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The Atiyah-Patodi-Singer eta invariant associates to an oriented odd-dimensional
Riemannian manifold M, and a unitary representation « of its fundamental group
m = m (M), a real number n,(M). Moreover, if one “reduces” the eta invariant by
subtracting its value at the trivial representation, the resulting invariant p, (M) is
independent of the Riemannian structure and is, therefore, a “topological” invariant
of M. The question of when p,, (M) is a homotopy invariant of M has been the object
of some interest (see [6] and [7]). One approach to understanding the p invariant has
been to examine its behavior as « varies in the variety Ry (M) of (k-dimensional)
unitary representations of w. From this point of view, one sees that p decomposes
into a continuous and a discrete part. The former is easily understood, up to an
indeterminacy in the form of a locally constant function from Ry (M) to R/Z (see
[2]), but the discrete part, which corresponds to the spectral flow of an associated
self- adjoint elliptic differential operator on M presents a deeper problem. Recently
there have been two solutions to the problem of describing this discrete part of p.
In [2] the present authors associate to any germ «; of an analytic path in Rg(M) a
purely homotopy-theoretic form on the cohomology of M, twisted by «;, and give
a formula for the spectral flow in terms of signature invariants of this form. In a
series of papers-[3], [4], [5]- Kirk and Klassen also give a formula for the spectral flow
in terms of signatures of Hermitian pairings defined on a sequence of subquotients
G; of the deRham cohomology Gy of M. Each G; is equipped with a coboundary
operator ¢; defined, via higher Massey products, from a path of signature operators
corresponding to a path of flat connexions. G;; is the cohomology of (G;, ¢;) and
the Hermitian pairing is defined from ¢§; and the Riemannian structure on M.

It is the aim of the present work to reformulate the signature invariants of [2]
using only the cohomology of M at g and a cochain of 7 defined by the deforma-
tion ay. This will also provide a topological version of the Kirk-Klassen scheme,
demonstrating its equivalence to the Farber-Levine scheme.
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1. COHOMOLOGY OF A SPACE TWISTED BY A PATH OF REPRESENTATIONS

Let X be a connected Poincare complex of formal dimension n and fundamental
group ™ = m1(X). In other words, for any left Zm-module A, the cap product

[(X]N: CP(X;A) — Cp_p(X; A)

is a chain homotopy equivalence. Recall C?(X; A) = Homg, (C,(X), A)

and Cy(X; A) = A®z, Cy(X), where X is the universal covering space of X, C,(X)
is the singular chain complex of X and A denotes the right Zz- module defined by
A with a- g = g7 - a. We also recall the general cap product pairing

Cp(X;A) @ CU(X;B) — Cp_y(X;0)

where A, B and C are left Zm-modules equipped with a Z homomorphism
¢: A®y B — C and A ®; B has the diagonal m-action: g- (a® ) =g-a®g- f.
The cap product is defined by the formula:

(a®@o)Nc=¢la®c(c")) @

for any a € A and ¢ a p-simplex in X, with ¢/ = o | “front g-face ”and 0" = o | “back

(p-q)-face ”.
There is a Liebnitz formula. If ¢ € C,(X; A) and u € C9(X; B) then

OcNu=cNdéu+ (—1)70(cNu)

Now suppose a; is a formal analytic germ of a path in Ry (m) = the real algebraic
variety of representations of 7 into the unitary group . By this we mean only that
oy is a homomorphism 7 — Uy, (P), where P = C[[t]], the ring of power series over
C, and Uy (P) is the group of (k x k) matrices M over P which satisfy the formula

MM =1 (Mt is the conjugate transpose of M- conjugation in P means conjugate
every coefficient). We denote by ag the ordinary unitary representation obtained
by setting t = 0. Note that we impose no convergence requirement on a;. We can
use oy to define a local coefficient system over X. Let V; denote the free P-module
of rank k specifically identified as (k x 1)-column vectors with entries in P. Then
Vi is a left module over My (P) = the ring of all (k x k)-matrices over P, and so,
via oy, a left module over Cm. We can now define H*(X; ay) (or H*(X;V;)) to be
the cohomology of the cochain complex Homgz,(Cy(X),V;) so that H*(X;ay) is
a P-module. We can also use aq to define V; as a local coefficient system over X by
the natural inclusion Uy (C) C Ui (P).

