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7 The PDE for the transition probability of the Pearcey pro-
cess

8 Appendix: evaluation of the integral over the full range 51

The results in this paper form a step in the direction of understanding
the behavior of non-intersecting Brownian motions on R (Dyson’s Brownian
motions), when the number of particles tends to co. Consider n Brownian
particles leaving from points a; < ... < a, and forced toend up at b; < ... <
b, at time ¢t = 1. It is clear that, when n — oo, the equilibrium measure for
t ~ 0 has its support on p intervals and for ¢ ~ 1 on ¢ intervals. It is also clear
that, when t evolves, intervals must merge, must disappear and be created,
leading to various phase transitions, depending on the respective fraction of
particles leaving from the points a; and arriving at the points b;. Therefore
the region R in the space-time strip (z,t) formed by the support (C R) of
the equilibrium measure as a function of time 0 < ¢ < 1 will typically present
singularities of different types.

Near the moments, where a phase transition takes place, one expects to
find in the limit n_~00 an infinite-dimensional diffusion, a Markov cloud, hav-
ing some universality properties. Universality here means that the infinite-
dimensional diffusion is to depend on the type of singularity only. These
Markov clouds are infinite-dimensional diffusions, which ‘in principle’ could
be described by an infinite-dimensional Laplacian with a drift term. We con-
jecture that each of the Markov clouds obtained in this fashion is related
to some integrable system, which enables one to derive a non-linear (finite-
dimensional) PDE, satisfied by the joint probabilities. The purpose of this
paper is to show, for a simple model leading to a cusp, that the joint proba-
bilities at different times, do satisfy such a non-linear PDE. The interrelation
between all such equations and the “initial” and “final” (¢ — +o0) condi-
tions are interesting and challenging open problems. Moreover, special cases
have shown an intimate connection between the integrable system and the
Riemann-Hilbert problem associated with the singularity.

The first question is the study of the finite Brownian motion model,
which, as will be explained in section 2, hinges on the study of the coupled
Gaussian Hermitian random matrix ensemble H, with external source A,



given by coupling terms ¢y, ..., ¢, and the diagonal matrix (set n = ky + k»)
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The probability of such an ensemble is defined by

P.(a,c1y .. sem; B, Ey)

1 1 2 2
_ e 2TI'(]M1 +o Mz —2c1 M1 Ma—...—2¢cm—1Mm—_1Mm 2AMm)dM1 . de

Zn [T¢2 1 Hn(Ee)

Given a disjoint union of intervals and the associated algebra of differential
operators

) 2r
0
Bei= AL 0T R and Du(B) =300 1<ism
i=1 i=1 i

and given the tridiagonal matrix

C1 -1 .
JV=TYer, . eme) = 5

(0.2)



define the following differential operators:
. 1 (& d
it (S pe = )

él = Z Jllefl(Ej)

]:
_ 1 0 0
Ay = 5 (DO(Em) — oz—a — Cm—1 )

0 3cm,1
62 = —D0<E1) + Cli.
801
Theorem 0.1 The log of the probability P, (a; ¢y, ..., Cm_1; Er, ..., Ey) sat-
1sfies a fourth-order PDE in «, ¢y, ...,cpn_1 and in the endpoints bﬁf’, - bg?

of the sets Ey, with quartic non—lz’neam’t:

0 = <F+C]G* v F*C}(ﬁ){F*, Ftle, — (F*G* v F*G+)c’1{F*, F*)e,
~Gt G Ft —-Ft 0
G~ élF_ —F- 0

__C_1G+ C:%F+ 0 _Ft
G- CiF- 0 —F-

= det (0.3)

where

F* = ACilogP, + k{;}Jlma

G* = {(AQCliJ1m3> logP, F K1y Fi}
Oa 2 .

C1
5 5\ g+ +
+ {(CQ + 2aJ1m01) "41 10g ]P)n s F }-"ﬁt
with K{;} a constant, depending on «,c;, ki and ko,

. kyko

Note the robustness of these equations: the equations always have the
same form ((L3]), regardless of the length of the chain of matrices; only the
quantities F*, G* and H: change, via some minors of the matrix .J.

Lin terms of the Wronskians {f,g}x = gX f — fXg.
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The second question concerns a simple model of non-intersecting Brow-
nian motions on R and their behavior, when the number of particles tends
to oo.

Consider n = 2k non-intersecting Brownian motions on R, all starting at
the origin, such that the k left paths end up at —a and the k right paths end
up at +a at time ¢ = 1; see 7, 21], 18, [5]. Inspired by [15] 16, [7], the Karlin-
McGregor formula [I7] enables one to express the transition probability P3
in terms of the Gaussian Hermitian random matrices in a chain P, (a; E') with
external source, explained above; this will be done in section 2.

Let now the number n = 2k of particles go to infinity, and let the points
a and —a go to +o0. This forces the left k£ particles to —oo at t = 1 and the
right k particles to +00 at ¢t = 1. Since the particles all leave from the origin
at t = 0, it is natural to believe that for small times the equilibrium measure
(mean density of particles) is supported by one interval, and for times close
to 1, the equilibrium measure is supported by two intervals. With a precise
scaling, ¢ = 1/2 is critical in the sense that for ¢ < 1/2, the equilibrium
measure for the particles is indeed supported by one, and for t > 1/2, by
two intervals. The heart-shaped region R formed by the support of the
equilibrium measure as a function of time 0 < ¢ < 1 has thus a cusp at
t = 1/2. The Pearcey process P(s) is now defined as the motion of an infinite
number of non-intersecting Brownian paths, just around time ¢ = 1/2, with
a precise scaling; see [7, 21} [I8, [5]. The joint probability that the Pearcey

process avoids the windows Fy, ..., E,, at times sq,...,s,, is defined by
P(si)NE, =10
P :
P(sm) NE, =0
all xj(#) ¢ zF,
= lim P51/ z 1<j<n ,

all o; (L2’ ¢ 2B,

2

n=
24

where P5* was defined above. The main result of this paper is to show that
the infinite-dimensional diffusion equation for the Pearcey process can be
replaced by a finite-dimensional non-linear PDE, which is intimately related
to the 3-component KP hierarchy and which we now describe.



Given B, := [, [z{) |, 2] c R, define the space and time gradients

i=1
m  2ry 8
Xy = ; ; 5.0 Z o

space and time Euler operators X, and 7y and a mixed space-time operator
i—la

m 2 o a m a m 2rp a
. ~
Xp = ; Zzlxl 8x£g>’ 76 - ; 866—847 A1 = ; Sfizl 8$’§£) .

