called
an isomerization reaction) when they collide with a photon carrying the
appropriate energy. Absorption of the energy from the photon enables
retinal to overcome the significant energy barrier for rotation of this
double bond as illustrated in Figure 15.5(B). Given sufficient time, the
slightly higher energy 13-cis-retinal will decay back to the lower energy
form of all-trans-retinal.

This tiny conformational change is exploited by cells in several
remarkable ways. In photosynthetic bacteria, retinal is embedded at
the heart of a large transmembrane protein called bacteriorhodopsin.
The photon-induced kinking of the retinal is amplified by the protein
to generate a large scale conformational change that eventually results
in the transport of a single hydrogen ion from the inside of the cell
to the outside of the cell. Thus the energy of the photon has been
converted into an electrochemical transmembrane gradient which can
be used by the bacterium to generate ATP, to spin its flagella, and for
any other purpose it desires. In the human retina, protein homologs of
bacteriorhodopsin are found in light-sensitive rod and cone cells. Here
a slightly different isomerization of retinal (from the 11-cis form to the
all-trans form) initiates a signal transduction cascade which triggers
neurons to communicate the change in state to the visual cortex of the
brain where we perceive retinal isomerization as light.

Decay reactions like the conversion of 13-cis retinal into all-trans reti-
nal can be captured very simply using equations of the form of eqn 15.2.
In particular, for the case in which we are interested in the simple decay
of a given reactant, we have f(c; k) = —kc, which says that the rate of
decay of the reactant is proportional to how much reactant there is
around. The parameter which characterizes that decay rate for a given
molecular species is k and the evolution equation itself is

dc(t)
dt

= —ke(b). (15.3)

Note that the constant k which parameterizes the rate of decay has units
of 1/time.

Figure 15.5 The conformational
change of retinal. (A) The all-trans
form of retinal, shown at the top, is
its lowest energy state. The 13-cis
form, shown at the bottom, is
formed by rotation around the atom
indicated with the arrow. This
rotation is commonly caused by
absorption of a photon. (B) The
calculated energy landscape for
retinal as a function of the degree of
rotation around the carbon atom
reveals a large energy barrier
between the cis and trans forms. (B,
adapted from A. Hermone and

K. Kuczera, Biochem., 37:2843,
1998.)
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Figure 15.6 The number of
molecules as a function of time
during a decay process. The time
scale 1/k sets the time it takes
before the concentration has

decayed to 1/e of its initial value.

c(0)

c(0)/e

concentration

1/k
time

This linear differential equation can be solved by recourse to the
method of separation of variables (see eqn 13.58 on p. 000) and results
in a solution of the form c(t) = c(0)e X, yielding a time-dependent
concentration profile of the form

c(t) = cpe ", (15.4)

where ¢g is the initial concentration (that is, c(0) = ¢y) and we have
defined a characteristic time t = 1/k. The time evolution in the concen-
tration of molecules which suffer such decay is shown in Figure 15.6.
This simple calculation shows that if we start out with some initial con-
centration ¢y, this concentration will steadily decline over time with an
average exponential profile like that shown in the figure and symbolized
in eqn 15.4. A cautionary note is in order: the use of rate equations like
those advocated here focuses on the average values of quantities of
interest. This automatically deprives us of deeper contact with fluctua-
tional quantities. This is one reason we now turn to considering these
processes from the single-molecule perspective.

15.2.3 A Single-Molecule View of Degradation: Statistical
Mechanics Over Trajectories

Molecules Fall Apart with a Characteristic Lifetime

As noted above, the simplest mathematical description of decay dynam-
ics is founded upon introducing a characteristic decay constant. It is of
interest to examine this decay constant more deeply from both a phe-
nomenological and a microscopic perspective. We adopt the view that
the molecule can undergo any of an infinite number of different micro-
scopic trajectories. The idea is that when the system has not yet decayed
it is in a state labeled with a 1 and when it has decayed it is labeled
with a 0. Here we are generalizing the equilibrium ideas of Chapter 7
to the dynamical case where we consider the transitions between the
two states over time. An example of this class of trajectories is shown
in Figure 15.7.

Mathematically, we label these trajectories o;(t), where the trajectory
is defined as

1 ift<tg

0 otherwise’ (15.5)

oi(l) = {

where the time t; is the waiting time associated with the trajectory
of interest. The role of the constant k (or alternatively, of r = 1/k) is
to characterize the average lifetime of the macromolecule of interest.
Because the rate constant k has units of inverse time (for example, s~1)
as it describes the probability that something will happen per unit time,
its reciprocal r simply has units of time and can be thought of intuitively
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as dictating the average lifetime of the molecule. That is, a given macro-
molecule, such as a mRNA, can decay after a waiting time of one second
or one minute or one week. However, when we consider a huge collec-
tion of such molecules, it makes sense to speak of an average lifetime
associated with these molecules and that is what the decay constant
captures.

We can use this trajectory picture with our “trajectories and weights”
approach introduced in Figure 13.14 (p. 000). We discretize time into
N intervals of length At (so the total time t = NAt) and then find the
probability of a given trajectory by multiplying the probabilities of what
happens at each time step over the entire trajectory. For example, if the
molecule survives for N time steps and decays on the (N + 1)th time
step, then the probability of that process is

p(HALt = (1 — kAt) x (1 — kAt) x --- (1 — kKAL) xKAL, (15.6)

N time steps

where kAt is the probability of a decay during any time step and (1 —
kAt) is the probability of no decay at a given time step. The function p(t)
is a probability density and requires that we compute p(t)At to compute
the probability that the decay occurs between time t and t + At. If we

Figure 15.7 Schematic showing
the class of microscopic
trajectories for a system
undergoing simple
isomerization/decay dynamics.
The two states of the system are
labeled by 1 and 0 and hence a
given trajectory is characterized
by some waiting time in the 1
state followed by a fast decay to
the 0 state. The transition itself is
assumed to be very fast relative to
the waiting time. The set of
trajectories shown here provides a
few representative examples. The
waiting time z; is actually a
continuous variable so there is a
continuum of allowed trajectories.
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use the fact that At = t/N, this result can be rewritten as

N
p(H)At = (1 — kAHONKAEL = (1—%) kat ~ ke K At, (15.7)

where we have used the identity that e * =limy_ (1 — x/N)N. This
result tells us that once we have set the mean lifetime (r = 1/k), the
probability of decay in the time interval between t and t + At is

p(HOAL = %e*t/fAt. (15.8)

Decay Processes can be Described with Two-state Trajectories

Another way of illustrating the trajectory perspective for decay pro-
cesses is to exploit the maximum entropy approach introduced in
Section 6.1.5 (p. 000). Recall that each decay process is characterized by
a trajectory corresponding to how long the system is in state A before
decaying to state B. It is convenient to characterize the molecular state
with the discrete index 1 for state A and O for state B. Our aim here
is to use the information theoretic approach to statistical mechanics
introduced in Section 6.1.5 (p. 000) to obtain the probability distribu-
tion on these trajectories. Just as our discussion in Chapter 6 showed
several ways to obtain the Boltzmann distribution, our present dis-
cussion illustrates several distinct ways of deriving the waiting time
distribution, p(t).

We are interested in the probability p(t) which signifies the probability
of a microtrajectory with lifetime t, precisely the same quantity consid-
ered in eqn 15.8. The only information about the overall process that
we invoke in our analysis is that the average lifetime is r. In light of this
constraint, we can write the constrained Shannon entropy functional as

S — _Jm pOInpt)ydt— A (Jm ptdt — 1)
0 0

Shannon entropy normalization constraint

—MGOO tp(tydt — <t>>. (15.9)
0

average lifetime constraint

More concretely, the constraints captured with the Lagrange multipliers
above are

Eop(t)dt=1, (15.10)

which specifies that the probabilities sum to 1, and
J tptyde =, 15.11)
0

which guarantees that the average lifetime is r. Refer to “The Math
behind the Models” on p. 000 for a reminder on the Lagrange multiplier
concept. As usual, we are now faced with the prospect of maximizing
this constrained Shannon entropy by equating its derivative to zero and
solving for p(t), resulting in

—Inpt)—A—-1—-put=0. (15.12)
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This results in an expression for the probability of a trajectory with
lifetime t of

p(t) = e 1 7e 1L, (15.13)

Now, we have to impose the constraints in order to determine the
Lagrange multipliers A and x. The normalization constraint results in
the condition

J p(t)dt:e—l—*J eildr=1. (15.14)
0 0
=1/u
As a result of this analysis, we have
e 17 = p. (15.15)

Given that we have the normalization of the probability distribution in
hand which leads us to

p(t) = pe L, (15.16)

we now determine the second Lagrange multiplier by exploiting the
average lifetime, t = [ tp(t) dt. In light of our determination of the first
Lagrange multiplier, this condition results in

o0
r:uJ te—nt dt. (15.17)
0

We can now perform this integration by recourse to the simple trick of
differentiating with respect to u to bring the factor t into the integrand
(introduced in the “Tricks behind the Math” on p. 000), resulting in

t=u(—d>Jme_“tdt=u<—d)1=1. (15.18)
du/ Jo du/) . n

Hence our second Lagrange multiplier x is now determined as u = 1/z.
Substituting this resultinto eqn 15.16 yields p(t) = (1/r)e~ /7, leading in
turn to the result that the probability that the decay will occur between
times t and t + At is given by

p(HAL = %e_t/’At. (15.19)

We will come back to this in the context of molecular motors when
analyzing the different lifetimes of a motor’s internal states (see
Section 16.2.3 on p. 000).

Decay of One Species Corresponds to Growth in the Number of a Second
Species

The reactions we have been thinking about are described by the simple
chemical formula

A — B. (15.20)

This kind of process is depicted schematically in Figure 15.8 for the
example of retinal. Thus far, we have considered only the fate of species
A, but of course in the real reaction the number of molecules of the prod-
uct species B also changes with time and the time-dependent equations
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Figure 15.8 Different views of
the isomerization process. (A)
Schematic of an isomerization
process where species A is
decaying into species B. In this
case we use the two forms of
retinal described earlier in the
chapter to characterize the
process. (B) Schematic of the
change in the populations of the
two species over time.
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describing the fates of A and B are inextricably linked to one another.
In this case, for every decrease in the number of A molecules we have
a corresponding increase in the number of B molecules which implies
the constraint

ca(t) + cp(l) = ¢p. (15.21)

Indeed, the dynamics of these two species as embodied in eqn 15.21 is
nothing more than an expression of mass conservation. The condition
of mass conservation implies that

dCA _ dCB _
W __W _—kCA. (]5-22)

If we consider the situation where initially all of the molecules are A
molecules, then we have c4(0) = ¢y and cg(0) = 0. From our earlier solu-
tion of the decay problem, it is now straightforward to write down the
time evolution of both species. Using the mass conservation condition
given in eqn 15.21 we find

% = kca = k(c(0) — cg) = cp(t) = co(1 — e Kby, (15.23)
The time evolution of both populations under these initial conditions is
indicated schematically in Figure 15.8 and the reader is asked to flesh
out this solution and make the corresponding plots in the problems at
the end of the chapter.

The same ideas introduced above can be used just as well for
examining the reversible reaction

A = B. (15.24)
In this case, the rate equations of interest can be written as

dCA

Ak k_ 15.2
dt +CA+ K-Cp (15.25)
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and

deg  dca
S de (15.26)

with the constraint of mass conservation of the form givenin eqn 15.21.
Equation 15.25 says that the change in concentration of species A comes
from two sources: (i) the decay of A into B with rate constant k, and (ii)
the decay of B into A with rate constant k_. In this case, the long-time
behavior is nonzero concentrations of both A and B, with their ratio

dictated by the ratio k. /k_. The details of this analysis are left to the
reader in the problems.