There is a cup product pairing
C*(X; 1) x C*(X5a4) — C*(X; P)

since o is a unitary representation. Generally, given left Zm-modules A, B, C' and
a m-homomorphism ¢ : A ®z B — C (with the diagonal m-action) we define a cup
product pairing by

(uwUv)(o) = d(u(o’) ® v(a"))
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It satisfies the usual Liebnitz formula §(uUv) = duUv+(—1)PuUdv and, therefore,
induces a pairing in cohomology. The necessary ¢ : V; ® V; — P is defined by the
usual scalar product on column vectors and ¢ is a homomorphism precisely because
«y is unitary. Since X is an n-dimensional Poincare complex, it follows, just as in
classical Poincare duality, since P is a principal ideal domain, that the induced cup
product

HP(X;04) x H"?(X;04) - H'(X; P) = P

is non-singular on the P-torsionfree quotients. There is also an induced non-singular
pairing on the P-torsion submodules

tHP(X; 04) x tH" ' "P(X;044) — P/P (1)

where P is the field of Laurent series over C (i.e. the quotient field of P). This
pairing is defined in the usual way. Given o € tH?(X; ), 3 € tH" 17P(X; ), and
suppose ™« = 0. Then we can choose & € HP~1(X; V;/t™V,) such that §*(&) = «,
where ¢* is the Bockstein defined by the exact coefficient sequence

0= VoV, = Vi/t"V, — 0

and define
<a,f>=t""(a’UB) (mod P) (2)

where o/ U g € H™(X;P/t"P) = P/t"™P and we use the obvious pairing
(Vi/t"Vi) @ V; — P/t™P induced by the scalar product. The pairing <, > is used
in [2] in the formula for the spectral jump at ag along the path a; (when it has a
positive radius of convergence). Our aim is to give a computation of H*(X; a;) and
<, > from H*(X; ap) and certain endomorphisms defined by homological extraction
from oy.

Let us, for the time being, place ourselves in a more general situation in which
we have a representation oy : m — Gl (P), where Gl (P) is the group of invertible
(k x k) matrices over P. As above, we have the cochain complexes C*(X; ;) =
Hom, (C(X),V;) using a; and C*(X; ag); = Hom(C(X), V}) using ag. It will be
convenient to replace C' (X ) by a slightly smaller, but chain-homotopy equivalent
m-subcomplex, assuming X is connected. Choose a base-point g € X and consider
the - subcomplex of C(X) generated by the set S(X) of singular simplices o
such that o(v) lies over xg, for every vertex v. The usual proof shows that this
subcomplex is a m-equivariant chain deformation retract of C (X' ). We will, from
now on, use C'(X) to denote this subcomplex.

Our next step is to set up a P-isomorphism between the cochain complexes
C*(X;a¢) and C*(X; ap)¢. To do this we choose a base-point g € X lying over zg
and define So(X) € S(X) to be the set of singular simplices 0 € S(X) satisfying
o(vg) = T, where vy is the initial vertex in the canonical domain simplex of o.
Clearly Sy (X) is a basis for the free Zr-module C'(X) and so an element of C*(X; a;)
or C*(X; o) is determined by its value on the elements of So(X). We will agree
to identify C*(X; o) and C*(X;ap); by identifying cochains which take identical

values on Sp(X). Clearly this defines an isomorphism of P-modules.



2. COCHAINS DEFINED BY A PATH OF REPRESENTATIONS

We will need a description of the coboundary operator §; in C*(X; a;) under this
identification. In order to achieve this we need to digress to examine some group
cochains associated to any P-representation of a discrete group.

Given a representation oy : m — Gl (P), we define ¢, : 1 — Gl (P) and g?)t P —
M. (P) by the formulae

61(9) = au(g9)ao(g) " and é(g) = ¢r(g) — I (3)
where M, (P) is the ring of all (k x k) matrices over P. We wish to regard ¢; and
¢¢ as 1-cochains in 7 with coefficients in My (P). We consider My (P) to have the
left m-module structure defined by

gM = ag(g)Mag(g) ™"

Recall the bar resolution for a group 7 (see [1]). C,, () is the free left Zm-module

with a basis consisting of n-tuples [g1]...|g.] and boundary operator defined by
n—1

0 (g1l lgn) = g1lgal - -lgn] + D (=11l .- - gigisa] - - lgn] + (=1)"[g1] - - - lgn—1]
i=1

Then, if A is a left Zr-module C*(m; A) = Homg,(C(7),A). We will also need
the standard cup product structure in C*(m; A). Suppose we have left m-modules
A, B,C and a m-homomorphism p : A ®z B — C, where A ®7 B has the usual
diagonal m-action. Let u € CP(m; A),v € C%(m; B); then v Uv € CPT4(x;C) is
defined by

(wU)[g1] .. |gp+ql = p(ullgal---1gp]), 91 - gpv([gp+1l - - - |9p+q))

(Note that we have chosen a different sign convention than [1], but it still satisfies
the usual Liebnitz formula §(u Uv) = duUv + (—1)Pu U jv).