Theorem 0.2 Then

Q(s1y -y Sm; Eryo ooy Ey) = logP :
P(sm)NE, =0

satisfies a 4th order and 3rd degree PDE, which can be written as a single
Wronskian in the gradient X_1:

{X2171@ | % (YT, 20}, (0.4)

+ (X+2T0—2) X2, Q — 4(X_ Xy — 21)71@} =0.
X_1

In particular Q(s; E) =logP (P(s) N E = 0) satisfies

5 0 1 0 o?
{ - 0? {X ! 8(? ’ XEI@}X ! (&= 2)X21@+48?}X_ -

Notice here as well the robustness of the equations. The shape of the equation
(04)) is the same, regardless of the number of times one considers. Moreover
the equations are “commutative”: the times and windows can be permuted
simultaneously. Notice that the term containing X_; is the only one which
ties up the time s; with the precise set F;. We expect that this equation can
be used to derive large-time asymptotics, when t — +o00. Also one expects
that the PDE’s for the sine and Airy processes [4] can be obtained from this
equation by an appropriate scaling limit. These questions remain challenging
open problems.



1 Gaussian Hermitian random matrices cou-
pled in a chain with external source

The present paper studies m Gaussian Hermitian random matrices M; € H,,

coupled in a chain with external source A, given by the diagonal matrix (set
n = ]ifl + /{Zg)

!
o | Ik
!
A= L , (1.1)
O 1 ks
—a
and given by the coupling terms ¢y, ..., ¢,_1; its density is given by

Zieé Tr(Mlz+...+M72,lf2c1M1M27...72cm_1Mm_lef2AMm)dM1 ..dM,, (1.2>
For each index 1 < ¢ < m, consider a disjoint union of intervals F, :=
U;Zl[b;ﬁl, bé?] C R, and define the associated algebra of differential opera-
tors . )

_ (O)\k+1

Consider the following probability:

Po(@icrse s emei; Ery e B

m M;-spectrum in F;
= P (Ml,...,Mm)EHHn,With :
=1 M,,-spectrum in FE,,

_ i 67%Tr(M12+...+M3nf2c1M1Mgf...f2cm_1Mm_le72AMm)dM1 dM.
- m
Zn i )

(1.4)

To be clear, this integral is to be taken over the space of m-uples of Hermitian
matrices, with M;-spectrum in Fy, ..., My-spectrum in FE,, , and Z/ is the
above integral with all the E; replaced by R.
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Proposition 1.1 . The following holdd3:

IP)n (Oéa Clu"'7cm71;E17"'7Em)

1
_ 1 M)
7 Jppp e S0
k1 m
’ 1 m (f)Q m—1 (Z) (£+1) (m) [)
Akl (y(m) ) H e ; ZZ:l Y; +Z€:1 CceY; Y, Jrayl H dyl(
i=1 (=1
Au (m),,)kﬁQ Ly 02 gm0 ) () ﬁd %)
ko y e 2 =194 =1 7 2 A yz s
i=k1+1 =1
where
Y’ = (y%m), . ,y,(;n)) and y™" = (y,(;nll, e ,y,gTJZRQ)

The proof of this statement is a standard application of the Harish-
Chandra-Bessis-Itzykson-Zuber formula, combined with the techniques ex-
plained in the next section.

2 Non-intersecting Brownian motions

Consider n = k; + ky non-intersecting Brownian motions on R (Dyson’s
Brownian motions), all starting at the origin, such that the ks left paths end
up at —a and the k; right paths end up at +a at time ¢t = 1:

P (all 24(t) € E)
= P | all z;(t) € E | ko left paths end up at —a at time ¢t =1,
kq right paths end up at +a at time t = 1
(2.1)

In the Proposition below we shall be using the Karlin-McGregor formula for
non-intersecting Brownian motions x;(t) for 0 <t < 1:

2Throughout this paper, A, (z) = [li<icj<n(zi — ;) is the Vandermonde.



| , given z;(0) =
P (all zi(t) € B, 1<i<n given z;(1) = §; )

1 n
— /n Z_n det(p(t, Yis xj))1§i7j§n det(p(l — t, T 5j’))1§i’,j’§n 1;[ dl‘l

for ] ,
pltz,y) = —= e T (2:2)

Vit

Consider now the Brownian motions at different times

O=to<ti<to<...<tpm1 <ty <tpi1=1

and set
1 1 1
Tfi:ti+1_tl’ and — = + s fOI'OS]Sm
oj Gl G
Considering m disjoint unions of intervals £, := U:Zl[l;;ill,l;gf)] C R for

1 < ¢ < m, we show that the two probabilities P and P,, as in (1.4) and
(2.1), are related by a mere change of variables:

Proposition 2.1 For0 =ty <t <ty < ... <ty 1 <ty <tmi1 =1,
PE(all z;(ty) € Ey, ..., all z;(ty) € Ep) = Pu(aicr,...,cmo1; Fr, ..., Ey)

upon setting

B = E~g\/< 2(ter1 — te) ¢ = \/(tj+2 —tip1)(t; —tj-1) (2.3)

tosr —to)(te —tiq) (tjr2 — ;) (g1 —tj-1)

and

L—tn) (1 —tmo1)

a = a\/( 2bn = tm-1) (2.4)

Proof: In the following computation, we shall be using the notation

M = (xﬁm’, . ,SL’](;:L)), 2m" = (x,i?ll, . ,:c,gﬁb)
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Remembering p(t, x, y) is the Brownian transition probability (2:2)), one com-
putes:

]P’Oia(all l’l(tl) € Eh e all .Tz(tm) € Em)

]_ .
= lim — dz¥
xEO)HO Zn Efx...xE;}L 1££n
1<j<m
ai;...,akg) —a
Aky415--,n——0
det (p(tl, SL’Z(O), a:(.l))) det (p(t2 — 14, 1’2(1), x@))>
7 1<ii<n T 1<ig<n
...dt( ton — tig, ™Y (.m)) dt( 1—ty, ™ )
et (o LB )1§z‘,j§n et (o 2 4) 1<i,j<n
) m o —~n 22 1 1
= fim » I @=Pa.")]]e St (Gt ami=g )
ZI n [ ! "
ai,...,ap, —a n JEPX..XER 1<i<n j=1
1<5<m