15.2.4 Bimolecular Reactions

Chemical Reactions Can Increase the Concentration of a Given Species

Decay and isomerization are only a limited subset of the repertoire
of interesting biochemical transactions. Indeed, these reactions are
unusual in that there is only one molecule involved; this one molecule
may change its state, but does not explicitly interact with other
molecules. In general, the more interesting cases are those in which two
different reactants come together to form some third product. In these
cases, the function f({c;}) must have contributions coming from the
presence of interactions between the different reactants. In particular,
we now consider reactions of the form

A+ B = AB. (15.27)

As before, our interest is in finding a description which provides us with
the concentrations of both reactants and products as a function of time.

Intuitively, we can argue that the contribution of the association
reaction to the overall concentration of the products can be written as

% — KngCACa, (15.28)

where kup is a constant that reflects the rate of association of A and
B molecules. Conceptually, this equation says that A and B molecules
come together to form AB molecules and the rate at which they do so
is proportional to the probability that As and Bs are at the same place
(that is, their concentrations). Note that bimolecular reactions lead to a
new feature in our description. In particular, we note that the dynamical
equations of different species are coupled. In our earlier treatment of
decay reactions, the equation for c4(t) made no appeal to the concentra-
tions of other species. In the present case, changes in the concentration
of one species are accompanied by a concomitant change in the concen-
trations of other species. Mathematically, this amounts to the fact that
the differential equations for the system are coupled (in more than the
simple way revealed in eqn 15.22).

To see how this works more concretely, we return to one of our
workhorse problems, namely, ligand-receptor binding, and now explic-
itly consider how the system changes over time. We consider a ligand
and receptor whose concentrations are [L] and [R], which are either free
in solution or bound in the LR complex whose concentration is [LR]. To
model the reaction

L+R=LR (15.29)
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Figure 15.9 Lattice model of
ligand-receptor binding dynamics.
The system is divided up into
distinct boxes. There are L ligands
and R receptors in solution and the
binding reaction between them to
form the complex LR can occur
when a ligand and receptor are
found at the same lattice site.
When a ligand and receptor are
found in the same box, the
probability that they will react to
form LR in time At is given by
k,,At.

ligand-receptor complex

ligand receptor

we consider a lattice model as shown in Figure 15.9 in which there are
a total of @ distinct “lattice” sites, L ligands and R receptors. We treat
the solution as an ideal solution of ligand and receptor where the prob-
ability of occupancy of an elementary box by ligand is L/Q, and the
probability of occupancy of a box by receptor is R/ Q. Furthermore we
assume that for L and R to form a complex they must be in the same
box. Given these assumptions, in time At, the change in the number of
ligand-receptor complexes due to binding of ligand to receptor can be
written as

Np Ng
ANig = —(kof AONIR+ 2 o x(k),Ab), (15.30)
no. of boxes —

decay term box occupancy prob.

where the first term is the decay process discussed earlier (see Sec-
tion 15.2.2 on p. 000), while the second term represents the rate at
which LR is produced and is obtained by working out the rate per ele-
mentary box times the total number of such boxes; kj,, is the rate at
which ligand-receptor pairs that are colocalized in the same elementary
box transform to a ligand-receptor complex.

This result can be recast in the more familiar differential form by
dividing the left- and right-hand sides by At and then by the volume
Qv, where v is the volume of the elementary box in our lattice model.
In particular, we have

d (Nig Nigr

2 (DR g VLR

dt(Qv) "ff<szv)+
where in the second term on the right we have divided and multiplied
by v twice in order to convert to concentration variables such as [L] =

Ni/Qv, [R] = Ng/Qv and [LR] = Nir/Qv. These manipulations transform
eqn 15.30 into

2 NNk oy

Qv Qvoy o (15.31)

M = _koff[LR] + kon[L1[R],

di (15.32)
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where the bimolecular on-rate is related to the lattice model rate
constant by ko = Vk,,,, and has units of M~! s~1. This heuristic deriva-
tion shows how to link simple lattice models with macroscopic rate
equations defined in terms of concentration variables.

Equilibrium Constants Have a Dynamical Interpretation in Terms of Reac-
tion Rates

The rate-equation formalism described above provides a useful oppor-
tunity to make contact with what we already know about the equilibria
of reactions. In particular, by definition, equilibrium is a reflection of
the fact that the reaction has reached a steady state where the concen-
trations are no longer changing over time because the forward flux in
the reaction exactly balances the backwards flux. It is important to note
that individual molecules are still undergoing the reactions, but the net
number of transformations in each direction is equal so the overall con-
centration does not change. We can express this idea mathematically as
d[LR]/dt = 0, resulting in

_koff[LR]eq + kon[L]eq[R]eq =0. (15.33)

This equation provides a relation between the equilibrium concentra-
tions ([Lleg, [Rleq, [LR]eq) and the relevant rate constants, namely,

_ [L]eq[R]eq _ koﬁ

K; = = . 15.34
47 "[Rleg  Kon ( )

Using our rate-equation picture, we have recovered the law of mass
action derived using statistical mechanics in Section 6.3 (p. 000) where
we demonstrated that K; is the concentration at which pyouna = 1/2.
This equation demonstrates the connection between the equilibrium
concentrations and the associated kinetic rate constants. However, as
indicated schematically in Figure 15.10, the rate picture allows us to
say much more than what the terminal, privileged (equilibrium) state
will be. The dynamical picture captured by the rate equations permits
us to examine the variation in the concentrations over time for different
choices of their initial values (that is, at time t = 0).

15.2.5 Dynamics of lon Channels as a Case Study

An interesting application of the ideas developed so far is the dynamics
of ion channels. In Chapter 7, we discussed ion channels as an example
of a real biological system that can be fruitfully viewed using the two-
state paradigm because in the simplest picture, they exist only in open
or closed states (see Figure 7.2, p. 000). There we considered channel
behavior only from an equilibrium perspective and now we are ready
to turn to the question of rates. For example, when the membrane of a
nerve cell is depolarized, how long does it take for the voltage gated cal-
cium channels to open, and how does the time-dependent behavior of
the ion distribution along the whole membrane depend on the behavior
of the individual channels themselves? Our goal is to write a rigorous
description that relates the trajectories of individual channels, which
are intrinsically binary, to the overall behavior of a large scale system
which may have an analog-like response. In addition, we explore a prob-
abilistic description of how the behavior of identical channel molecules
may differ over time. We will model the channel as existing in only
two states, open and closed, with only a single relevant transformation
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Figure 15.10 Direction of
reaction. (A) Time evolution of the
system in the case in which the
initial concentrations of [L] and [R]
are in excess of their equilibrium
concentrations. (B) Time evolution
of the system in which the initial
concentration of [LR] is in excess
of its equilibrium concentration.
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Figure 15.11 lon channel
trajectories. Three representative
examples of the time evolution of a
two-state ion channel which
switches back and forth between
the closed and open states. For
simplicity, we assume that the
switching itself is instantaneous in
comparison with the time spent in
either of the two states. The icons
represent the open and closed
states.

(A) overabundance of ligands

ligand receptor
D
QO
©
Q

ligand-
receptor
complex

reaction converting one state into the other. This will be a warm-up
problem for more complex systems later in the chapter that involve
more molecular species and more complex transformations.

Rate Equations for lon Channels Characterize the Time Evolution of the
Open and Closed Probability

Examples of the microtrajectories available to individual channels are
shown in schematic form in Figure 15.11. Our goal is to write a kinetic
description which allows us to classify and analyze different trajec-
tories. One quantity we might like to use to characterize ion channel
dynamics is the probability that, if we start in the open state at time
t =0, it will still be open a time 7 later.

To exploit our rate-equation paradigm for the problem of ion channel
dynamics, we appeal to Figure 15.12. The idea is that we have a patch of
membrane that is occupied by a total of N distinct two-state channels.
Our goal is to write a rate equation that characterizes the time evolution
of the probability of being in the open state and the way we will do this
is to compute Np(t)/N (where No(t) is the number of open channels
at time t) which will effectively determine that probability. We adopt a
strategy in which time is discretized into steps of length At and at each
time step, the channel can undergo a transition from its current state
or it can remain in the same state. The “reaction” of interest is of the
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closed ion open ion
channel channel

time t+ At

form

ki
0=C, (15.35)
k-

where O signifies the open state, C signifies the closed state and k; and
k_ are the rate constants that determine the probability of a change
of state during a given time step. The change in the number of open
channels in a given time step can be written as

ANp = —k,NoAt+k_NcAt. (15.36)
—_— —— —
0—C C-0

If we divide both sides by At we find the rate of change in the number
of open channels as
ANp _

which can be further simplified by dividing this equation by N itself and
using po = No/N and pc = N¢/N. If we examine the limit as At — 0, this
results in the differential equation

dpo

dt

If we now exploit the fact that pp + pc = 1, which amounts to the state-
ment that the channels are either open or closed (that is, it is a two-state
system) this may be rewritten as

=—k, po+k_pc. (15.38)

d
%:—kmo-i-k,(l—po). (15.39)

This equation is more transparent if written in the form

d
% — —(ky +ko)po + k. (15.40)
In particular, we can solve this equation by resorting to separation of

variables and by adding a constant term, resulting in
Pot) = K= | petkirkot (15.41)
ki +k_ ' '

The specific solution cancels off the constant term in the differential
equation and the exponential term captures the time dependence. If we
now exploit the initial condition that pp(0) = 1 (that is, all the channels
are open at t = 0), we can determine the constant A resulting in

— k. —(ky+ko)t
PR aRE . (15.42)

po(t) =

Figure 15.12 Channel gating
kinetics. A patch of membrane

with a collection of ion channels,
some of which are open, some of

which are closed. At every time

step, channels can either switch

their state or stay in the same
state.
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Figure 15.13 Measured channel
gating kinetics. Each histogram
shows the number of events
observed for the open state lifetime
for a voltage gated sodium channel.
The frequencies shown on the
y-axis are given as number of
events per bin size (measured in
milliseconds). Note that the bin size
is larger for the bottom graph. The
three histograms correspond to
different membrane voltages as
indicated in the figure. The average

lifetime 7 is shown for each voltage.

(Adapted from B. U. Keller et al., J.
Gen. Physiol., 88:1, 1986.)

The dynamics of the channel is usefully characterized using this prob-
ability which we will show below can also be thought of as providing the
correlation function. In particular, this solution tells us how to view tra-
jectories like that given in Figure 15.11 with particular reference to how
long the channel stays in the closed and open states between switching
events. Consider a single-molecule experiment in which we observe a
channel switching back and forth between the closed and open states
(experimental data of this kind are shown in Figure 7.2 on p. 000). Imag-
ine we start our stopwatch when the protein is in the open state, and
we record the state of the protein in time, assigning 0 to the closed
state and 1 to the open state. This will result in a random telegraph
signal o(t) like that shown schematically in Figure 15.11. Our task is
to compute the correlation function (¢ (0)o(t)). The average can be com-
puted by repeating the experiment over and over again; the figure shows
the hypothetical outcomes of three such experiments. Alternatively, we
could watch a single channel over a long time period and compute a
time average. In the case of a stationary process the two procedures
give the same result. For a stationary process the random graph you
get by shifting o (t) is just as good as the original, that is, it is drawn
from the same distribution.