Theorem 2.1. Consider the 1-cochain ¢; € C"(7; My (P)) defined, as above, from
a representation oy : ™ — Gl(P) and the m-structure on My(P) defined as above
by ag. Then the usual matriz multiplication on My(P) defines a cup product on
C*(m; My (P)) and we have 6¢y = —dy U ¢

Proof. The multiplicative property a;(gh) = «a:(g)ai(h) translates to ¢.(gh) =
?:(g) - gp+(h) (g acting as conjugation by ag(g)) and so

bi(gh) = ¢i(g) - gde(h) + de(g) + goe(h)

This gives the desired formula. [J

Since My(P) = [[;50 t'‘My(C), we may write ¢; in the form ¢, = >, t'¢;,
thereby defining ¢; € C!(m; My(C)). Then we may reformulate Theorem (2.1) as:



Theorem 2.2. If we write ¢ = Y o0, ¢it’, d; € C(m; My(C)), then

r—1
~> ¢ U
=1

There are two inconveniences associated to the cochains ét or ¢;.

a) The ¢; are not cocycles (except for ¢1) and so a homological descrioption of the
situation is not apparent.

b) The conditions on bt corresponding to a; being unitary are unnatural. The
formula ¢;(g)¢:(g)! = I becomes

60(9) +3,(0) + Y 61(9)5, ()" =0 (@

which does not break up into independent conditions on each ¢;.

One way to deal with these difficulties is to concentrate on the lowest order terms
of the deformation.

Proposition 2.3. Suppose a; : m — Gl (P) and ¢, is as defined in (3). Suppose

¢; =0 fori <r. Then:

a) ¢; is a cocycle for i < 2r and

b) If ay is unitary, then ¢; is skew-Hermitian for i < 2r, i.e. ¢; € SHi(C), the
subspace of skew- Hermitian matrices, for every g € m.

Proof. These assertions follow easily from Theorem (2.2) and equation (4). O

As an interesting corollary of this Proposition we have the following. Suppose
ag : ™ — Gli(C) and 7 € H'(m; My(C)) where 7 acts on My,(C) via the adjoint rep-
resentation of ag. H'(mw; My(C)) is the formal tangent space to the representation
variety at ap. We can ask whether there is a formal deformation, a; : @ — Gl (P),
of ag which is ‘tangent to 77, i.e. so that ¢, is a cocycle representative of 7 . We
have:

Corollary 2.4. If TUT =0 ( a necessary condition) and every element of
H?(m; My(C)) can be written in the form TUE+EUT for some & € H(m; M (C)),
then oy exists.

Proof. Suppose inductively that a; exists mod t", for some r > 2 ,i.e. we have
ap : ™ — Glg(P) such that a:(gh) = ai(g)az(h) (mod t™) for all g,h € 7, and
¢1 represents 7. For the inductive step we need to find v : 7 — My (C) so that
) = oy —i—tTvaal is a homomorphism mod ¢"*!. Thus we change ¢; to ¢,' = ¢, +t"7.
The t" coefficient of the required equation: ¢, (gh) = ¢:'(g) - g¢¢' (h) (mod ¢t"+1) is
the equation:

1(gh) + o, (gh) = 7(9) + gv(h) + &r(9) + gbr (R +Z¢>z ) gbr—i(h)
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If we consider v, ¢; € C*(m; M} (C)), this expression can be rewritten

r—2

—5y —8¢r = G1UGr 1+ dr 1 U1+ b U (5)

=2

If r = 2, we can choose 7 to satisfy (5) since 7 U7 = 0. Suppose r > 2. We first
observe that we may change ¢,_1 to ¢,_1 +u for any cocycle u € C(m; M(C))
without disturbing the fact that a; is a homomorphism mod ¢". This is clear since
the equations which express this property are, for every [ < r:

-1
i =Y ¢ Ui
i=1

So now we can rewrite (5) as

r—1

—5y = grUu+uUdi+ (56, + ) ¢iUd ;) (6)

i=1

But since the term in parentheses is a cocycle our hypothesis says that we can
choose u, 7y to satisfy (6). O

Remark. To obtain an analogous result for unitary representations we need to
consider cohomology with coefficients in a Lie algebra. We discuss this below.

Another way to ameliorate these difficulties is to consider the logarithm:
Ailg) =1log di(g) =D (—1)'du(g)'/i (7)

=1

This is also a well-defined element of C'(w; My(P)) and, of course, ¢; can be
recovered from it by exponentiating.

Proposition 2.5.

a) oAt = —1/2[Ae, Al — 1/12 ([Ae; A1, M) = [[Me, Ad], Ae]) + -+
where A\i' = \¢

b) ay is unitary iff. ag is unitary and N is skew-Hermitian.