Oy 4150-0n——0

21(1)1(,2) 2x(.m_l)ac(.m) (m)
1 J 0 J 212. aj
det [ e 2=21 ...det | e tmTtm1 det | e T-tm
1<i,j<n 1<i,j<n 1<i,j<n
1\ym .
() (4) 1
- yAL / - H dxz An(ZL‘( ))
n E7 X..xE 1<i<n
1<j<m
k1 m z(J)Q m—1 2z(j)z(.j+l) 2az(,m)
H(x(m)yfle_ Z]’:l o—j+Zj:1 tip1—t; + T—tm
7
=1
k1+k2 m 15‘7)2 m—1 21§j)1§j+1) 2az£m)
H (xz(m))i_kl_leiZ":1 7j AR tiyi—t;  1—tm
i=k1+1
1\m
o ()™ A (zD)
(i) (R )'Z)) Jipsc iy,
1:)\N2)%n JE'X...XE},
kl z(J)Q m—1 2z(j)z(.j+l) 2az(.m) m
— m s S m I3 A + 7 .
Akl (x(m)/> H e i=1 "o Z]—l tir1—t; T—tm H dxg])
i=1 j=1
k1+k2 m z(])2 m—1 21(.j)z(.j+l) 2az(,m) m
" — e T ) _ i .
Akg(x(m) ) H e 2= o 2o tir1-t; T—tm del(ﬂ)
i=k1+1 Jj=1
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(n' ()
Zk ! IT a7 ()

z 1<i<n
1<j<m
i 2 3y T+ 4 o
Akl(y(my)l—[e_% ;nl ZJ) +Z] 1 cy] ! )+ayzm)
im1
hathe (2, @, G+ (m)
A (y(m)") H o3 Ly v AT ey —ay™
2
i=k1+1

by setting, for 1 <i<n, 1 <j5<m—1,

)y V5% +1 20m
— , c;j=-———and a= ;
Voo V2 tiv1 =1 1 =tm

()

the change of variables z(® — y® induces a change of variables for the
boundary terms of the integrals

- 2
Ey=Eo ) —,
of

thus confirming (2.3]) and (2.4)).

Identity = in the previous set of identities is established by means of the
following argument, which we explain for the indices j = 1, 2:

) 2x£1)x§.2) 2:052):053)
H d.ﬁL’Z(J)An(x(l)) detle =1 det [ e ™
1<i<n 1<i,j<n 1<i,j<n

1<5<2
no oap) L@ n 2@ 0
() (1) - @ ' T
[T d=20@)> () [Je D )" [[e =
1<i<n lis 1 7’ 1
1<5<2

Upon setting

)
Twy T T

(1) (1)
Ty T Yo



this expression turns into

n Qx(l)gc(?) n 2;0(.2);0(.3)

. o 1 1 20, ‘o) 2
N H dl,Z(J) Z(_l) + An(xgn)on/)—l(ly . ,:L’Eﬂ)oﬂ/)_l(n)) H e 1 H e T

1<i<n ! 1 1
1<j<2
n 290(.1)90(.2) 290(.2)90(.3)
y 1 2 JF 2 2
= (n)2A,(zM) | | dxgj) | | e 72
1<i<n 1
1<5<2

Then one uses the symmetry of the integration ranges vis-a-vis ¢. In general,
one makes not 2 but m synchronized changes of variables.
Identity = follows by simultaneously setting

29 xff?(i), 1<i<k, 1<{<m, © €S8,

T e Ty 1< <k 1S0<m, 7" € Sy,

subsequently summing over ©’ € Sy,, 7 € S,, giving rise to A, (z™") and
A,, (™", because of the presence of A, (™M), and then dividing by k;!ks!,
thus ending the proof of Proposition 2.1. [ ]

When taking the limit for n — oo, we shall need the following scaling
(see [7]), assuming k = ky = ks:

2 1 1
ankz;, j:a:j:;, T Tz, L 25(1+3jz2), for z — 0.
(2.5)

Proposition 2.2 . Given E, = ngl[ég‘;ll, Bg)] C R, the following holds:

P (all z;(ty) € Ey, ..., all z;(ty) € Ey,)

t; =5(1+s;2%)
FLONSN 0
bj =u;’'z
Q=1
n=2
= IP)n (aa Cly- -+ Cm—1; b(1)7 R b(m)) PR (26)
n=ia
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with

V%t \/(tj —ti1)(tir2 — t)

c; =
Tt -t (i1 = ti1)(Ej2 — 1)
(
(14+s122)(s3—s2) S
(1+S;Z2)(s§—sj) fOT J =
— (sj—=sj-1)(sj+2—5j+1) f07“ 2 <j <m =2
(8541—8j-1)(sj+2—5;5) -7 =
(Smf —Sm— )(1—smz2) .
\ (sm—im,2)(21—sm,1z2) forj=m—1
av/20,, V2 Vb — t_1 2 /Sm — Sm—1
o = = e — —
I—tm 2 A =tym) L —tm1)  Z/(1 = 5,22)(1 — 80_122)

pO 50 [2 _ o | 20 —te)
1 i (tg

ot —to_1)(tey1 —to)
(1) 145922 -
2u; '\ G ey Jor =1
= () Se+1—8e—1
= 2“@ \/(81*3271)(%7%732)7 f07“ 2</<m-—1
(m) 1—8pm_122 B
2ui \/(Sm_smfl)(i—smz2)7 f07“ E =m

Proof: Straightforward from Proposition 2.1, combined with the scaling,
appearing in (2.6]). [ |
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3 The inverse of a tridiagonal matrix and its

derivatives

Consider the (k+ 1) x (k + 1) tridiagonal matrix, with non-diagonal entries

Cly...,Ck:
—1 C1
O
C1 —1
J (Cla . 7Ck) =
-1 Cp
O
Cr -1
with
det J 7 (cy,. .. cp), fork>1
D(cy,y ... c) =< —1 for k=0 (3.1)
1 for k = —1.
Then one checks, that for 1 < j < m,
. D(cji1y .y Cme
Jlj(Cl,...,Cmfl) = (—1)j 101...0]',1 lg(JCJrl - )1)
1+ tm—1
and D )
m—ij Cly---,Cj—2
ij(Cl,...,Cm_l) = (—1) jCj...Cm_lD(Cl C] 1). (32)
Define
T —f]—’fj for1<j<m
(3.3)
=0 for 5 = 0.