For a given process o(t) the quantity o(0)o(t) is either 1 or 0. The
average (o (0)o(t)) is therefore equal to the probability of o(t) being 1,
conditioned on o(0) being equal to 1. But this is precisely the probabil-
ity po(t) that we computed above. Experimentally, one way to evaluate
these probabilities is to examine channel trajectories like those shown
in Figure 7.2 (p. 000) and to make a histogram of the number of times
each waiting time (in the interval t and t + At, where At is the bin size)
appears. Experimental data of this variety for a sodium channel are
shown in Figure 15.13.

15.2.6 Rapid Equilibrium

Having flexed our muscles with relatively simple two-state ion chan-
nels, we are now ready to turn to more complex biological systems
that involve multiple transformations. One useful exercise we are now
prepared for is to return to the discussion of Section 5.2.1 (p. 000).
The goal of that discussion was to assess the circumstances under
which we can get away with approximating a nonequilibrium process
using equilibrium ideas. Despite the fact that the physics of life is
typically portrayed as strictly the province of nonequilibrium think-
ing, there are many instances in which equilibrium ideas are quite
useful. Further, we argued that the question of whether or not equilib-
rium ideas are appropriate is ultimately a question of time scales. The
goal of the present discussion is to use rate equations that explicitly
account for the changes in concentration with time so that we can deter-
mine whether equilibrium assumptions are appropriate for a particular
experiment.

Here we illustrate this idea using a toy model of three chemical species
interconverting between one another, with two fast and one slow step
characterized by the reaction scheme

k
A= B5C. (15.43)
k_

We wish to compute the concentration of the three species as a func-
tion of time, starting from a state where we have species A only. The fast
steps have rate constants ki > r. Also, we simplify the kinetic scheme
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by assuming that the B — C reaction is irreversible. (A more careful
treatment would keep the C — B rate and then analyze the solutions
by assuming it to be much smaller than all the other ones in the prob-
lem.) Our goal is to show that in this explicitly dynamical situation,
equilibrium is established rapidly, and thereafter maintained between
the fast steps of the reaction.

Some Chemical Reactions Are Linked Together in a Sequence Resulting in
Coupled Rate Equations

Based on the kinetic scheme outlined in eqn 15.43 the rate equations
for the three chemical species are

dA

W == —k+A + k_B,

% — keA—(k_+ B, (15.44)
dc

E = }’B.

These can be written in dimensionless form by dividing both sides of
the equation by k_, which effectively corresponds to measuring time in
units of 1/k_. We introduce the dimensionless time r = k_t. It is unfor-
tunate that the conventional notation for dimensionless time z uses the
same symbol as the conventional notation for average lifetime intro-
duced earlier in the chapter. Throughout the remainder of this section ¢
will be used to refer to dimensionless time. By additionally introducing
the dimensionless rate constants k = k. /k_ (this is also the equilibrium
constant for the A = B reaction), and ¢ = r/k_, we can rewrite the rate
equations as

dA

4B kA—(1+oB, (15.45)
dr

dC

a = GB.

Since the first two equations are decoupled from the third we solve
those using the matrix method, with initial condition (A(0), B(0)) =
(1, 0). In matrix form, the above rate equations can be written as

d /4 —k 1 A
dr (B) = ( k - +e)> <B>' (15.46)

The general solution to this matrix equation is

<'2> ()=m (2;) e®? + ap ('2;) e®2t, (15.47)

where (21'2> are the eigenvectors of the 2 x 2 matrix in eqn 15.46,
1,2

while o1, are the corresponding eigenvalues; a;, are the integra-
tion constants which we will determine from the initial conditions.
The “Math behind the Models” below summarizes how matrices can be
manipulated to find the eigenvalues and eigenvectors.

The eigenvalues of our matrix are solutions to the equation

—k—w 1
det( K —(l+e)—w):0’ (15.48)
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which, once the determinant is resolved, becomes a quadratic equation
0®+ (1 +k+e)w+ke=0, (15.49)

in the unknown eigenvalues w. The two solutions of the quadratic
equation,

a)l,z:—%(1+k+e):|:%\/(l+k+e)2—4ke (15.50)

are the eigenvalues which dictate the time evolution of the various
concentrations.

To simplify the arithmetic let us make good use of the assumptions we
made at the beginning: that k is of order 1 and that ¢ is much smaller
than 1. In this case we can Taylor expand eqn 15.50 in powers of ¢
using the rule that +/1 + x~ 1 + x/2 (see “The Math behind the Models”
on p. 000) to obtain approximate values of the eigenvalues,

k

]
to leading order in e. The lowest-order term in the first eigenvalue is
of order ¢!, while the lowest-order term in the second eigenvalue is of
order 9. It is interesting to note that we obtain a slow (w; < 1) and a fast
(wp ~ 1) rate, as expected. In particular, the fast rate should correspond
to the rate at which equilibrium is established between species A and
B, while we expect the slow rate to describe the overall decay of A and
B giving rise to chemical species C.

In order to complete the calculation, we still need to compute the
eigenvectors corresponding to the eigenvalues w; and w». These are
obtained by solving the following 2 x 2 system of linear equations:

_k_wl,Z 1 A1,2 _
( ] —(1+6)—w1,2) (Bm>_o, (15.52)

here written in matrix form. To leading order in € the eigenvectors are

(EDZ(D (Z};):(_}) (15.53)

and the general solution of the differential equation, eqn 15.46 is

<’2> ) =a (11() e (ke/(kt0r 4 g, (_i) e~(k+br, (15.54)

Finally, to obtain the integration constants a;  we make use of the
initial condition, (g) 0) = <(1)>, which when substituted into eqn 15.54

gives

a+a;= 1,
(15.55)
kal—a2= 0.

The solution to this set of linear equations is a; = 1/(k+ 1) and a, =
k/(k + 1), and we can now write the full solution of the rate equations
for species A and B as

A 1)K+ D) —ke/k+1))r k/(k+ 1)\ —k+1)
<B>(T)_<k/(k+1)>e + _Kjk+ 1) e . (15.56)
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This solution confirms our intuition. In Figure 15.14 we show the exact
solution of the rate equations, for parameters k=1 and ¢ = 0.01. As
anticipated, we observe a fast decay away from the initial state (all A)
until the concentrations of A and B are in a fixed ratio (that is, the equi-
librium constant) which is followed by a slow decay during which the
species A and B are in equilibrium with each other, but their overall
quantity is decaying. In particular, for times such that r > 1/(k + 1), we
can ignore the second term in eqn 15.56 and

A _(1/(k+ DY ke/k+1))r
<B>(r)_<k/(k+1)>e ) (15.57)

This equation describes a slow (rate ~ ¢) overall decay of species A and
B, while their relative concentrations are related by the equilibrium con-
stant: B(t)/A(t) = k. What this exercise illustrates is the way in which a
dynamical process involving multiple reactions can have some subset
of reactions which behave as though they are in instantaneous equi-
librium at all times. The classic example of this kind of thinking is its
application to reactions catalyzed by enzymes, generally referred to
Michaelis-Menten kinetics.

The Math behind the Models: Eigenvalues and Eigenvectors

We are all familiar with equations of the form ax + b = 0, where 3
a and b are parameters and x is an unknown. The temptation
is to say that the solution of this equation is x = —b/a. This is
certainly true if a is not zero. If, on the other hand, a = 0, then
either there is no solution for b # 0 or any number x is a solu-
tion for b = 0. These might seem like mathematical niceties, but
when a is promoted to a matrix and b = 0 the question of when
the above equation has nonzero solutions is at the heart of a
number of interesting problems, and in particular the one we
are about to face, finding the eigenvectors and eigenvalues of
a matrix.

We concern ourselves with square matrices, so that the num-
ber of rows and the number of columns are the same. We further
specialize to 2 x 2 matrices so as to simplify the algebra, but all
our conclusions will apply to matrices of arbitrary size.

The action of a matrix on a vector is illustrated in
Figure 15.15. Multiplying a matrix and a vector produces a new
vector, which is in general related to the original one by rotating

HLVIN

Figure 15.14 The time variation
of the concentrations of chemical
species A and B, for k=1 and

e = 0.01. Initially there is one unit
of concentration of A and none of
B. After a fast decay of A and rise
of B, the two settle into an
equilibrium situation where A = B.
The accumulation of product C is
also shown in the figure.
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Figure 15.15 Eigenvectors and
eigenvalues of a matrix. (A) A
matrix acting on an arbitrary vector
changes both its direction and
length. (B) Eigenvectors when acted
on by a matrix only change their
length. The factor by which the
length increases is the eigenvalue.
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it, that is, changing the direction it is pointing in, and changing
its length. A vector for which the action of the matrix leaves the
direction it is pointing in unchanged, is called an eigenvector.
The new vector will still typically have a new length and the
ratio of the new to the old length is the eigenvalue associated
with that particular eigenvector. In order to find the eigenvec-
tors of a matrix, one strategy would be to try all vectors and
see which ones remain in the same direction upon action of the
matrix. This is clearly not practical since there are too many
vectors to try, an infinite number in fact.
To find an eigenvector of a matrix

M= (’"“ m12> (15.58)

npy mMpp

we need to find the solution to the equation Me = e, which says
that the vector e is the eigenvector of the matrix with eigenvalue
A. Using the rules of matrix multiplication we can expand this
matrix equation into a set of two equations with two unknowns:

myie; + mpe; = ey,

(15.59)
mpie; + mppep = rep.
This can be rewritten as
(M1 —Aep +mype; =0,
11 1 12€2 (15.60)

mpie; + (mpp —A)ep =0,

so it takes on the form discussed above, (M — AI)e = 0, where
we have rewritten eqn 15.60 in matrix form using the identity
matrix I = (1 0

01
express e, in terms of e; from the first of the two equations
to obtain

). To solve this system of equations we first

_(mn =4

1, (15.61)
mi»

ey =

where we have assumed that mj, # 0. In case m;» =0 we can
repeat the same procedure as below by solving the second equa-
tion in eqn 15.60 for e;. Finally, if both m;, and my; are zero
1
0
with m;; and my; being the respective eigenvalues.

Next we substitute eqn 15.61 into the second of eqn 15.60,
and we arrive at

then the matrix is diagonal and ( ) and <(1)> are its eigenvectors,

mpymyp — (mMyp — A)(Mpp — A) el
my»

=0. (15.62)

Since we are looking for a nonzero solution to this equation the
coefficient in front of e; must be zero. In other words,

(my; —A)(mpp —A) —mypmp; =0 (15.63)

needs to hold. This is a quadratic equation whose two solutions
A1 and A, are the eigenvalues. To get the eigenvectors we can
set e; =1 and get e, from eqn 15.61 using one or the other
eigenvalue.

Chapter 15 RATE EQUATIONS AND DYNAMICS IN THE CELL



It is important to note the quadratic equation leading to the
eigenvalues can also be rewritten in matrix form:

det(M — Al =0, (15.64)

where the operation det is the determinant of the matrix. In
this form the equation for the eigenvalues works for matrices
of arbitrary size. For a 2 x 2 matrix the determinant is the dif-
ference between the product of the matrix elements along the
two diagonals.