Explanations.

a) We view My(P) as a Lie algebra with the usual bracket [M,N] = MN —
NM. The terms on the right are various “cup products” defined by using it-
erated brackets. If L is a Lie algebra with a left m-module structure satisfying
gla, b] = [ga, gb] then any formal bracket in two variables defines a “cup product”
CP(X;L) x C4X;L) — CPT4(X; L). For example the formal bracket [[z,y], z]
defines (u,v) — w where w(o) = [[u(c"),v(c”], u(c")] for any o € S(X). Note
that these cup products are not bilinear except for the special case of [z, y]. This
particular cup product also satisfies the Liebnitz formula and so induces a cup
product on cohomology. In the right-hand formula of (2.8a) we introduce an alias
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A’ of A\ to indicate which formal brackets are used for the various cup products.
The entire formula is just the usual Campbell-Baker-Haussdorf formula.

b) Let SH(P) C My(P) be the Lie subalgebra and, assuming «g is unitary,
m-submodule consisting of skew-Hermitian matrices, i.e. M € SH(P) iff.
M = —-M. So C*(X;SH(P)) C C*(X; Mg(P)), a subcomplex. We are as-
serting that A, € C*(m;SHE(P)) iff. oy is unitary or, equivalently, if A\, =
ST Aitt (N € C*(m; My(C))), then oy is unitary iff. ag is unitary and every
A € C*(m; SH(C)).

Remark. If oy : 71 — SU(P), the special unitary group, then \; : 7 — SHY(P),
skew-Hermitian matrices with zero trace.

Proof. a) Recall the formula ¢.(gh) = ¢1(g) - g¢+(h) from the proof of Theorem
2.1. Taking logarithms and applying the Campbell-Baker-Haussdorf formula to the
right side gives the following:

At(gh) = Ai(g) +log(gei(h)) + 1/2[Ae(g),log(gpe(h)] + - - -

To obtain the formula in (a) we only need to point out that log(go:(h)) = g-log ¢+ (h)
since (gd¢(h))" = g (h)? because the action of 7 is defined by the adjoint action
under «p.

b) The Campbell-Baker-Haussdorf formula gives

—t PR

log(¢1(9)0e(9) ) = Melg) + M(g) — 1/2[Ne9), M(9) ] + - - -

—t

since log ¢;(g) = log ¢:(g) . Now suppose \:(g9) + X\:(g) = t"0:(g) where

oo(g) # 0. If we substitute A (g)t = t"01(g9) — A¢(g) into all the bracket terms and
use the fact that [A:(g), \t(g)] = 0, and \g(g) = 0, we find that

—t —t

log(¢:(g)d:(g9) ) = t"o¢(g) (mod "), Thus we conclude that log(¢:(g)é:(g) ) = 0

Corollary 2.6. If k =1, then every \; is a cocycle.

Now suppose we have a unitary representation «g : 7 — Ui (P) and a ”tangent
vector at ag”, 7 € HY(m;SH(P)). We ask whether there is a formal unitary
deformation a; of g so that if A\ = log ¢; then \; represents .

Analogous to Corollary (2.4) we have:

Corollary 2.7. Suppose [1,7] = 0 and every element of H?(m; SH(P)) can be
written in the form [1,&] + [€, 7] for some € € HY(7; SH(P)). Then oy exists.

Proof. By (7) such a deformation «; corresponds to a function A\; : m1 — SH(P)
satisfying \g = 0 and

At(gh) = Ae(g) + gAe(h) +1/2[Ae(g), gAe(h)] + -+ (8)

where the right side is the Campbell-Baker-Haussdorf formula. Suppose we have
A+ which satisfies this equation mod t",r > 2. We will, as above, try to find
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N = N +t7¢, where € : 1 — SH(C). The equation for the coefficient of ¢
becomes:

Ar(gh) +&(gh) =
Ar(g9) + gAr(h) +&(h) +1/2 ([Mi(g), gAr—1(P)] + [Ar—1(g), gM(R)]) + - -

where the omitted terms involve neither Ay nor \,._; . Interpreting & and \; as
cochains, this becomes

(5/\T+(5§:1/2([)\1,/\7«_1]+[/\,«_1,)\1])+"' (9)

If r = 2, there are no omitted terms and |7, 7] = 0 assures that we can choose ¢
appropriately. If » > 2 we allow ourselves to replace \._1 by A\._1 + u , where u is
a cocycle. As before this does not affect the fact that \; satisfies (8) mod t". Now
equation (9) becomes

I + 06 =1/2 ([A1,u] + [u, A1]) + - - - (10)

where the omitted terms involve neither £ nor u. The existence of £ and u satisfying
(10) now follows from the hypothesis. [

Remark. The theorem also holds for special unitary representations using SH g(P).
Example: Consider representations into SUs. Then SHY(C) = R @ C via

(jtz _ZZ. t) — (t,z) with the bracket operation defined by the formula:

(¢, 2), (s,w)] = (i(zwW — Zw), 2i(tw — s2)).