For later use, we shall need the following identities:

14



Lemma 3.1

9 —9J 7 S Ly
“ 801 JM' ml »oa 801 08 JM' ! @ 801 L
8 Jmljmi Jmljmz
i 1 = 2(—-1—-2Jpm+———
¢ lacm_l 8 Jli < i Jli )
o d log 1 1 2D(Cis1, s Cm-2) _ 1 2JmmJ1i — Jm1Imi
8Cm_1 Jli D(Ci+1, ceey Cm—l) Jli
Cm—1 log Jmi = 1- 2Cm—lJm,m—l - 52 = _2Jmm —1- 5zm
8Cmfl
Proof: At first notice that
0
Cla—ch(Cl""’cj) = —2c1D(cs, ..., ¢;)
= 2(D(C1,...7Cj)+D(CQ,...,C]'))
0 2
cm_lmD(cj, ceyCmo1) = —2¢5,_1D(cj, ..., Cm_3)
= Q(D(cj,...,cm_l)+D(cj,...,cm_2))
, (3.4)
and

i—1
D(CQ, e ,Cm_l)D(Cl, ey Ci_g)—D(Cl, e ,Cm_l)D(C27 ey Ci_g) = D(Ci-l-l; e ,Cm_l) HC%
1

m—1

D(Cl, N ,Cm,Q)D(CZ'Jrl, N ,Cmfl)fD(Cl, ey Cmfl)D(CiJrl, ey Cm,Q) = D(Cl, ceey Ci,Q) H Ci.
(3.5)
Then one checks, by (8.2)) and (3.1), that
JmIJmi . C?...C?n_lD(Cl,...,Ci_Q)
Jll' D<Ci+17"'7cm71>D(Clu"'7cmfl)
_ D(Cl,...,Cm_Q) _ D(Ci+1,...,Cm_2)
D(Cla---,cm—l) D<Ci+17---7cmfl>
D(Cist, . G
_ g, = Dleena) (3.6)
D(Ci+17 s 7Cm—1)

15



Hence

D(ciy1,- s cm—2)  JmmJ1i — JmiImi
D(Ciy1s. s Cm1) Jii ’
and by (3.2, '
Jm1 (1) ¢ et
Ju  D(ciy1,. . Cmo1)
Moreover, explicit differentiation of (3.6]) and using the identities (3.3)), (8.2),
one is led to
cli Im1JImi
dcy i
—2¢2...2 _(D(ca,...,com1)D(cy, ... ci0) — D(ca, ..., cia)D(cy, ..., cm1))
D(civ1y- - yCmo1)D?(c1, ..y Cm1)

(3.7)

) N CS:
n D2<Cl7...,Cm,1)
= _2‘]72)117

and, setting ¢ = m, yields at once the last identity on the first line of the
statement of Lemma 3.1. Also by (8:6) and (3.5

1 0 1 Jm1Imi
—Cm— (0]
2 Y0cm 1 & Jis
- 11— 2Jmm + D(Cl, ey Cm_g)D(CH_l, ceey Cm—l) - D(Cl, e 7cm—1)D(Ci+1; ey Cm_g)
D(Cl, ceey Cmfl)D(CiJrl, ey Cmfl)
_ _1_2Jmm+ JmlJmi

12

From (B8.7)) compute at once

a Jlm
01801 o8 Jui !
and from (3.7), (3.4) and (3.6),
Con 1 log Jlm _ 1_2D(Ci+17"'acm—1)+D(Ci+17"'acm—2)
8cm,1 JM' D(CiJrl, ceey Cmfl)

- _1_ 2D(CZ‘+1, e ,Cm_g)
D(Ci+17 s acm—l)
JmmJli - Jmljmi
= —1-2 :

J1i

16



Also, using
D(ci,...,Cm-1) = —D(c1,...,cmo) — 2 Dlci,...,Cn3)

and the explicit formula (B.2) for .J,,,;, one computes, using (3.4)),

i Dcy, ..., cia)
i log Ji = cme 1 —1)" i e
¢ 180m_1 08 ¢ 180m_1 08 <( ) ¢ ¢ ! D(Cl, e ,Cm_l)
D(Cl Ce Cme)
= 1+2c,_ e — Oim,
1D(C1, ooy Cmfl)
= 1- 2Cm—lt]m,m—l - 5zm
= 2 (1 - Cmflt]m,mfl) -1 5@m
_ (D(cl, oy Cme1) + 2 D(cyy .., Cmg)) L1y
D(Cl, c. ,Cm_l)
D ey Coe
- 9 (Cla , C 2) 1 5lm
D(Cl, ey Cm—l)
confirming the last formula in the statement of Lemma 3.1. [ |

Proposition 3.2 For arbitrary z € C, consider the map of Proposition 2.2,
namely

(51 -5 Sm), (WP, ul™)) — ((e1, ..y emey, @), (B B™))

where

(14+8122)(s3—s2) s
(TFs2s%)(s3—s1) Jorj=1
P \/(sj—3j71)(sj+rsj+1) for2<j<m-—2
J (sj4+1—8j-1)(sj+2—5;) -0

(Sm—1—8m—2)(1—8m22) . B
\ \/ forj=m-—1

(sm—8m—2)(1—8m—122)

2 Sm — Sm—1
a = -
2\ (1= sm_12?)(1 — s,,22)

b = 1<i<m, (3.8)

17



with

1\/(1+5122)(52—51) fori— 1

2 1+ 5922
Ui(s; 2) := L J(si=sica)(sin = Si), for2<i<m-—1,
2 Sit1 — Si—1 -

, fori=m,

2 1 — 8,122

1\/(1 — $m2%)(Sm — Sm—1)

\

The inverse map involves the tridiagonal matriz J=! and can be expressed
as a fractional linear map in % for1<i<m
17

1a2Z4Jm1Jm¢ +2

si = sila,e2)=— -
22 224 Jm}jmi )
u = bOU(s(a, ¢ 2); 2) (3.9)
with
Im1JImi
—az Jop —1 s =
Ui G 2)3 %) = - it
(s(a, ¢ 2);2) 2A ] T 0. T <a224 Jm}{]'mi — 2)

Note that also the entries of J can be expressed as functions of s;:

P ) \/ (14 5:22)(1 + 5,22)

a 422U;(s, 2) Sy — S1
—(14 2%s;) [(1 = 8m_122)(1 — 8m22)
422U;(s, z) Sm — Sm—1 ( )

with Ui(s, z) as in (38).

Proof: Step 1: Upon expanding D(cy,...,¢p—1) along the j-th row, one

18



checks by [B.2) and [B3]), that for 1 <j <m —1,

m—1
H(_CZ)
_ 1
TS
D(Cl, PN Cj—l)D(Cj—l—la ey Cm—l) - C?D(Cj_,_g, c. ,Cm_l)D(Cl, c. ,Cj_g)
D(Cj+27 SR Cmfl)D<Cj+17 s 7Cm71)
m—1
H(—Ci)
D(ci,. .. cm-
_ L : (C1, s Em1) , (3.11)
ﬁ ) D(Cj_H,...,Cm_l)D(Cj+2,...,Cm_1)
G
1
and similarly, for 1 < j <m — 2,
m—1
[T
1
Tiv2 =75 = Jj+1
11
1
D(Cl, ey Cj)D(Cj_H, ey Cm—l) — C?C?_HD(C]‘_HJ,, c. ,Cm_l)D(Cl, c. ,Cj_g)
D(Cj+37 e 7Cm71)D(Cj+17 coy Cm1)
m—1
H(—Ci)
_ 1 D(Cl,...,Cm_l)
jtl D(Cj—f—la---acm—l)D(Cj—i—?n---acm—l).