15.2.7 Michaelis—-Menten and Enzyme Kinetics

One of the most powerful tools for analyzing biochemical kinetics that
exploits rapid pre-equilibrium assumptions like those described in the
previous section is the model of Michaelis—Menten kinetics. This simple
kinetic scheme will arise in our thinking about cytoskeletal polymeriza-
tion and molecular motors, and has also been applied to many different
kinds of enzymes involved in a wide variety of biological processes
ranging from central metabolism to signaling during embryonic devel-
opment. The Michaelis-Menten framework for thinking about enzyme
kinetics offers the power of a unifying approximate description for the
huge variety of biological catalysts that use many different detailed
mechanisms to perform a wide range of transformations on a plethora
of substrates. Within this unifying framework, every enzyme can be
approximately characterized by just two parameters: one rate con-
stant describing the maximum turnover rate at which the enzyme can
operate if its substrate is present at saturating concentrations, and
a second constant describing the magnitude of the substrate concen-
tration required for the enzyme to operate at half its maximal rate.
Although the Michaelis—-Menten scheme is clearly oversimplified for
dealing with the true kinetic complexity of biological enzyme mech-
anisms, its great simplicity and broad applicability have earned it a
central place of honor in the history of biochemistry. Many biochemistry
reference books include large tables comparing the activity of different
enzymes as characterized by the two quantitative parameters derived
from this scheme.

The essential idea in the Michaelis—Menten scheme is that the reaction
catalyzed by a given enzyme is composed of two separable steps. The
first step (assumed to be readily reversible) involves the formation of an
intermediate complex of enzyme and substrate. Once this first step has
taken place, the complex can undergo a second reaction resulting in the
formation of the product. There are a host of cases in which this kind of
thinking is appropriate: (i) promoter occupancy by RNA polymerase is
often much faster than escape to form transcripts, (ii) binding of tRNA in
the ribosome can be much faster than peptide bond formation, (iii) ATP
binding to an enzyme can be much faster than the hydrolysis step, etc.

This class of reactions can be written as

E+S=ES—E+P. (15.65)
k_

We assume that the final step is irreversible and characterized by the
rate constant r. This equation is similar in structure to eqn 15.43 with
the important addition of the enzyme E as a catalyst. Note that the
enzyme is regenerated after the reaction is complete so that it can go
on to catalyze the same reaction for a new substrate molecule.
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Figure 15.16 Concentrations of
reactants and products in an
enzyme catalyzed reaction. (A) The
graph shows the time evolution of
[E], [S], [ES] and [P]. Time is defined
in units of 1/(k_ + r) and

r/(r + k-) =0.1. (B) Experimental
data showing the amount of product
as a function of time for the
hydrolysis of sucrose as catalyzed
by the yeast enzyme invertase. At
early time points, the function
showing product over time is nearly
linear as illustrated in (A). At later
time points (after about 100 min)
the rate of reaction slows down
because the substrate is being
depleted. (Data adapted from

A. J. Brown, J. Chem. Soc. Trans.,
81:373,1902.)
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Given this reaction scheme, we can write the rate equations using the
rules described earlier in the chapter, resulting in

% = —Kky[EI[S] + k_[ES] + r[ES],

ddLil = —k, [E][S] + k_[ES],
dIES (15.66)
[dt I kL [ENS] - (k- + MIES],

dip]

qr - r[ES].

One simple and immediate approach to these equations is to solve them
numerically. That is, by starting with some set of initial conditions
(that is, [Elg,[S]lg, [ES]o and [P]g — we use the subscript “0” to signify
initial values), we can perform an integration of these dynamical equa-
tions to find the resulting time history for the concentrations of all four
species. A choice of initial concentrations that illustrates the essence
of the dynamics is [E]g = [S]p = (k_ + r)/k, and [ES]p = [P]gp = 0. In this
case, we start out with no intermediate or product. The time evolution
of the system in this case is shown in Figure 15.16. Note that the con-
centration of enzyme initially decreases, but ultimately starts to climb
again once the available substrate starts to become too depleted. The
reader is invited to explore this analysis in detail in the problems at the
end of the chapter.

Of course, often it is of great interest to have an approximate analytic
description of a given model for the purposes of developing intuition.
The dynamical equations given above can be solved approximately by
recourse to certain simplifying assumptions. One powerful scheme is
to assume that the intermediate is in steady state corresponding to
d[ES]/dt = 0. This approximation is reasonable during the relatively
early part of the reaction time series where the rate of change of prod-
uct is approximately linear with time, that is, each enzyme molecule is
working at a nearly constant rate. If we make this assumption, then we
can obtain the concentration [ES] in terms of [E] and [S] as

[ES] k.

(EIIS] _ k_+r

= Km, (15.67)

where we have introduced a new constant, K,,, usually called the
Michaelis constant. The value K, can be intuitively understood as the
concentration of substrate where the reaction is proceeding at half
the maximum possible rate. If ¥ « k_, then K, is approximately equal
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to k_/k,, that is, the dissociation constant K; for the binding of the
substrate to its enzyme.

Our interest is in the rate of product formation under steady-state
conditions. We can rewrite the equation for d[P]/dt as

d[P] (EI[S]
T =r K, (15.68)
This equation can be conveniently rewritten by virtue of the realiza-
tion that the maximum rate of reaction corresponds to Vyax = ¥[Etotl,
which assumes that the entirety of the stockpile of enzyme is bound
to substrate and ready to form product. This will be the case when the
concentration of substrate is extremely high relative to K,,. Using this
definition, we can now rewrite eqn 15.68 as

@ _ [EI[S)/Km

dt — " [Eror]

If we now invoke the fact that [Es:] = [E] + [ES] and use [ES] = [E][S]/Km,
we obtain the Michaelis—-Menten result,

dp] [S1/Km
dt — "1+ (Sl/Km)’

(15.69)

(15.70)

which permits us to compute the rate of reaction as a function of
substrate concentration.

The most important conclusion of this analysis for our purposes is
that the rate of the reaction is going to depend on the concentration
of substrate in a very systematic way which is recognized as having
the same functional form as the binding curves introduced in Chap-
ter 6. The functional form is plotted in Figure 15.17(A), where it can
be seen that K, corresponds to the substrate concentration needed to
reach half maximum velocity. The excellent fit of the curve to experi-
mental data for ATP hydrolysis by the motor protein myosin is shown
in Figure 15.17(B).

Although this framework has proved valuable as a basis for think-
ing about how reaction rates depend upon substrate concentration for
almost 100 years, for many real enzymes this analysis is too simpli-
fied to be quantitatively faithful to the data, particularly when enzyme
rates are measured over a very large range of substrate concentrations.
In many cases, the simple Michaelis—Menten kinetics is not applicable
because the enzyme-substrate complex must proceed through multiple
intermediate steps prior to releasing product. Further complications
may arise when an enzyme uses two or more substrate molecules,
which may bind to the active site cooperatively, and when enyzmes are
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Vimax:
Vinax
0
E 0.15
> Vimax/2— \E, ’
I ]
| E 0.10
|
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Figure 15.17 Michaelis—-Menten

kinetics. (A) The general form of

the

Michaelis—Menten equation showing

the enzyme rate as a function of
substrate concentration can be
captured by just two parameters
the maximal rate for saturating
substrate concentrations (Viax),

and the substrate concentration at

which the rate is half of the
maximum (K,,). (B) Experimental
data showing the rate of ATP

hydrolysis by rabbit skeletal muscle

myosin as a function of ATP

concentration. (B, adapted from L.

Ouellette et al., Arch. Biochem.
Biophys., 39:37, 1952.)
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allosterically activated by regulators that bind at locations other than
the active site. In addition, experimental factors often complicate
the analysis. For example, product molecules often act as inhibitors
for their enzymes so the effective enzyme concentration decreases over
time. The reader is invited to explore these questions further both in
the problems and in the “Further Reading” at the end of the chapter.

15.3 THE CYTOSKELETON IS ALWAYS UNDER
CONSTRUCTION

So far, this chapter has emphasized rate equations as a conceptual
framework for treating problems involving the time evolution of reac-
tants and products in chemical reactions. These ideas can be used in a
powerful way to explore the dynamics of the cytoskeleton. As a result,
we review some of the key examples of cytoskeletal dynamics, and
then illustrate how to use the rate-equation paradigm to consider these
examples.

15.3.1 The Eukaryotic Cytoskeleton

The Cytoskeleton Is a Dynamical Structure That Is Always Under
Construction

The eukaryotic cytoskeleton in mammalian cells is built around three
main molecular actors, namely, actin, microtubules, and intermedi-
ate filaments as already introduced in Section 10.5.1 (p. 000). One of
the most intriguing features of these biological polymers is the fact
that they exhibit rich dynamical behavior whether examined in vitro or
within cells. Indeed, there is a wide variety of cellular processes that
depend upon this rich behavior of cytoskeletal filaments. For example,
Figure 15.18 shows the way in which microtubules play a role in segre-
gating chromosomes. Similarly, in Figures 15.2 and 15.3, we saw how
actin assembly mediates cell motility. The main lesson of these obser-
vations is that the cytoskeleton is a constantly changing network that
is subject to precise control which dictates when and where filaments
will nucleate, attach, branch, and grow.

Though spectacular cellular events like those shown in Figure 15.18
reveal the intricacy of cytoskeletal dynamics, to begin our thinking on
model building of such dynamics we begin with the more tractable
in-vitro situation shown in Figure 15.19. The main idea of the exper-
iments that such cartoons depict is that actin monomers in solution
spontaneously aggregate to form filaments. Such experiments were
indicated schematically in Figure 15.1(A). One way to perform these
measurements is to attach a small molecule covalently to a specific site
on actin which is poorly fluorescent when the actin is in its soluble
monomeric form, but whose fluorescence is strongly increased once the
actin monomers are part of a filament. By monitoring the fluorescence as
a function of time, it is possible to measure the rate at which filaments
nucleate and grow. Data of this kind are shown in Figure 15.19(C).

As shown in Figure 15.19(A), if actin monomers are placed in solution,
after some initial lag time they will nucleate filaments which will then
grow until an equilibrium is reached where the rates of detachment and
attachment are equal. By way of contrast, as shown in Figure 15.19(B), if
the solution is seeded with preexisting nuclei, the growth phase starts
immediately and is characterized by the same growth rate. These exper-
iments provide a first clue as to how the cell might control when and
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where filaments are present by tuning their nucleation. Indeed, hun-
dreds of different kinds of actin-associated proteins inside living cells
are able to modulate every aspect of actin filament dynamics including
the nucleation rate, elongation rate, dissociation rate, ATP exchange
rate, large scale architecture, etc. The concentrations of some of these
actin-modulating proteins have been determined by experiments such
as those shown in Figure 15.4. Actual actin polymerization data showing
the effects of such proteins are shown in Figure 15.19(C).

15.3.2 The Curious Case of the Bacterial Cytoskeleton

Historically, it was thought that one of the defining distinctions between
bacteria and eukaryotes was that bacteria lacked a cytoskeleton. How-
ever, this picture has now changed dramatically with tubulin and actin
homologs having been identified in bacteria and possibly an intermedi-
ate filament-like protein as well. One example is that of ParM, a bacterial
homolog of eukaryotic actin, which is responsible for segregating plas-
mids upon cell division. In particular, ParM was discovered on a plasmid
carrying antibiotic resistance genes that were associated with an out-
break of epidemic typhoid in Mexico and southwestern USA. ParM and
its molecular partners are responsible for making sure that in those
bacteria that carry the plasmid both daughter cells receive a copy. A
schematic of the mechanism of ParM is shown in Figure 15.20.