(w(g) 0

—) for some homomorphism

Suppose «g is reducible, i.e. ap(g) = 0 5@

w:m— St Then
H*(m; SHY(C)) = H*(m;R) @ H*(7;Cy2)

where the first term has untwisted coefficients and, in the second, 7 acts on C by
g — w(g)?. We can see easily that the cup product

H'(m; SH3(C)) x H'(m; SH3(C)) — H?(m; SH5(C))
is described as follows. If £,¢&' € HY(m;R) and 0,1’ € H(7;C,2), then
€.€1=0, =M n=nUry € H (mR)

where the last term is the cup product defined by the pairing C, ® C,2 —
R, (z,w)—i(z2w — wz). and

[&,m] = [n,€] = 2i(€Un) € H*(m;C,2)
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where the last term refers to the cup product pairing defined by R ® C_ 2 —

C,2, (t,z) — tz. The commutativity of these cup products follows from the usual

super-commutativity of cup products and the fact that the pairing R® C_2 — C,2

is the negative of the relevant pairing C,2 ® R — C_2 while C_ 2 ® C,2 — R is

anti-commutative.

Suppose 7 is a knot group. Then H?(m;R) = 0 and the only non-trivial cup
products are [£,n] = [n,€&]. Tt is well-known that H!(m;C2) = H?(m;C2) = 0
unless w? is a root of the Alexander polynomial. Since

H'(m;R) @ H'(m;C,2) — H?(m;Cy2)

is an isomorphism, by duality, we conclude that, for 7 = £ + n to be the tangent

vector of a deformation we need £ Un = 0 which requires that either £ = 0 or

n=20. Ifn=0and £ # 0, then £ U H(m;C,2) = H?(m;C,2) so the formal
deformation exists. On the other hand this is easy to see directly, since the circle
of reducible representations gives such a deformation. If £ = 0, it is false that

HY(m;R)Un = H?(m; Cpe).

We now examine the effect of changing the deformation a; : 7 — Glx(P) by
a conjugation. Let 6; € Gl (P) with 6y =identity and consider o} : 1 — Gli(P)
defined by o = 0,0,(¢9)0; > (If oy : @ — Uy (P) we would demand that ), € Uy (P))
Let ¢¢'(9) = ai(g)an(g) ™"

Proposition 2.8. Given oy, o}, 0; as above:

a) Suppose ¢p; =0 fori <r. Then ¢, =0 fori <r and, if 0; =0 for 0 < i <, then
¢; and ¢, are cohomologous (more specifically ¢, — ¢p; = 86;) fori <r+1. In
particular ¢, and ¢!. are always cohomologous. If 0; is unitary, then 6; € SH(C)
for v < 2l. In other words, the “gauge equivalence” class of oy determines the
cohomology class of ¢; in H'(7w; My(C)) for i < r+1 and, in the unitary case,
mn
HY(m;SH(C)) for i <1+ min{r,l}

b) Suppose oy and 0 are unitary. Set Ay = log ¢, A/ = log & and n, = logb,.
Then, for any g €

Ae(9) — M (9) = (6m¢)(g) + brackets involving 7, or gn;

Corollary 2.9. Ifk =1, then \; and )\, are cohomologous.
Proof. (a) We have

¢t’(9) = 9t¢t(9)99t_1 (11)

If 6, =14, , then ;' =1 — Q, (mod t?) and so:
o' = du(g) + Qe (g) — de(9) - 9% (mod ¢21+7)
= ¢i(g) + % — g (mod t"t1)

If we consider Q; € C°(7; My (P)), then this equation becomes

¢1(9) — ¢4/ (9) = (6)(9) (mod )
(b) If we apply the Campbell-Baker-Haussdorf formula to (11) with the observa-
tion that log(¢g8; ') = glog(d; ') = —glog#, we get
A (9) = Mlg) + (1= g)me + 1/2 ([(L+ g)ne A(9)] — [nes gme]) + -
So, if we consider n; € C°(m; SH(P)), then (g — 1)n; = (6n¢)(g). O
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3. RELATING THE COHOMOLOGIES

We can now return to the question of the relation between the coboundary op-
erators § and §; in C*(X; ap)¢ = C*(X; i), respectively.Suppose m = 71 (X, xg), or
more generally, we have a homomorphism
m1(X,29) — m. Then we have an induced map X — Bm and so a chain map
¢ : C(X) — C(n). Using the bar resolution this can be described as follows. Sup-
pose xo and iy are chosen as above and ¢ € S(X). Then each vertex v; of the
standard simplex determines h; € m by o(v;) = hi(Zo). Then £(0) = holg1] - - - |gn]
where g; = hi__llhi. It is straightforward to check that this is a chain-map and a
Zm-homomorphism. Recall ([1]) that C(7) can be described as the ordered simpli-
cial chain complex of the simplex A whose vertices are the elements of 7w and the
action of 7 is the obvious simplicial one (it is not free on A if 7 has elements of
finite order). Then ¢ is induced by o —the ordered simplex < hg,...h, >. Define
the 1-cochain v, = £#(¢;) € C*(X; My(P)), m-action defined by ag. Then, from
Theorem (2.1) we have:

0y = —1hy Uy (12)

Now there is also a cup product
CH (X3 My(P)) x C*(X; a0) — C7 (X5 a0)s

defined by the pairing My (P) x V; — V; given by matrix multiplication (The 7-
actions defined by «g). The next result says that the cohomological effect of the
deformation a; on X is determined entirely by the cocycle ;.