11
1
These identities then lead to:

(ri = 7iz1) (Tig2 — i)

2 .
=c’. forl1 <1< -2
(rig1 — Tim1)(Tiga — 14) oot i=t=m

(ri = ri1)(Tigr — 14) _ Im1

19



and

T"m—1 — Tm-2 . CQ
Tm — Tm—2 oot
r r = L

m m—1 Jlm

(3.12)

Step 2: It is easier to show that the inverse map of (3.9) is given by (8.8). So,
from inverting the fractional linear map, appearing in (3.9), one computes

Imiri =

JmIJmi - 2 1 + 2
JM' N Oé224

23i

1 — 22s;

) (3.13)

and so, inverting this map, one computes, in cascade,

2

4
a2z d, — 27

a2 (riy — 1) I

1+ 2%s; =

2.4
200° 2% S

o224 g — 2

1—2%s;, =
Si — Si—1
Si+1 — Si—1

4a°2° (ric1 — ris1) Jma

(?24r 1 — 2)(@?24r 1 Iy — 2)

Therefore, using (3.12), one checks

(5i — si-1)(Sit2 — Siy1)

(1 + 8122)(83 — S9
(1 + 8222)(83 — 51

(1 - sz2)(5m—1 — Sm—2
(1= 5m-122)(1 — $1,22)

4 Sm — Sm—1
22 (1 = $-122)(1 — 5,122)

(ri = ric1)(rig2 — 1ig1)

(o224 1 Jm1 — 2)(a22%r 1y + 2)

:c?f0r2§i§m—2

(Ti+1 _Ti—l)(ri-i-Q —Ti)

™ <T3 — 7’2) 9

T’Q(Tg — 7’1)

T"m—1 — Tm—2 _ CQ
Tm — T'm—2 ml

_Jml (Tm - Tmfl)a

and similarly for the expressions U; in (B.8). The signs are all specified from

\VSit1 — Si and \VSi+2 — S;-

Identity (B.I0) is obtained by solving

si = si(a, ¢ 2) =

1 azz‘l—‘]m}l{mi + 2

22 (]{224 Jm}sz

17
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for %, by substituting the result in ([3.9), i.e.,

J1i
Im1JImi
and then solving for {]Lh Finally expressing J,; = —“— leads to the
J14
second relation (B.I0). The first relation (B.I0) is obtained from the ratio
Ji; = in"}fh, and using the result previously obtained for .J,,; at ¢« = 1. [ |

Lemma 3.3 The following identities hold

a—-s;i(a,c; z) = —8U2(s, 2)

ap—logUi(s(a, ¢;2), 2) = — 22
c1=—si(a, c; 2) = 8UA(s, 2)J2 = (1 —5:2°)(1 + 512%)(1 + 522%)

801

224(s9 — 1)

0
ci=—logU;(s(a, c;2),2) = di1 — 2az3Jm1J1iUi(s, z)

dcy
= 5il_m<l +512%) (1 4 522%) (1 — 5;27)
cm_lﬁsi(a, c; 2)
= 8U2(s, 2) J’;ﬂf (1 + 2 — JmJ;]m)
1+ ;22

T 224(sy — Sm_1)
(1= 5m2") (1= sm12?) (1+5:2°) —2(1 - smsm,lz‘l) (1—s;:27))

0
Cm—lm log Ui(si(aa G 2)7 Z)
D(Ci+17 ) Cm—Z)

- 1-2
D(Ci+17 ceey Cm—l)

—202%U;(8, 2) Jomi (1 + 2Jm — JmiJnﬂ)

J1i

21



where

JmiJml
Jli
1

222(Sm — Sm—1)(1 — 5;22)

14+ 2J0m —

X (1= 8m2°) (1 = sm-12?) (14 82%) — 2(1 — $pSm—12") (1 — 5;2%))

D(Ci-i-la ceey Cm_g) . Jmth‘ - Jmljmi
D(civ1y- -y Cme1) J1i
($m — i) (1 — 228,,1)
* (Sm — Sm_1)(1 — 225;)

(1= 8m12°)(1 + 5,,2%)

Jmm = -
222(Sym — Sm—1)
I = I [(T4+5122)(1+ 5222)(1 — $-122) (1 — 8122)
w92 (s2— 51)(Sm — Sm—1)
Jnidmi (1= 8322 (1 — 5501 2%) (1 4+ 5;2%)
J1i B 222 (S — Sm—1) (1 — 5;22)
_<1 + SZ'ZQ)
Iniliac = ——F——
“ 223
U — - 1—s:22 [(1+8122)(1+ 3222).
422 S9 — 81

Proof: Differentiating the first identity (3.9]) with regard to @ and using the
second expression (3.9)) yield

0 N 8a”z" sy _ ]2 Jmi i
aa_3i<a7 & Z) - 2 = —8 i (87 Z) T
a <a2z4 Imidmi 2) ml
J1i

Differentiating U; as in (3.9), and using the expression (3.9) for s;, yield:

OZ2Z4 Jm}Jmi + )
17

_&2z4 Jm}Jmi —9
1i

0
a—logU;(a, c;2) = = —2"s;,

Oa

22



while (8.9) and Lemma 3.1 yield

C ( ) _4&222 a JmIsz
17 S\, 6 2) = Cl—
dcy <Oz2 Jm‘}l‘]'mi A 2>2 ocy  Jy
B 8a?z?J2,
<a2 Jm‘}lc]'mi -4 _ 2)2
= 8Ui(s,2)*J},
c 8 ( ) —4&222 8 Jmljmi
m—1 Si\o, C; 2 = Cm—1
6cm,1 <a2 ijlimi A 2>2 8Cm71 Jui
ImiJvi 1 I
= 8U;(s,2)* = 14 2 —
<8 Z> Jml ( Jh‘ )
0 Jm1 a?zt 0 It Imi

0
—1 Uz ; = —1 -
i e e S P

= 512‘ — 20(23Jm1JZ'1Ui(S, Z)

Cm—15, 1o (s;2)
_ . 0 o 1 a?t . 0 Jmidmi
milacmfl & Jli 062‘]%1‘],7“ 24 —2 mflacm,l Jli

- 11— 2D<Ci+1, ooy Cm72)