ParM is an intriguing example since in some ways it can be thought
of as a simple version of a mitotic spindle. In Figure 15.18 we showed a
picture of a mitotic spindle in action where it is seen how microtubules
separate the chromosomes and an actin filament ring forms in the mid-
dle of the mother cell. Figure 15.20 elaborates that analogy by depicting
the way in which ParM carries out similar functions in the prokaryotic

Figure 15.18 Chromosome
segregation by microtubules. (A)
Micrographs of the transition from
metaphase (where the duplicated
sister chromosomes are all aligned)
to anaphase (where the
chromosomes have been separated
into two groups) in endosperm cells
from a lily. The tubulin is labeled by
gold-labeled antibodies. (B) Cartoon
showing how microtubules separate
the chromosomes and an actin
filament ring forms in the middle of
the mother cell to split it into two
daughters. (A, courtesy of A. Bajer;
B, adapted from B. Alberts et al.,
Molecular Biology of the Cell, 5th
ed. New York: Garland Science,
2008.)
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setting. The basic idea is that the ParM filaments grow and shrink spon-
taneously until both ends successfully encounter one of the two copies
of the antibiotic resistance plasmid. When both plasmids are attached to
the different extremities, the filaments polymerize without shrinkage,
effectively pushing their plasmid cargo to opposite poles of the dividing
cell. Images from a video microscopy sequence of plasmid segregation
are shown in Figure 15.20(B).

Other examples of bacterial cytoskeletal homologs are MreB, an actin
homolog which is related to genome position and cell shape in some
bacteria, and FtsZ, which is a tubulin homolog and one of the main play-
ers in the formation of the ring that dictates the plane of cell division.
One of the peculiar features of these prokaryotic cytoskeletal proteins
is that there is a role reversal relative to their eukaryotic counterparts
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Figure 15.19 Schematic of the rate of polymerization as a function of time. (A) Starting from a pure solution of actin
subunits the limiting step in filament assembly is the random collision of at least three subunits to form a nucleus
which can then be rapidly elongated. Because nucleus formation is slow compared to filament elongation, a
measurement of the total amount of actin in filament form as a function of time will show an initial lag phase. When
polymerization is complete, there remains a small amount of actin in solution; this concentration of leftover monomers
is called the critical concentration. (B) If stabilized nuclei are added at the beginning of the polymerization reaction,
elongation will start immediately and there is no lag phase. The critical concentration is not affected. (C) Experimental
growth curves for actin with and without the activity of proteins (Arp2/3 and ActA) that nucleate filaments. The slow
growth case corresponds to no Arp2/3. (A, B, adapted from B. Alberts et al., Molecular Biology of the Cell, 5th ed. New
York: Garland Science, 2008; C, adapted from M. D. Welch et al., Science, 281:105, 1988.)
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Figure 15.20 A model for
plasmid segregation driven by the
bacterial actin homolog ParM. (A)
Some bacterial plasmids carry
antibiotic resistance genes that are
found at very low copy numbers
inside cells, as few as 1-2 per cell.
In order to maintain their presence
in the bacterial population, these
plasmids require a mechanism for
segregation analogous to the
mechanisms for chromosome
segregation. The R1 plasmid
encodes an actin homolog ParM
which is continuously expressed.
ParM filaments are extremely
unstable. (B) After the plasmid has
replicated, unstable ParM filaments
can be stabilized when their two
ends come into contact with
specific sites on the two plasmids.
The filaments can continue to
elongate at the site of DNA
binding. (C) The insertional

elongation of ParM filaments
pushes the two copies of the
plasmid to opposite poles of the
cell. (D) Time lapse sequence
showing segregation of two
fluorescently tagged plasmids in a
(D) living E. coli cell. (A-C, adapted
from E. C. Garner et al., Science
306:1021, 2004; D, adapted from
C. S. Campbell and R. D. Mullins, J.
Cell Biol., 179:1059, 2007.)
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with actin homologs undertaking tasks reserved for microtubules in the
eukaryotic setting and vice versa. The study of the cytoskeleton in both
prokaryotes and eukaryotes provides an interesting opportunity to put
the rate equation ideas developed in this chapter to work.

15.4 SIMPLE MODELS OF CYTOSKELETAL
POLYMERIZATION

Huge classes of cellular processes can ultimately be thought of in
terms of the addition of monomers to the ends of growing chains:
transcription and translation, cytoskeletal assembly, polymerization of
filamentous viruses such as tobacco mosaic virus, etc. The simplest pic-
ture of such polymerization reactions amounts to assuming that there
is a characteristic rate of addition of monomers to the end of a grow-
ing polymer and that there is a characteristic rate at which monomers
fall off the end of such polymers. These ideas lead naturally to various
classes of dynamic models.
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Figure 15.21 Hierarchy of models
of cytoskeletal polymerization
which include features such as
asymmetric rates and hydrolysis. (A)
Polymerization with equal rates on
both ends. (B) Polymerization with
unequal rates on the two ends due
to structural asymmetry of the
filament. The two structurally
distinct ends are often called the
plus and minus ends or, for actin,
the barbed and pointed ends. (C)
Polymerization with unequal rates
and vectorial hydrolysis reaction of
nucleotides on incorporated
monomers. (D) Polymerization with
hydrolysis that can take place on
any monomer within the filament.
For each case, the rate constants are
illustrated. Different rate constants
may apply for on rates and off rates,
plus and minus ends of filaments
and ATP vs ADP containing subunits.

The Dynamics of Polymerization Can Involve Many Distinct Physical and
Chemical Effects

For concreteness, we use actin as our first case study. Our plan is to
consider a hierarchy of models of increasing complexity as shown in
Figure 15.21. The key quantities that we will reason about are the prob-
ability distribution P,(t), which delivers the probability of having a
filament of length n at time t, and (L), which characterizes the average
length of the polymers. The simplest level of approximation for deter-
mining these quantities posits polymerization processes in which the
on and off rates at the two ends of the growing polymer are the same and
there are no associated nucleotide hydrolysis reactions. The next level
in our hierarchy of models asserts a difference in the on and off rates
on the two ends of the filament. However, what makes biological poly-
mers like actin and microtubules so intriguing is the fact that they are
ATPases (or GTPases), which means that nucleotide hydrolysis reactions
are a central part of their dynamics, and as a result of these hydrolysis
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reactions, the system can behave more creatively with respect to on and
off rates on the two ends. Figure 15.22 gives a quantitative picture of the
actin polymerization process when the full asymmetry and hydrolysis
rates are included.

15.4.1 The Equilibrium Polymer

Equilibrium Models of Cytoskeletal Filaments Describe the Distribution of
Polymer Lengths for Simple Polymers

The simplest model that one might try in thinking about biological
polymers is an equilibrium model in which the dynamics results from
statistical fluctuations at the two ends. Such models provide a useful
description of the formation of biological filaments such as bacterial
flagella, filamentous viruses, and amyloid protein fibers. At the same
time, such models lack the nuance to capture some of the most intrigu-
ing dynamical features of cytoskeletal polymers (actin, microtubules,
and their bacterial homologs) such as treadmilling and dynamic insta-
bility. One of the first classes of data that such a model can confront is
the distribution of filament lengths such as is shown in Figure 15.23. In
particular, this figure shows a histogram of the distribution of filament
lengths and effectively counts up how many filaments of each length
are found.

Our starting point for the equilibrium analysis is the assertion that
the probability distribution for the different lengths is stationary, which
implies dP,/dt = 0. In this case, the equilibrium is characterized by

K4
Pn+P1 = Pyia,

(15.71)
which can also be written in a more useful form as
[PnllP1]
= — 15.72
[Pn+1] ( )

In principle, K; should be a function of n since the reaction of two
monomers to form a dimer is not necessarily the same as the reaction
of a 1000-mer and a monomer to form a 1001-mer. For simplicity, we
make the extra assumption that K; does not depend upon the number
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Figure 15.22 Rates of actin
polymerization. (A) Electron
micrograph showing polarized
growth of actin filaments from the
ends of horseshoe crab sperm
acrosomal bundles. These bundles
consist of a parallel array of
stabilized actin filaments. When
monomeric actin is added it will
form new filaments at different
rates on the barbed and on the
pointed ends of the acrosome. Here
tufts of long filaments can be seen
growing from the barbed ends of
several acrosomal bundles. (B)
Length as a function of time for
actin growth from barbed and
pointed ends of acrosomal bundles.
The actin monomer concentration in
uwM is shown next to each time
course. Note the difference in
scales; barbed end growth is
approximately 10 times faster than
pointed end growth. (C) Cartoon of
G-actin polymerization. On rates are
given in (uM s)~ !, off rates in s~!
and dissociation constants in uM.
(A, courtesy of M. Footer; B, C,
adapted from T. D. Pollard, J. Cell
Biol., 103:2747, 1986.)
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Figure 15.23 Distribution of
filament lengths for actin filaments.
(Adapted from S. Burlacu et al., Am.
J. Physiol., 262:C569, 1992.)
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of monomers. If we consider the case when n=1 in eqn 15.72 we find

Py (P Py]2 P2
KdZ[ il 1]:[ 1] =>[P2]=[ 1]

. 15.73
[P2] [P2] Kaq ( )

We can adopt the same strategy again by taking n = 2 and use the result
from the previous iteration to find

[I 2][I 1] [I 1] [I 1]2 [I 1]3
a [PB] [P3] Kd [Fs] K; ( )

By inspection, we can now write the general result as

P1]" Pi1\"
[Pn] = E{;l =Ky <%> : (15.75)

This result now permits us to examine the equilibrium distribution of
lengths of simple polymers. In particular, it provides a basis for estimat-
ing the number of 2-mers, 3-mers and so on. We can rewrite eqn 15.75
in a friendlier way as

[P,] = Kdenln([Pll/Kd) — Kdenln([Pl]/Kd) — Kde—an’ (15.76)

where we define « = —In([P1]/K,). For the case in which [P;] < K, we see
immediately that the distribution is a decreasing function of the length
as is revealed in Figure 15.23.

Given the distribution of polymer lengths in this simple equilibrium
model, we are now poised to compute the average length of these
filaments. In particular, the calculation of interest is

Jo ne~*"dn 1 1

W= < eendn ~ o = In(Kg/P1)) {5.77)

Using the value of K; determined above we can plot the average length
as a function of the monomer concentration as shown in Figure 15.24.
The average length is a very sensitive function of the monomer concen-
tration. As a result, if the cell were to exploit an equilibrium mechanism
of this form it would necessarily involve very fine tuning of monomer
concentrations. In reality, some polymers that polymerize using this
mechanism have other means for determining their preferred length.
For example, filamentous viruses such as the tobacco mosaic virus
(TMV) use their nucleic acid genome as a template to decide how long
to grow. To get a better feeling for the implications of this model, we
can also examine the nature of the fluctuations it predicts.

572 Chapter 15 RATE EQUATIONS AND DYNAMICS IN THE CELL



100
50

polymer length
(9]

0.001 0.002 0.005 0.01 0.02 0.05 0.1
monomer concentration (uM)

Estimate: Equilibrium Polymers? In order to see what this
simple equilibrium model of biological polymers has to say, we
require an estimate of K;. One way that we can obtain an esti-
mate of K; is as the ratio k,s/kon. By appealing to the known
rates for actin and ignoring the fact that these rates depend
upon whether the monomers are bound to ATP or ADP, we have

on>10pM1s~1 and kogr ~ 1s~1. Using these numbers we find
K4 = kofr /kon =~ 0.1nM. For self-assembling polymers, the K is
also often referred to as the critical concentration (c*). Starting
with a solution of monomers, if the concentration is above c*,
then filaments will form, but below c* they will not. As usual,
we find it useful to convert concentrations to mean spacings. In
this case, this concentration corresponds to a mean spacing of
roughly 200 nm. Recall that the size of the individual monomers
is on the order of 5nm, and the mean spacing between macro-
molecules in a typical cell is less than 10 nm. The fact that
monomers can find each other and rapidly form filaments over
such large intermolecular spacings emphasizes the importance
of rapid diffusive motion.