Theorem 3.1. Ifu € C*(X;q):, then du = du + Y U .

Proof. Tt suffices to check the values of both sides when evaluated on an element o
of Sp(X). Write do = Y"1 (—1)%0y; then o; € Sy(X) for 1 < i < n, but we must
write o9 = g - g where g - o = o(v1) and 7y € Sp(X). Thus

Siu(o) = au(g) - u(@o) + Z (=1)"u(o;)

and
n

bu(o) = ao(g) - u(@o) + Y (—1)"u(0y)

=1

Subtracting these, we get

(Oru — du)(0) = (ar(g) — aolg)) - u(ao)

and so

(6:u — 6u)(a) = ¢r(g)a0(g) - u(@o)

On the other hand, (¢ Uu)(0) = ¢¢(0")u(c”). One sees readily that {(o) = [g],
and so ¥y (0’) = ¢¢(g), and ¢” = o¢, so that u(c”) = u(g - 79) = ap(g)u(dy) This
completes the proof. [
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The advantage of reducing the description of the cochain complex C*(X; ay) to
C*(X; ap)y is that the latter can be identified with the direct product of a countable
number of copies of C*(X;ap) = Hom,(C(X),Vy), where Vj is just C* with 7-
action defined by ap. If u € C*(X; )¢ , then we may write u = ;o u;t’, where
u; € C*(X;ap) and du = >, (du;)t'. Similarly C*(X; My (P)) is a direct product
of a countable number of copies of C*(X; M (C)). There are cup product pairings

C*(X; Mi(C)) x C*(X;a00) — C* (X5 a0)

and

C* (X5 Mi(C)) x C* (X5 My(C)) — C*(X; My(C))

induced by matrix multiplications and, clearly, if u = Y, u;t* € C*(X; My (P)) and
v=>,uit" € C*(X;ap),then

[e e} ™
wUv = ZZ(ul Uvp_s)t"

r=0 =0
Thus we can rephrase Theorem (3.1) as follows.
Theorem 3.2. Ifu € C*(X;ap),u =Y ;oo uit’ and ¢; =€ (¢;), then

oo

oy = Z (du, + 27": i Uty )t"

r=0 i=1

4. FORMS ON THE COHOMOLOGY AT A
REPRESENTATION DEFINED BY A DEFORMATION

We now exploit Theorem (3.1) to describe the torsion part of H*(X; ay) by means
of a filtration of H*(X; agp). This could, alternatively, be done by a simple spectral
sequence argument, but we especially want to have a more explicit description of
the isomorphisms than one obtains from the spectral sequence approach. These
considerations are quite similar to the work of [5] which takes place in an analytic
context.

First we define a filtration {J*} of H*(X; ag). We will say a € J* iff. there exists
a cochain u; = Y u't’ € C*(X; ag); such that:

(i) ug is a cocycle representing «
(i) dus + 1 Uus =0 (mod t*H1)
Obviously
H*(X;a0)=J°D---D2J' D2 JH Do

Now we define homomorphisms
0 Jt— HY(X;00)/Im7i_1 (i >0)

recursively, as follows. Set 7_; = 0. For i > 0 let 7;(«) be the cohomology class
represented by v, the t*T!-coefficient of du; + 1y U u;, where u; satisfies (ii). In
particular 7o(a) = [¢1] U . For i > 1 we must show:
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Claim 4.1.
a) v is a cocycle.
b) a different choice u} produces v' so that v' — v represents an element of Im 7;_1.

This will show that 7; is well-defined for all i > 0. Note that we, somewhat im-
precisely, use the notation Im7;,_; to refer to the pull-back of the actual Im7;_; in

H*(X; ). We will also show:
c) Kerr; = Ji*1, fori > 0.