D<Ci+17 ) Cm71>

JmiJm
—202°Uy(8, 2) i (1 + 2 — i 1)
1i

yielding most of the differential identities of Lemma 3.3. The remaining

relations are a consequence of ([B.8), (39), (3I0) and BI3). ]
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4 Integrable deformations and the Virasoro
constraints

In order to compute the differential equation for

Pn(Oz;Cl,...,Cmfl;El X XEm
1 " kitke m ©
- Z_n ]—H”EkﬁkQ 1+l€2($ ) L. lz[dxz
i i=1 /=1
kl 0)2 4 £4+1
Ay () T[ e T Ti exalla{t*D el
i=1
S e, et (0 ) ()
Apy (20") T 2 Dt e ea™ g )
i=k1+1

we need to add to the numerator of P,, many auxiliary variables

EZ: (1?1,1?2, .. .),§ = (§1,§2, .. .),fL = (fbl,ﬂg, .. ) and ﬁ,
A0 = (A0 A0 Yfor2<<m—1

= (cﬁfl,)p,qzl for1<f<m-—1

24



Note that the time variables ¢, 5, @ are totally different from the t-variables
appearing in the Brownian motion. yielding the following integra]ﬁ

I = —. 2 m—1 1 m—1
Tklk2(t,s,u,ﬁ,7(),...,7( ),c(),...,c( ),a,Elx...xEm)
1 fitks Wi 19
oo 7. (1i ¢
S AR 1 f S 1 O
+
R JTI BT i=1 =1
(m) (m)
Ay, (z] N )
i ©2,  (m) 2 (m)yj ©) 1 (O\py (E+1) (¢
H 6_% Py T; +O‘xim +/6$z('m) _Zjil gj(xim )J+Zp,q21 ZZ”:EI cp,q(T; )p($z(' * )‘“rZZ”:El ol (955 ))T
i=1
(m) (m)
Ag, (xk1+1, o ,xlier)
Fathe @2 (m) 4 (m)2 (m) L) (Oypy (1) ! GYRO)
m m — m y m— m—
Heiézﬁlmi —ax; = 72?11“1(12' )JJFZp,qu 2oy epalas )P (z; YISy o ()"
i=k1+1

(135 1<i<h, 1<<k o
= det (4.2)

(13;)1<i<ka, 1< <k o

where
e o0 (7, 2Dk (5% ) (m) . .
i = / <H dx("’) I8 (Ba VR (G )atmr) (M)t ()
1B \i=1
o= T 202 aa(M a4y o) S o) (@O)p (@)1 502 A (20
(4.3)
This is to say, the integral (4.2)), along the locus
t_l' = 07 S; = Ouﬁz :0752 07 /77(’6) = 07
cip = ¢ and ¢ =0 for 4,7 > 1 with (4, j) # (1,1)

3If m = 1 or 2, the formulae below must be reinterpreted; e.g., for m = 1, the ¢;’s are
absent and for m = 2, v is not present.
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yields the integral (d.T]); also for the sake of brevity, set ~, := #). The
following locus

7 = = (0
tizoa Si:O,Ui:O, Yr :07
Lg:= 4.5

g { ) =¢, and cl(-f) =0 for 7,7 > 1 with (¢,7) # (1,1) } (4.5)
will also be used. Then the following statement holds:

Proposition 4.1 Given a disjoint union of intervals and the associated al-
gebra of differential operators

r 2r

0
o= B th) C R and Du(E) =3 (00— 1<e<m
=1 =1 4

the integrals ({.3) satisfy, besides the trivial relations,

0 0 0 0 0 0
— o=t =5 —a =5 (4.6)
05, Ou; O« 0S8y  Ousy 0f
and, upon setting
—t ogng L9 O
the following Virasoro relations (2 < ¢ <m —1):
( _ o
971
0 0
—— +Cc— + (lﬁ + kQ)El
8t1 072
D—I(El)Tk‘lkg = Tk?lk?Q
z 0 _0 wm_ 9
+> it + Y ic)) +)
= Ot iz2 ] acz@l,j = a%('z)
\ iz J
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'c 0 —i+c 0 + (k1 + ko) \
0—1 E E 7 Bvens 1 2)7Ve

+ch(z b (z 1 +ch

i>1 i>2 1,.]
D_1(E)Thek, = i>2 21 Th ks

(€-1) 9
+2ix2 6 oy (e 7+ D Cl] PR

(0)_o
T Lt G

( __9_ o )
9vm da
SN I IPPYSC NG
m_lﬁv 051 0wy 051 Ouy

_kl(gl — Oé) — kz(ﬂl + Oé)
D71<Em>7—k1k2 = Tk1k2

0
+Z ( 882 1+ul(’3ﬂl 1)

1>2
+ch a(m 1)

£y

1>2 i>1 zg 1
\ j22 Y,
(4.7)
and (only needed for ¢ =1,m)
0 0  (ki+ko)(ky+ka+1)
8752 601 2
Do(EV) Tk, = Th1ka
Sitgr X il
- Zatl K 0 (1)
i>1 i,5>1 i,

(@ J)#(l 1))

27



i 0 (2,0
acm_l 852 (‘3112

a
B
_ U N—
Do(Ep) ik P) 9 ki(ky+1) N ko(ke + 1) Thy ko

882 6112) + 2 2

(’3 (m-1) 0
R

2,7>1
(%, J)?f(l )

(4.8)

Before giving the proof of Proposition 4.1, we need the following lemma,
concerning the expressions:

n
) H =1 v
k=1
n .
— H GZTO L +3 05 > CijTL YR +0T Sy,

Lemma 4.2

o1 N k=—
gnd(l’ﬂLg% )5:0 nHHd% k—O

(Sisa il + ntl) dl(z), k=-—1
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0
%5@ + a1 y)

e=0

0 0
(Zzt +nty + Z ZC”@ +chjg> E(x,y), k=-1
J

i>2 i>2,>1 Ci-1j =1

<Zztz_+2zcwa ) ), k=0

i>1 1,j>1

0 ft1
885(93,y +ey™™)

e=0

<ZzslasZ 1+n51+ Z jCUa " 1—1—2021&) ), k=-1

i>2 i>1,j>2

< 2518 0 >€(x,y), k=0
\ i>1 i,j>1

Proof: This is obtained by setting x; — x; + z—:x Uand then y; — y; + z—:ykle
then take the derivative with regard to € and set ¢ = 0.