€

J1IVINILST

An Equilibrium Polymer Fluctuates in Time

The fact that a system is in equilibrium does not mean that it is static. As
already illustrated in the case of Brownian motion, systems that are in
equilibrium undergo diffusive fluctuations. We can borrow this kind of
thinking to examine how the length of an equilibrium polymer will vary
in time as a result of the growth and shrinkage of filaments due to their
natural fluctuations. In particular, we ask the question: how long do we
have to wait for the length to change by 1 um due to these fluctuations?
The model we examine is shown schematically in Figure 15.25.

To examine the dynamics of an equilibrium filament we discretize
time into steps of length At. At every instant, as shown in Figure 15.26,
there are three possible fates at both ends of the filament: the end
can remain unchanged, the end can lose a monomer, or the end can take
on another monomer. With the trajectories and weights in hand, we can
work out the average dynamical excursion of the system by summing
over all microtrajectories of the system with each one appropriately
weighted by the statistical weight. Within this framework, the proba-
bility of growth by an amount a (the length of a monomer) is given

Figure 15.24 Average length of
the filaments as a function of the

monomer concentration for the
equilibrium model.
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Figure 15.25 Cartoon of a
filament growing and shrinking by
fluctuations. At t = 0, the length of
the filament is slightly larger than
the mean length. Over time, the
two ends are subject to
fluctuations as monomers are
added and removed from

both ends.

Figure 15.26 Trajectories and
weights for an equilibrium
polymer. The schematic shows the
three processes that are available
to a polymer at every time step.
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where ¢g is the concentration of monomers. The probability of shrink-
age by a length a is given by

P(—a) =k, At. (15.79)
Finally, the probability of nothing happening is
P(0) = (1 — konCoAt — kor AD). (15.80)

Recall that in equilibrium the critical concentration is given by c¢* =
kofr / kon, which implies that P(a) = P(—a). As aresult, the average change
in length in one time step is

(x) =aP(a) —aP(—a) =0. (15.81)
—_

in At
This result is not surprising since effectively, the tip of the filament may

be thought of as a random walker that has the same probability of going
to the right or to the left. A more telling measure of the fluctuations is
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provided by the mean square displacement given by

(X%) = a®P(a) + a’P(—a) = a®konCo At + a’koncoAt = 2a’koncoAt.
(15.82)

We are interested in finding out how many time steps it will take to accu-
mulate a total excursion which is typical of the length change seen in
cytoskeletal filaments, such as 1 um. Since each instant is independent
of the previous instant (that is, there is no memory), the accumulated
variance over N steps is N times the variance associated with one step.
In particular, we have

(L?) = 2Na® ko At, (15.83)
which can be rewritten by noting that N = t/At, resulting in
(L?) = 2a° ko t. (15.84)

The significance of this result is best served by considering some real-
world numbers. Our interest is in the time we have to wait to see an
excursion of length L which is given by

Juz) = J2atkgpt. (15.85)

For the special case in which we query the time needed for an excursion
of length 1 um, we have

(L?)

t= o' 15.
Tk (15.86)

Using the various approximate parameters described above, this yields

2
t= lpm ~ 9 hours. (15.87)

4 2 X
2(%*”“) Is
—_—

a

The time scales generated by the equilibrium model are clearly inconsis-
tent with the observed time scales of cytoskeletal dynamics. The easiest
way to note that is to watch a time-lapse video of a motile or divid-
ing cell and to observe that these processes take place on the minute
rather than hour time scales. These rapid dynamics require nucleotide
hydrolysis by actin and microtubules and also the activity of myriad
other cytoskeleton-associated proteins. The fact that the cytoskeleton
is notin equilibrium is necessary to give the cell morphological flexibil-
ity over rapid time scales. In Section 15.4.3, we will return to the issue
of nucleotide hydrolysis by cytoskeletal filaments. In preparation, we
first consider the time-dependent behavior of simple nonhydrolyzing
polymers.

15.4.2 Rate Equation Description of Cytoskeletal Polymerization

Polymerization Reactions can be described by Rate Equations

Cytoskeletal polymerization consists of three very distinctive phases
as shown in Figure 15.19(A). If we start with a situation where we only
have monomers free in solution there will be a lag phase during which
these monomers assemble into small oligomers. After this nucleation
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phase and once these nucleation seeds are assembled, the growth
phase begins. Filament elongation will continue until a steady state
phase is reached. Here there will still be an interchange of monomers
between the solution and the filaments, but the net length change will
be zero. In those cases where nuclei are added directly to the solution,
the lag phase can be bypassed resulting in growth like that shown in
Figure 15.19(B).

As an alternative to the equilibrium model described above and
in response to experiments like those indicated schematically in Fig-
ure 15.19, we consider the simplest case of a system which is seeded
with M “nuclei” which can serve to nucleate growing filaments. Our plan
is to write down a rate equation that examines the number of monomers
(n(t)) associated with the “average” filament at each instant in time.
Since our rate equation picture does not consider fluctuations, we note
that the dynamical equation describing the number of monomers (n) in
each filament is identical for each filament and is given by

dn Mn(t)
E:k°”<co_ 4 )_ kag (15.88)

shrinkage

growth

where ¢j is the initial concentration of monomers in the volume V and
M is the number of nuclei which seed the growth. This equation says
that there will be an addition of monomers with rate k,, which is propor-
tional to the monomer concentration. In addition to the growth, there
is also the potential of shrinkage of the filaments as a result of the
kogr term. As the monomer concentration varies, there is a competition
between these two terms. The significance of the factor (co — (Mn/V)) is
that it captures the instantaneous concentration. Our picture is of a box
of fixed volume V that has some initial number of monomers ¢y V avail-
able for polymerization. As the filament growth process proceeds, the
number of available monomers is reduced since ever more monomers
are now tied up in filaments (the number of monomers in the filaments
is Mn) and are hence unavailable for further polymerization. Note that
in this simple model, the total number of nuclei (M) is fixed.

The solution to this dynamical equation is found by noting that we
have a first-order, linear differential equation which can be rewritten as

dn konMn
E"—T:konco_koff‘. (]5-89)
When written in this form, we see that it can be solved by first guessing
a “particular” solution, in this case

Vv
Nparticular () = W(konco — koff)- (15.90)
on

To this particular solution should then be added a solution to the equa-
tion for the case in which the right-hand side of eqn 15.89 has been set
to zero. The solution in this case is

Npomogeneous(t) = Ae_koth/v, (15.91)

where the constant A is an arbitrary constant that is fixed by initial con-
ditions. One particular case of interest is the one in which the initial size
of the nuclei is zero (of course, this contradicts the idea that a critical
nucleus is needed to start the polymerization process, but this choice
is mathematically convenient and gives rise to the same key features).
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Using n(0) = 0 we can fix the constant A as

Vv
A:—m(konco—koff). (]5.92)
As a result of these manipulations, the solution to our problem is
given by

1%
n(t) = 3o — (KonCo — Kofp) (1 e konMU/V'y (15.93)
on

In order to compute the length of the growing filament, we note that the
length is given by

L(t) = an(t), (15.94)

where a is the length per monomer. This result is plotted in
Figure 15.27, which exhibits two key regimes. First, in the short-time
limit, defined as times much shorter than the time

%

= Mko,’ (15.95)

T

the filaments grow linearly with time. This can be seen by considering
the behavior at short times which is revealed by expanding e konMt/V
in a Taylor series (that is, using e* ~ 1 + x — see “The Math behind the
Models” on p. 000). The second key regime is the long-time limit for
which the growth saturates and the length of each filament is constant.

The Time Evolution of the Probability Distribution P,(t) can be Written Using
a Rate Equation

A more sophisticated version of the model we developed above asks for
the time evolution of the probability distribution P,(t), which reflects
the probability of finding filaments of length n as a function of time. In
particular, P,(t) is the probability that a given filament is an n-mer and
is given as

Np

© Zn:l Nn

where N, is the number of filaments containing n monomers.
Figure 15.28 shows how one takes a distribution of filaments and uses a

Figure 15.27 Average filament
size vs time. (A) Length of the
filaments as a function of time

assuming M initial nuclei. During the
initial stages of growth, the growth

rate is linear, while at long times
system reaches steady state. (B)

the

Data showing length of filaments vs

time for assembly of bacterial
flagellin. (B, adapted from T. lino
Supramol. Struct., 2:372, 1974.)
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Figure 15.28 lllustration of the
idea of the probability distribution
P,(t). (A) The reactions that can
change the current length of the
filament. (B) A distribution of
filaments of various lengths. We
count up the number of each
species Ny, N, etc.
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histogram to determine experimentally the probabilities of the various
polymer lengths.

The rate equation that captures the change in the number of n-mers
can be written symbolically as

g
5
q

dPy

ai = rate of monomer addition to n-mer — rate of monomer removal.

(15.97)

To proceed, we make the simplifying assumption that the only way a
given n-mer can change its length is by either the addition or loss of a
single monomer. For example, we reject the process in which a 5-mer
is added to a 4-mer resulting in a 9-mer. In addition, we begin our anal-
ysis by assuming that both ends of the growing filament are the same.
This assumption will be suppressed later in favor of the experimentally
relevant situation in which cytoskeletal filaments have polarity.
The reaction we are proposing is

kon
Pp+P; = Puys. (15.98)

ko

Our goal is to write a rate equation for the dynamics of this reaction.
However, the equations are coupled. That is, the equation for the evo-
lution of P, depends upon the evolution of both P,,_; and P,,;. To find
the time evolution of P, we have to consider the “adjacent” reaction
given by
an
P,1+P; = Py, (15.99)
Koff

which will account for the “decay” of a polymer of length n into one of
length n— 1. The time evolution of the probability distribution is gov-
erned by four distinct classes of process and is captured mathematically
as

dp,
Tn = konPn1P1 + KofPni1  — konPnP1 —  KofPn
t — — —— ——
addition to Pp_1  removal from P,,; additionto P»  removal frompP,
(15.100)
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One question of immediate interest that emerges from a model of
this kind is: what is the average length of a polymer as a function of
time whose growth is described by eqn 15.100? If a is the length of a
monomer we can write the total average length of the filament as

(L)=Y_ naPy. (15.101)
n=1

By taking the time derivative of this expression, we can then write an
equation for the time evolution of the average length as

d(L) i dp,
== - N na (15.102)
dt — &= "7 dt

We can now substitute our expressions for the time derivatives them-
selves from the original rate equation (eqn 15.100) with the result

iy &
% =Y na(konPn_1P1 + Koff Pns1 — konPuP1 — Koff Pn). (15.103)
n=1

We may now rearrange the right-hand side resulting in

d L o o
% =Y ankonPy(Pn_1 — Pn) + Y _ ankof(Ppy1 — P). (15.104)

n=1 n=1

The next step in our argument is to factor out P; and to simplify the
functional form of the expressions using the identity

o0 o0
> nPpy=2P1 +3P+---= Y (n+1)Pn. (15.105)
n=1 n=1

Using this identity several times in our original expression results in

akonPy ) N(Pp_1 — Pp) = akonPy ) [(n+ 1) — nlPy
n=1 n=1
= akonPy Y Pn = akonP:. (15.106)
n=1

The net result of these manipulations is that we recover precisely the
same expression determined earlier for the mean length, namely,

% = (konPy — koff)a. (15.107)
One useful way to visualize the significance of this result is to plot the
rate of growth as a function of monomer concentration as is shown
in Figure 15.29. Note that depending upon the concentration, the fil-
aments will either grow or shrink. In particular, for concentrations
smaller than ks /kon the filaments will shrink, whereas for larger values
of monomer concentration the filaments will grow. In the special case
where Py is equal to the critical concentration ¢* = K, /kon the average
length will not change because d{L)/dt = 0.