Proof. (a)

O(Pr Uug) = 6hy Uy — 9y U Sy
= — (Ve Uth) Uy — by U (—pr Uuy) (mod #*?)
=0 (mod t*+2)
(b). It suffices to show that if u; satisfies (ii) and ug is a coboundary, then v
represents an element of Im7;_;. Let us write uy = dw + tu}, w € C*(X;ap). Then
set uy = uj —; Uw, where ¢, = t;. Now we compute:
ouy + Uy = duy/ — 0(yhy Uw) + ¥ Uy — 9y U (¢ Uw)
= duy — 0, Uw + by U dw + by U uy + d1py, Uw
= duy + ) U dw + by U ug

using (12). Multiplying by t we obtain:

t(0uy + by Uny') = 6(tu) + dw) + 1y U (dw + tuy)
= (5Ut + 'th U Ut

To see that wy, is a cocycle we show that du; is divisible by ¢.

touy = tduy — té (v Uw)
= §(tuy) — dpy Uw + 1y U dw
= dug + Yy U (uy — tuy) — 610y Uw
= duy + Py U uy (mod t?)
=0 (mod t?)
since 7 > 1.

(c). It is clear that J**! C Ker7;. For the converse, suppose that a € Ker ;.
This means there exist us, u}, v so that ug represents o and

Sup + Py Uy =t (mod t*+2)
Sul 4+ 1y Ul = t'(v + dw) (mod ¢*+1)
for some w. Therefore, if u} = u; — tu}, then duj + 1, Uu) = —t 16w (mod t*+2).

Thus uf = ug represents an element of J*™. [J

We now recast these results in a more spectral-sequence-like format. For this we
establish:
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Proposition 4.2. Im7,. C J® for any r,s.

Proof. We proceed inductively. Denote by A(r,s) the assertion of the Proposition
for specific given values of r,s. We first observe that A(r,s) only makes sense if
A(r-1,8) is assumed to be true. We proceed inductively on r for a given value of
s. Suppose a € J" is represented by ug where du; + ¥, Uuy, = t"H1o, and so vy
represents 7,-(a). It suffices to show that dv; + 1y U v, is divisible by tst1. But, in
fact,

tr+16’Ut = 5(6Ut + ¢t U Ut)

= 0 Uug — P U duy
= Uthy Uy — o U ("o — 9 Ug)
= —t"" (¢ Uvy)

O

As a consequence of Proposition 4.2 we see that:
Im7; CJ/Im7i_; and 7(Im7i_1) =0
Thus we can define
L'=J/Im7;_y =Ker7_1/ImTi_;

Now we see that 7; induces 9; : L' — L' and 8? = 0. So we can interpret L‘t! as
the homology of the chain complex (L*, ;).

We now define some 4-Hermitian pairings on the {J*} and {L}. Suppose oy
is unitary and X is a connected oriented Poincare complex of formal dimension n.
We have a cup product

HP(X;00) x H"P(X;09) - H'(X;C) = C

defined by the m-homomorphism (using ap) Vo ® Vy — C coming from the inner
product on Vj. Duality tells us that this pairing, which we denote by (,), is non-
singular. We also have a cup product

C* (X5 a4) x C* (X5 04) = C7(X5 P)

defined by the m-homomorphism (using «;) V; ®c V; — P coming from the inner
product on V;. It is, of course, essential here that a; be unitary.

Proposition 4.3.
a) (J,Im7;_1) =0.
b) (a,7(8)) = (=1)PT(1i(), B) for any o, 3 € J*, where p = dim a.

Proof. We prove these together inductively. Let (a);, (b); denote the assertions for
the particular i as stated. First of all, we observe that the terms in (b); are only
well-defined once we know that (a); is true. Second of all, it is immediate that (b);
implies (a);+1. Thus we only have to prove that (a); implies (b);.
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Choose u; and uj so that

Sug + 1y Uy =t oy
Suy 4y U =t o)

where ug and uf, represent o and (3, respectively, and so vy and v{, represent 7;(«)
and 7;(0), respectively. These equations take place in C*(X;aq):. If we rewrite
them as equations in C*(X;ay), then, according to Theorem (3.1), they become
Spup = to, and Su) = tlu). Using the cup product into C*(X; P), we then
have

t (uy U)) = ug U dyudf
and

tH (v U ) = Spuy Ul

Applying the Liebnitz rule we get

t (v U 4 (—1)Puy Uv)) = Sou Un) 4 (—1)Puy U Spul
=0i(ug Uuy) in C™(X; P)

Therefore v; U u} + (—1)Pu; U v, represents a cohomology class of order #*+! in
H™(X;P) = P, which implies that it is, in fact, null-cohomologous. Now if
we set ¢ = 0 we get a null-cohomologous cocycle which represents (7;(a),3) +
(=D)P(a, 7(8)). O

From Proposition 4.3 it follows that (,) induces a pairing on L* and that 0; is
+-self-adjoint.

We now define a new pairing {, }; on J?(and L*), with values in C, by {a, 8}; =
(a, 7(B))(or(a, 0;(B))) . By Proposition 4.3(b) {, }; is -Hermitian. More precisely

{o, B} = (—1)(p+1)(”_p){ﬂ,a}i where p = dim «

Note that this pairing is non-trivial only when dima +dim g3 =n — 1.