Proof of Proposition 4.1:

Case 1: Performing the infinitesimal change of variables, for all 1 <i < n,

k41
xl(l) — xgl) + 5x§1)

in the integral (A2]) involves the following integral only

ki+k ki+k
1—[1 ’ 1—[1 ’ S5 1 D) L1y DM@y @) o)
d!L‘ Akl-i-k | | i p,q>1¢pP,a r=1

=1 =1

and leads to the first Virasoro constraints in (4.7), upon differentiation with
regard to e, setting ¢ = 0, applying Lemma 4.2 and taking into account the
variation of the boundary term in the integral, bg-l) — bgl) —5(b§1))k+1 +0(e?).
The shifts in the time parameter produces the terms in the first line of the
Virasoro constraint.
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Case 2: Performing the infinitesimal change of variables, for all 1 <1 < n,

k41
:cz(z) — :UZ(Z) + e:cgz)

in the integral (A2]) involves the following integral only

kith
Hl ’ H @Oy —La(02 5700 LD (DY s (D) (D (0
d'r e r=1 i p,q>1 Pq

o0 L 0 r G G
e W @I 5, oy b @)p D)

and leads to the Virasoro constraints for 2 < ¢ < m — 1 in (£7), upon
differentiation with regard to e, setting ¢ = 0, applying Lemma 4.2 and
taking into account the variation of the boundary term in the integral, bgz) >

by) — €<b§€))k+1 + O(g?). Also here one must take into account the shifts.

Case 3: Performing the infinitesimal change of variables, for all 1 <i < n,

k41
2™ — 2™ 4 exl™ i

in the integral (4.2) involves the following integral only

k1+k2 ) : :
H d:pgm Ay, (xgm), e ,xlgT))AkQ(:p,(gmH, . ,x,(gTijQ)
i=1

1
He—z;';l[gj—ajla+aj2<%—ﬁn<m§m>>f+z:°:1wﬁ”“l)( D D R C A L T

k1+k2
[ ¢ ZtonetsnG ol T T @Y A e ey D @ T (™)

i=k1

)

and leads to the last Virasoro constraint for ¢ = m with a similar argument;
this ends the proof of Proposition 4.1. The relations (£.6) follow at once by
inspection of the integral (4.2]). u
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Setting

—1 C1
O
C1 —1
J_l =.J 1(01,...,Cm,1) = ,
-1 Cm—1
O
Cm—1 —1
o (4.9)
define the differential operators AF,C; and A;, C;:
1 — , 0 10 _ 0
+ . _Z . U _95. 3 I = -
AL 2;% <D1(b ) 25]m56a):p2 A = AL+ B o
Cl = ijl D_l(b(]))—25 ﬁg = él—Qﬁjl 3
= ’ 0o "0
1 0 0 1.0 - 10 0
+ . = (m)y _ 2 _ _Z ) = i W -2 _p =
A= 5 <D°(b ) =%, Cm‘lacm_l) =355 =4 F 355 933
0 _
CQ = —Do(b(l))+cla—61 =09

We now state:

Proposition 4.3 Along the locus L, the partials and second partials of f =
log Tg,k, with regard to ti, 5, U; can be expressed in terms of the operators

A;,C; and 0/0p:
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8_f+a(k2—k1)

.
"41 f - 851 2 Jmm
1— _ of Q (k2 - k1)
"41 f - 8’111 + 2 Jmm
- 0
le = 8—1{1 — Oé(k?Q — kl)t]ml
A 19 — a_f 1 2 2
<A2 - §%> F= g5 Ttk Theth k)
- 10 _of 1 ) )
(«42"‘5%)]0 = 8—112+4<k2 + ko + kq +]{Z1)
- 0 1
Cof = 8—ti—§(k2+k1) (ko + k1 4+ 1)
. o2
Afclf = 875_16f§1 — k1Jim
- = 0 1. 0 o*f
(AQCl + J1m8—a — 561%) f = 505, al(ke — k1) JimJmm
. o2
@Mfzzaﬁé—mb—mﬁm (4.10)

Proof: The Virasoro relations (A7) can be written as (remembering t; = ;)

D (b
1(6) B
omn
f=J | F+O(Ly),
D,l(b(m_l))
_0_
Ovm

D_l(b(m)) — 268% — (k?l — k?g)Oz

remembering the locus L5 as in [£5), and the tridiagonal matrix J~! de-
fined in (£9). The symbol O(Ls) means a term which vanishes along Lg.
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Therefore, using the trivial relations (4.6]), one finds

D4 (bM) o
Dy (b?) 5
J f=
D_(bm=1) Wa_l
D_y (b)) — 282 — (ki — ko) —2 -

which combined with

0 0 0

“95 Ton oa

f+0O(Lp)

leads to the following equations for f = log 74,1, along the locus Lg:

of  «
tr_- 27 4 = _
"41 f - 851 + 2<k2 kl)Jmm
_ of  «
Alf—a—m+§(k2_kl)¢]mm
0
le = a—ffl — Oé(kz - kl)Jml
The second set of Virasoro relations, combined with
0,00
93y Ouy 0B’

leads to the following equations, also along the locus Lg,

of 1
A;rf - 8—<§2+Z<k22+k2+k12+k1)
_ af 1
A f = 8—222+Z(k22+k2+k12+k1)
0 1
Cof = 8—£—§(k2+k1)(k2+k1+1)
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Moreover
0 f
O0t,05;
0? f
0t105,
o*f
Ot205,

Indeed, one first needs to check

AIFCL]C: _kljlm _ﬁJmmel(kQ _kl)

A;CL]C - - Oé(k?g - kl)Jlmem

CzAff =

— Oz(k'g - k’l)JIQm

1
-Al<05> = Jmmﬁ - 57

1/ 9 0
As (adm) = D) <aa—a Hemo1ge ) I
m—1
1
= OéJm1Jmm

and

0
CQ(Jmm) = Cla—qum = _2‘]72n1'

Then, using the expressions for the Ai f and C;f, one computes along the
locuSE Lg,

AFCf = AT (g{ alky — kl)Jml)
1
- af (ATS) = (ko = ) s (A7)
== 8—151 (aai + = (k2 - kl)Jmm - %Jml(kl + kQ)) - (k:Q kl) ( mmﬁ )
Y
— 61?1881 lkl ﬁJmme1<k2 kl)

4Since one takes the derivative with regard to #; in the expression below, one must
keep track of the term containing #; in the identity for A f before setting #; = 0.
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and

0
.Azclf = ./42 <8—t_f - Oé(kz - kl)Jml)
1
0
= A - As(a(ky — k1) Jm1)
1
82
== 8t—la§2f - (kQ - kl)aJmIJmm
GALS = 2-Cof + Cal (ks — k) Joun)
1 851 9 mm
*f 2
= 85181?2 — Oé(k?g - kl)Jml'

Finally, set § = 0 in each of these expressions. That means that we can
replace all A;, C; by A;, C;, except for Ay and B, , which gives an extra
0/0p and the composition

- 10 5 0
A;Qf‘ﬁzo = (AQ - 5%) <Cl - 2J1mﬁ%) f}ﬁo

B - 0 1. 0f
= (.Azcl + J1m£) — §C1% 5:0.