Rates of Addition and Removal of Monomers Are Often Different on the
Two Ends of Cytoskeletal Filaments

As was already hinted at in Figure 15.21, there is a hierarchy of models
of biological polymerization reactions of increasing physical realism.
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Figure 15.29 Crowth rate for
filaments. The graph shows the
growth rate as a function of the
monomer concentration. Below a
critical concentration, filaments
shrink. For concentrations greater
than the critical concentration, the
filaments grow.

Figure 15.30 Model of

polymerization where each end has
its own rates. (A) lllustration of the

different rate constants on the
barbed and pointed ends. (B)

Addition of a single monomer to the

growing filament.

— growth

growth rate
o

monomer concentration

The next refinement of the models we have considered thus far which
brings us one step closer to the behavior of real cytoskeletal filaments is
to consider the case in which the rates on the two ends of the growing fil-
ament are different. The schematic depiction of this situation is shown
in Figure 15.30 and reflects the idea that this difference in rates on the
two ends is a result of structural asymmetry on the two ends. Stated
differently, cytoskeletal polymers such as actin are characterized by a
polarity with the distinct ends being labelled as “plus” and “minus” (for
historical reasons the plus end on actin is also called the barbed end
and the minus end is called the pointed end). As shown in Figure 15.30,
the plus end has a faster growth rate than the minus end, and also a
faster shrinkage rate.

One intriguing feature of this model is that the ratios of the rates on
the two ends must equal each other. The simplest way to see this is
to note that the molecular interfaces at the two ends are identical and
hence they imply the same free energy associated with the contacts.

(A
MINUS (POINTED) END PLUS (BARBED) END
kn kon
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~
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growth rate

monomer concentration

Inspection of the schematic in Figure 15.30(A) reveals that although the
monomers are themselves asymmetric, once two of them have joined
together, the common interface they share is indifferent to whether
the monomer was added on the plus or minus end. This condition is
represented mathematically as

" _
Ko _ Ko _ L oaciiyr, (15.108)

AGt=AG = =
kin  kon V

The rate equations for this situation are identical in form on the two
ends, though characterized by different rates, and are given by

dny

and
dn_
W:kgnco—k‘;ﬁr. (15.110)

The growth rate as a function of monomer concentration is shown in
Figure 15.31 and reveals that when one end grows the other suffers
the same fate; this will always be the case when the concentration of
monomers in solution is above c¢*. This model is a reasonably accu-
rate description of the behavior of simple polymers, such as bacterial
flagellin. However, it falls short of being able to describe the entire
repertoire of cytoskeletal dynamics for nucleotide hydrolyzing poly-
mers, such as actin and microtubules. For these remarkable polymers,
it is possible for one end to grow while the other is shrinking, a feature
that can lead to the phenomenon of treadmilling.

15.4.3 Nucleotide Hydrolysis and Cytoskeletal Polymerization

ATP Hydrolysis Sculpts the Molecular Interface Resulting in Distinct Rates
at the Ends of Cytoskeletal Filaments

The full beauty and complexity of cytoskeletal polymerization is
tied to the fact that the protein monomers interact with nucleotides
and, indeed, can catalyze nucleotide hydrolysis. For example, actin
monomers can bind either ATP or ADP, while in the case of tubulin,
they bind either GTP or GDP. The significance of this fact is that these
cytoskeletal polymers behave as ATPases and by virtue of the cou-
pling of polymerization to ATP (or GTP) hydrolysis, they can undergo

Figure 15.31 Growth rate for the
case where the rates for each end
of the filament are different. Above
the critical concentration (c*), both
ends grow and below the critical
concentration, both ends shrink.
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Figure 15.32 Cytoskeletal
filaments with a distinction
between ATP- and ADP-bound
monomers. ATP-bound monomers
are shaded dark and ADP-bound
monomers are light. The addition
of nucleotide hydrolysis to the
model requires that four distinct
rate constants be considered for
each of the two ends of the
filament.
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conformational changes which alter the molecular interface between
adjacent monomers and, hence, adjust the rates of binding and unbind-
ing. The full complexity of the polymerization process was shown in
Figure 15.22. For our present purposes, the key point of these obser-
vations is that there are different on and off rates for ATP-bound and
ADP-bound monomers at each end of the structurally polarized actin
filaments. This effect is represented schematically in Figure 15.32.

The rate equations describing this situation can be substantially sim-
plified if we assume that on the barbed ends, only ATP-bound monomers
are coming on and off, while on the pointed ends, only ADP-bound
monomers are exchanged between the filament and the reservoir. In
this situation, the rate equations have an identical form to those pre-
sented in eqns 15.109 and 15.110. The difference is that in this case
the restriction on the ratio of the rates embodied in eqn 15.108 is no
longer present. The resulting growth rates on the two ends as a function
of concentration are shown in Figure 15.33.

These growth rates have a novel property relative to the other mod-
els in the hierarchy of models we have considered, namely, they can
undergo the process of treadmilling. In treadmilling, one end grows
while the other end shrinks. As shown in Figure 15.33, for a cer-
tain critical concentration cry the barbed end can be growing at the
same rate that the pointed end is shrinking, a condition represented
mathematically as

dny dn_
N - dr (15.111)

This condition can be written directly in terms of the rates as

kg_nCTM—k;rﬁc—_k;nCTM‘i‘k;ﬁc (15.112)
Solving this equation for ¢y results in the condition
ki + ko
off off
M = —p—— 15.113
™ = K Tk ( )

which tells us how the treadmilling concentration depends upon the on
and off rates on the two ends of the model polymer.

These ideas serve as the basis for thinking about the observed dynam-
ical behavior of microtubules. In particular, under the right circum-
stances, it is possible to observe microtubules that are simultaneously
growing on one end while shrinking at the other with the result that par-
ticular points within the microtubule lattice are fixed with respect to the
absolute coordinate system of the cell. An example of this behavior is
shown in Figure 15.34.
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15.4.4 Dynamic Instability: A Toy Model of the Cap

One of the most intriguing features of microtubule dynamics is the exis-
tence of an effect known as “dynamic instability.” The basic observation
is that an individual microtubule can undergo repeated cycles of growth
and shrinkage, even when its chemical environment remains essentially
constant. Similarly, a population of microtubules in the same test tube
or cell will typically include some individuals that are growing and some
individuals that are shrinking at any given instant in time. If the length
of a single microtubule is measured as a function of time, the result-
ing graph is a series of sawtooths such as are shown in Figure 15.35.
That is, the dynamics of microtubule growth is punctuated by occa-
sional catastrophes, where the filament shrinks, and rescues, where it
begins to grow again. Dynamic instability has also been observed in
the bacterial actin-like filament ParM. It has been argued that dynamic
instability provides a mechanism for repeated attempts for cytoskeletal
filaments to explore the large cytoplasmic space and find their targets
during chromosome segregation and other spatially complex processes.

A Toy Model of Dynamic Instability Assumes That Catastrophe Occurs When
Hydrolyzed Nucleotides Are Present at the Growth Front

As a first step towards understanding the dynamics of catastrophes, we
consider a simple toy model of the unhydrolyzed cap. Our picture of
the growing filament is that it presents a cap of GTP (or ATP) bound
monomers such as is shown in Figure 15.36. The length of this cap is
determined by a competition between the rate at which monomers are
being added to the end of the growing filament and the rate at which
hydrolysis occurs within the filament. Within this model, catastrophe
is hypothesized to occur when the cap length shrinks to zero.

To see how this might work, we begin with a deterministic model in
which it is assumed that the only subunit within the filament that is
able to perform nucleotide hydrolysis is the one found at the inter-
face between the cap and the rest of the filament. Furthermore, for

Figure 15.33 Growth rates on the
two ends as a function of
concentration for the case in which
there is nucleotide hydrolysis. (A)
The two curves show the growth
rates on the two ends of a
microtubule as a function of the
concentration of monomers. The
upper curve shows the faster
growth rate on the plus end. At the
critical concentration, cty, the
growth rate on the plus end is equal
to the shrinkage rate on the minus
end, resulting in treadmilling. (B)
Growth rate as a function of actin
concentration for ATP-actin (left)
and ADP-actin (right). ADP-actin
behaves as predicted by the model
described in the text displaying a
critical concentration at about 8 M.
For ATP-actin, the growth rate above
the critical concentration is a linear
function of actin concentration as
expected; however, the curve
becomes nonlinear at lower
concentrations. This is because ATP
hydrolysis is accelerated by
polymerization so the
disassembling species is actually
ADP actin. In other words, the ATP
cap (see below Figure 15.36) has
vanished on the shrinking filaments.
(B, adapted from M. F. Carlier et al.,
J. Biol. Chem., 259:9983, 1984.)
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Figure 15.34 Microtubule
treadmilling. Individual
microtubules have been observed to
undergo treadmilling inside living
cells. The fluorescently labeled
microtubule looks as though it is
sliding from left to right. However,
as indicated by the middle arrow
which points to a fixed point within
the microtubule, in fact one end (the
minus end, on the left) is shortening
and the other (the plus end, on the
right) is elongating. (Adapted from
C. M. Waterman-Storer and

E. D. Salmon, J. Cell Biol., 139:417,
1997.)

this vulnerable subunit, the rate of nucleotide hydrolysis (conversion
of GTP to GDP or of ATP to ADP) is characterized by a lifetime z. This
deterministic picture implies that the position of the interface moves
along the filament with a characteristic velocity a/z. Also note that the
pointed ends have rate constants characterized by ADP-bound filament
ends while the growing barbed ends are characterized by the ATP rate
constants. A more sophisticated and physically realistic scenario, where
hydrolysis can happen at any point along the cap, would provide a more
complete picture of the cap dynamics.

Within this simple model, the onset of catastrophe occurs when and
if the hydrolysis “front” catches up with the growing tip on the barbed
end. One physical mechanism that could lead to this effect would be
a slowing down of the growing tip due to depletion of the reservoir of
available monomers. Recall that our picture is that the leading edge of
the filament has a velocity V and that the hydrolysis takes places at a
rate 1/7. Within this model, the critical condition for a catastrophe is
that the velocity of the hydrolysis front equals that of the growing tip
and given by

dxgi a
4 = - (15.114)
dt T
—— ~——
growth rate of leading edge  speed of hydrolysis front

This equation says that in the time it takes for the next monomer to
be added to the growing tip the monomer at the tip will have time
to hydrolyze its trinucleotide, where we have made the simplifying
assumption that the cap is only one monomer in width. The critical
condition written mathematically above really sets the bound since it
is only when the hydrolysis front is moving faster than the growing
tip that we are guaranteed that the front will catch up with the tip and
induce a catastrophe.