Proposition 4.4. J**! is the null-space of {, }; and so {, }; induces a non-singular
pairing on J*/J*T1,

Proof. Since (,) is non-singular,the Proposition will follow from the fact that J**!
and Im7; are orthogonal complements under (,). In light of Proposition 4.3(a)
it is only necessary to prove that dim J*™! + dimIm 7; = dim H*(X;ap). But the
definitions and Claim 4.1(c) imply that J¢/J*™ 2 Im 7;/ Im 7;_; and so the quantity
dim J**! + dim Im 7; is independent of i. But for i = —1, we have J° = H*(X; ap)
and 7_1 =0. O

Since they are £-Hermitian, the pairings {, }; have well- defined signatures (which
are non-zero only when n is odd). These are the topological version of the signatures
used in [5] .

We now relate these constructions in H*(X; ag) to the structure of
H*(X;a;) and the pairing <, > defined in §1, equation (2). Let

Kj =Kert" C H*(X;ay) for k>0



15

Proposition 4.5. There are isomorphisms Kj,/Kp_1 = J*=1/J%, for k > 1 and
J> C N, J¥ defined below, under which the injection Ky 1/Kjp, 4, Ky /Ky cor-
responds to the inclusion J¥ C J¥=1. Thus J¥=1/JF = K /(K 1 + tKpy1).

Proof. The short exact sequences:
k
0—V; 5V — Vi/t"V, — 0

0 — Vi/t" "W, 5 VitV — Vo — 0

yield long exact cohomology sequences which give, respectively, the horizontal and
vertical lines of the following commutative diagram:

K

H*(X;00) —— HYX;Vi/t'V,) —2 K, 0 (13)
H [
H*(X;0;) —=—  H*(X;ap)
We will show that Ime, = J*~! and that ey o 5,;1 induces the desired iso-

morphism. Imey is the kernel of the coboundary homomorphism H*(X;ap) —
H*(X; V;/t*~1V;) and so a € Im ey, iff. there is a cochain u; € C*(X; ay) such that
ug represents o and, for some cochain v, 0;(uy — tvy) = 0 (mod tk). Replacing u
by u; — tvs, we may just assume that yu; is divisible by t*. By Theorem (3.1),
this is exactly the criterion that o € J¥~1. Thus, it follows from diagram (13) that
ek o 5,;1 induces an epimorphism f; : K3, — J*~1/J%, where J* = Ime,,. Now
the diagram:

0 Vi v, V,/th=1V, —— 0
| | |
0 V, —— V, VitV —— 0

induces a commutative diagram:

H*(X; Vi/t=1V;) 2 Ky ——— 0

K [inct

HY(X;V,Jt"V,) —% Ky — 0

from which it follows that Ker f, = Kj_1.
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The diagram:

‘/t/tk—l—l‘/;t -0

l

0 v, Ly
t t
| |
0 v,

induces a commutative diagram:

H*(X, ‘/t/tk—i_l‘/;g)

l

H*(X; Vi /tF V)

from which we obtain:

Vi/t"V, ——— 0

Okt1
——— Kpy1 —— 0

Jt
Ok

—— Ky — 0

K, —— Jk_l/JOO

and the final statement of the Proposition follows. [J

5. RELATING THE FORMS

We recall the non-singular pairing;:

< > tH* (X o) x tH* (X 04) — P/P

define above in §1, . In [2] this is used

<a,f>=0ifae K1 +tKpi1.

Proposition 5.1. <,>j corresponds to {, }x—1 under the isomorphism of Propo-

sition (4.4).
Proof. Suppose that z;, w; are cocycle
tively. Choose us,v; € C*(X;ay) so

to define the pairing: <, >p: K x K — C
by the formula < «, 3 >r=t¥ < a, 8 > |4—¢. Note that t* < a, 8 > is a well-defined
element of P/t*P. Obviously <,>; is £-Hermitian and it is easy to check that

representatives in C*(X; ay) of «, 3 respec-
that d,u; = tFz and 6,v; = tFw;. Then

<, >=t"%(us, w;); where (,); denotes the pairing

cup [XIN

C*'(X;4) x C*"(X;04) — C*(X; P) —— P

and so < a, f >r= ([uo], [wo]), where [, ] denotes the cohomology class in H*(X; a).
C*(X;ap)¢ and applying Theorem (3.1),

Under the isomorphism C*(X; o)
the above equations become

>~

Sug + by Uy = thz
dvy + Y Uy = thwy,

Now it is a direct consequence of the definitions that a +— [ug], 8 — [vg] under the

map Ky — J*~1/J of Proposition (4.4) and 74[vo] = [wo].
Thus < a, 8 >= ([uo], 7k[vo]) = {[uo], [vo]} k1. O
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