The physical picture of the catastrophe, then, is that the catastrophe
starts once the hydrolysis front catches the leading edge, because at
that point the GTP (or ATP) growth rates are superseded by their GDP
(or ADP) counterparts. Said differently, the off rate dominates for the
GDP monomers, whereas the on rate dominates for the GTP monomers.
This model predicts a very specific dependence of the catastrophe rate
on the concentration of monomers available for growth. To see this, we
turn to the mathematical implementation of the model.

The growth of the tip is essentially described by eqn 15.88 with the
observation that dx;,/dt = adn/dt, and results in

an'p XtipM
dt :a|:kon (CO— Va )-koﬁ“},

where M is the number of growing filaments. Note that x;;,/a tells us the
number of monomers per filament which when multiplied by M gives
the total number of monomers tied up in filaments. The solution to
this equation proceeds exactly as did the solution to eqn 15.88 and is
plotted in Figure 15.37, and given by

(15.115)

~Mkont/ V')

|4
Xtip (D) = L(konco_koff)(l —e (15.116)

Mkon
In this toy model, a catastrophe occurs when the speed of the tip drops
justbelow the hydrolysis speed. This happens at a certain critical length
of the cap xtC,.;“ where, because of depletion of the reservoir of solu-
ble monomers, the tip growth rate has slowed sufficiently to match the
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hydrolysis speed. This is characterized by the condition

XtipM a
a[kon(cO— t{fa )—koff}z;. (15.117)

This equation can be solved for the critical length which is given by

i Va 1
Xtcigt:m<konco—koff—;>- (15.118)

In addition to the critical length, we are also interested in the wait-
ing time, t.j, before a catastrophe. To explore this question, we
use eqn 15.116 to write X p(tcrir) and set this equal to the result in
eqn 15.118 to obtain

eMkontcrit/V=T(konco_koff)_ (]5] ]9)

This equation can be solved for the time until a catastrophe as

terit = %{m In(ztkoncp), (15.120)
where we have made the approximation kg < konCo, which is equiva-
lent to stating that the rate of addition of new monomers to the cap will
be much higher than the rate at which monomers are removed. We can
now plot the catastrophe rate 1/t (Figure 15.38(A)).

One of the shortcomings of this model is that it predicts that once
the monomers are depleted, all microtubules will suffer catastrophes at
essentially the same time. However, this prediction is clearly at odds
with experimental observations on microtubule dynamics, where some
microtubules can be seen to shrink (that is, undergo catastrophe) while
others are growing nearby inside a living cell. This merely demon-
strates that our toy model, while a useful starting point, is inadequate to
describe the full complexity of microtubule behavior. A first step toward
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Figure 15.35 Natural history of
the length variation for a single
microtubule over time. A 10 pm
long microtubule was imaged in the
microscope and its length measured
roughly 10 times per minute.
Almost immediately upon the
beginning of this observation, the
microtubule underwent a
catastrophe and shrank rapidly to
near zero length. It then underwent
a rescue and began to grow again.
Over the subsequent 20 min the
cycle repeated 5 more times, with
the lengths of the growing and
shrinking phases varying randomly.
Microtubule growth took place at a
nearly constant rate for all cycles,
and shrinkage also took place at a
constant, though faster rate.
(Adapted from D. K. Fygenson et al.,
Phys. Rev., E50:1579, 1994.)

Figure 15.36 A filament
presenting a cap of GDP (or ATP)
bound monomers. The monomers in
the cap have not yet performed
nucleotide hydrolysis.
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Figure 15.37 Position of the tip
of a growing filament as a function
of time. The instantaneous velocity
of the tip (that is, the growth rate)
is given as the slope of this curve.
As a result of monomer depletion,
the tip growth rate slows down
over time.

Figure 15.38 Catastrophe rate
for filaments undergoing dynamic
instability. (A) Catastrophe rate as
a function of the monomer
concentration as predicted by the
toy model of cap dynamics. (B)
Measured catastrophe rate as a
function of the growth velocity
(which is linearly related to the
monomer concentration). (B,
adapted from H. Flyvbjerg et al.,
Phys. Rev. E54:5538, 1996.)
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improving the accuracy of the model is to imagine that hydrolysis can
occur not only at the hydrolyzed-nonhydrolyzed interface shown in Fig-
ure 15.36, but also at other positions within the cap. That is, by chance
the hydrolysis event can occur very near to the end of the cap and a
hydrolysis “front” can propagate away from this hydrolysis site in both
the plus and minus directions. This conceptual scheme is illustrated in
Figure 15.21(D). The results of this more sophisticated model for the
catastrophe rate are shown in Figure 15.38(B). Here, instead of plotting
the rate of catastrophes as a function of the monomer concentration,
the experimental results are shown as a function of the growth veloc-
ity since this velocity is itself a linear function of the concentration.
Though an analysis of this model is beyond the scope of this chapter,
the reader is encouraged to examine Flyvbjerg et al. (1996) to see how
the details play out. Another consideration that can lead to different
behaviors for two individual microtubules in the same chemical envi-
ronment is the fact that the average velocities associated with both tip
growth and nucleotide hydrolysis are subject to the kinds of fluctua-
tions illustrated in Figure 15.25. Thus, a particular microtubule may
lose its cap simply by bad luck even when overall conditions favor net
polymerization. This stochastic consideration almost certainly applies
to microtubule dynamics in living cells.

15.5 SUMMARY AND CONCLUSIONS

Cells are a bustling environment in which huge numbers of chemical
reactions are taking place constantly. As a result, an important part of
the modeling toolkit for thinking about the behavior of cells are tools
that model reaction dynamics. The main goal of this chapter has been
the development of one particularly important paradigm for modeling
chemical reactions, namely, the theory of rate equations. These equa-
tions characterize the time variation of concentrations of reactants and
products in a chemical reaction of interest.

586 Chapter 15 RATE EQUATIONS AND DYNAMICS IN THE CELL



15.6 PROBLEMS

15.1 Census of cytoskeletal proteins in fission yeast
Consider the measurements shown in Figure 15.4 where
global and local concentrations of various cytoskeletal
proteins in fission yeast cells were determined using
fluorescence microscopy. Here we make use of the mea-
sured concentrations, reported in Table 1 of Wu and
Pollard (2005), to make estimates for the fission yeast
cytoskeleton.

(a) Estimate the volume of a fission yeast cell and
use this in turn to estimate the mean spacing between
actin monomers, between capping proteins, and between
formins.

(b) About half of the actin monomers in the yeast cell are
in filamentous form at any given time. Given the dissoci-
ation constant for capping proteins, K; = 1 nM, estimate
the average length of actin filaments, assuming one cap-
ping protein per filament. Compare your estimate to the
typical value which is on the order of 100 monomers per
filament.

15.2 Dynamics of isomerization reactions In
eqn 15.22 we described the kinetics of an isomerization
reaction. Here we do the math and explore a couple of
examples of this reaction.

(a) Work out the solution for the concentrations of both
species and make plots of ca(t), cg(t), and their sum.
Assume that initially there are only molecules of species
A present, at concentration c¢y.

(b) Apply the results of (a) to the decay of 13-cis-retinal
to all-trans-retinal, as was illustrated in Figure 15.8. The
half-life of this reaction is r = 2s.

(c) At a very different time scale these same ideas apply
to radiometric dating. A celebrated example is the decay
of potassium to argon with a half-life of 1.26 billion years.
Plot the amount of argon as a function of time, assuming
initially only potassium is present.

15.3 Rate equations for interconversion Consider
the reversible reaction
A = B. (15.121)

In this case, the rate equations of interest can be writ-
ten as

A _  kiens kcs (15.122)
de
and
deg  dca
a = dc (15.123)

with the constraint of mass conservation of the form
given in eqn 15.21. In this case, the long time behavior
is nonzero concentrations of both A and B.

(a) Solve these equations for c4(t) and cg(t) assuming only
the molecular species A is present at time t =0. Make
plots of the solutions and demonstrate that the long time
behavior is dictated by the ratio k; /k_.

(b) Using the current recording for a single sodium ion
channel shown in Figure 7.2(A), estimate the opening and
the closing rate of the channel. Use the result from (a)
to plot the probability that the channel is open and the
probability it is closed as a function of time. Assume the
channel to be closed initially.

15.4 Lattice model for bimolecular reactions Fill in
all of the details in the derivation of eqn 15.32 for the
bimolecular reaction rate, given in Section 15.2.4.

15.5 Michaelis-Menten vs exact kinetics Write the
full set of rate equations for the reaction described by
the Michaelis—Menten kinetic model. Introduce dimen-
sionless variable by measuring time in units of k_ +r,
concentrations in units of Ky = (k- +r)/k; and define
e=r/(r+ko).

(@) Solve these equations numerically and reproduce
Figure 15.16(A).

(b) Make a plot of d[P]/dt vs [S] using both the Michaelis—
Menten form and the exact solution for the following
choices of parameters: (i) [S]p = 100,[E]o =1,¢ = 0.1, and
(ii) [S]lo=1,[E]p = 1,e = 1. What conclusion do you draw
about the validity of the Michaelis—Menten form?

15.6 Toy model of the cell cycle

(@) Write a simple system of differential equations to
model the cyclin and cyclin-dependent kinase activity
oscillations. Assume that cyclin is produced at a constant
rate and that its degradation rate depends on the concen-
tration of cyclin-dependent kinase. Similarly, assume that
the production rate of cyclin-dependent kinase depends
on the concentration of cyclin and that it has a constant
degradation rate.

(b) Assume a linear dependence of the degradation rate
of cyclin, and the production rate of cyclin-dependent
kinase, on the concentration of cyclin-dependent kinase
and cyclin, respectively. Solve the system of equations
for different initial conditions and rates. Comment on the
conditions under which oscillations are obtained.

15.7 Microtubule dynamics and dynamic instability
In this problem we consider a phenomenological model
for steady state microtubule dynamics that was intro-
duced by Dogterom and Leibler (1993). Note that there
is a more interesting class of models that include GTP
hydrolysis explicitly (see Flyvbjerg et al. (1996)). The goal
of such models is to respond to data such as those in
Figure 15.35. This figure shows a record of the length
of a single microtubule as a function of time and reveals
the series of “catastrophes” and “rescues” as the polymer
changes its length.

(a) Deduce the following equations for the probability dis-
tributions p. (n, t) and p_(n, t) which give the probability
of finding a microtubule:

a a
%=*f+—f++f—+ﬁ—*"+£ (15.124)
ap— ap—
%=+f+—p+—f—+p—+v+:;z (15.125)

Write a master equation for p,(n, t) and p_(n, t) by noting
that there are four processes that can change the prob-
ability at each instant. Consider the + case: (i) the n—1
polymer can grow and become an n polymer, character-
ized by a rate v, (ii) the n polymer can grow and become
an n+ 1 polymer, also characterized by a rate v, (iii) the
n+ polymer can switch from growing to shrinking with a
rate f,_ and (iv) the n— polymer can switch from shrinking
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to growing with a rate f_,. If you account for all four of
these possibilities you will have the correct master equa-
tion. Use a Taylor expansion on factors like p.(n—1,t) —
p+(n, t) to obtain eqns 15.124 and 15.125.

(b) Solve these equations for p.(n) in the steady state
(thatis, dp+(n, t)/at = 0). Show that in the steady state the
probabilities p.(n) decay exponentially with constant

OZM_ (15.126)
Viv_
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