This establishes Proposition 4.3. [ ]

Remark: The five operators AT, Ay, Ci, Cy form a Lie algebra (upon using
Lemma 3.1):

[A£,0] =0, [ANA7]=0, [A.C)=0

- 1 _ L = _
[AituAQ} = _(5 =+ Jmm)Aliu [Aliucﬂ = _Jlmcl

(A, C1] = —Jim(Af + A, [Co,Ci] = —(1+2J11)C
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5 Integrable deformations and 3-component
KP

The following integral
Tk1k2(77 S, U; aaﬁa 7(2)7 ce- ’,y(m—l)’ C(l), RN C(m_l), E1 X ... X Em)

(M?})lgism, 1<j<k1+ko
= det (5.1)

(1 ) 1<i<hy, 1<5<hy +hs

where
luzij (t_’ 57 ﬂ’ c, f)/) — / (x(l))jfl(x(m))iflecho (Ek$(1)k— (;2 )w(m)k) eiammi,@mgn
1 Ei

Fo(zW, ... ™) H dz®
=1

R

I et ket > (5.2)

m

with regard to the inner-product (m > 2)
(o= [ Fenlg@)Fulior, .. ooy ..o,
1" Ei

for

m 2

z -1 (&) -1 (£)

Fo(xy, ... o) = (l |e_2€> e2pa>1 i1 e Ty Tty s v
1

From ([4]), it follows that the function 74, above, which is expressed as
the determinant of a moment matrix with regard to two different weights,
satisfies the 3-component KP and thus it satisfies in particular, the following
PDE’s:

82 ] . Th1+1,k2Thk1—1,k2
8— 8{ Og Tkle - 2

5100 Tex ka2

0 1 _ Tkiko 41Tk ko1
87 8{ Og Tkle - 2

ot Ty k2

0? T 1Tk —

— lOng . _ ki1+1,ka—17k1—1,ko+1 (53)
950 1k2 2

S10Uq Tkth
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and

2
2 1 0
8528171 log Tk:lk;g - _ﬂ |:( Tk‘l—l,kg) Tk‘l-f—l,k‘g - Tk:l—l,kig <8—817—k‘1+1,k‘2):|
0? 1 0
95,01, log Tkiky — Tk2‘1k‘2 [(851 Tky 1,k2+1) Thki+1,ko—1 — Thi—1,kotl <8—§17'k1+1,k21>} .

(5.4)

Thus, upon taking the ratio of the first, second and third equations of (5.4])
and (5.3)), one finds

82
0 log kitlhks _ Ot 108 Ty ks

52
8t1 Thky—1,ko 26,05, log Ty ko

82
9 log Thitlke 05 108 Thike
— - 82 .
05, Thky—1,k2 Fom log Tk, &,
82
8 1 Tk1+17k‘2—1 - 01039 10g7—k17k2 5 5
83 g T - o2 l . ( N )
1 k1—1,ka+1 21,051 OgT/ﬂJ@

6 A PDE for the Gaussian matrices coupled
in a chain, with external potential

The purpose of this section is to prove Theorem 0.2. Notice the probability

P, (c;er, .. yemer; Br X oo x Ey)
1 m
= — d
Z o e k1+k2 k‘1+k2 H y
kl )2 (€4 2+1
Ay, (™) T T e 3 P ey oy (™
=1
Ptk 02 O D _ g (m)
1 m
Agy (@) T e 3 St enl o™ - (g1
i=k1+1
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is invariant under the involution

L ae— —a, Be— =B, u— s, ke ko

Proof of Theorem 0.1: The first equality in each of the expressions (6.2)
and (6.3) below follows from the expressions for A{ f and Cif in (&I0),
whereas the second equalities follow from (5.5) and the third equality from

the expressions for A7 Ci f, A7Cif, CoAT f in (A10):

5 Thky+1,ko 0 Thky+1,ko
Cilog—/—=2 = —log——=2+2aJy,
Tk:l—l,kig 81:1 Tk:l—l,k‘g
_o*
= @@ﬂﬁﬁﬁﬂg+2mh
= o m
a{lagl log TkLk‘g

_ _

(852851 —+ 20[J1magla§1> lOg Tkth H2+

= 5 =77
0t1051 log Tk1,ko F

(6.2)

- Thi+1,k 0 Thi+1,k
Thky—1,kso S1 Thky—1,ko
82
_ 01105 log Tk_l’lm — o,
- 82 mm
0t1051 log Tky k2

Hi—X

where F't, X, H;' can are functions of log 7y, ,, which can also be expressed
in terms of the actual probability P,, taking into account Lemma 8.1,

0? o -
FYo= ———1ogTp, b, = A Cilog Ty g, + k1 Jim = A Ci10g Py + Ky Jiy
0151651 ’ ’
15 0 1. 0
X = ;G571 = —C— logP,
2195 %8 Tl = 50155108
0? 10 -
H+ = - 1 - 1
= 5 0
— <A2C1 + J1ma—a) 108 Ty ks — (k1 — k) JimTimm
1.C 0 kyk
= <A2C1 + J1m—) log P, — 20ky JimJmm + ——2 Jim
Ox o
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N 0* 0
? (6752631 20hn 8t1851) 08 Th b
= — (C_2 + 2aJ1mC_1) /_q_ log Tkth — Oz(k‘l —+ k?g)(Jlm)Q
= - (52 + 2&J1m51) ./I;r log ]P)n
Thus, A of the right hand side of (6.2]) must equal C; of the right hand side
of (63) and furthermore noticing that CyaJ,,, = 0, one finds:

VHY _ (Hf X
g (M X)
or in Wronskian notation
(X, Py ={H Fhe, —{HS F*}s =G* (6.4)

and

X F e = {H F e —{Hy F}5 =G (6.5)
upon applying the involution ¢ to the first equation. Equations (64) and
(6.5) yield a linear system of equations in X and C; X, leading to

G Ft+G"F~
—F~(C,F*)+ F+(C,F)
G (C,FN)+GT(CF)
—F~(C,F*) + F+(C,F)

X =

X =

Subtracting the second equation from C; of the first equation yields the fol-
lowing:
(FraG + Fract)(Frar - Fer)
- <F+G— + F—G+> (F+612F— - F—c‘fF+) ~ 0.
The second way of expressing these equations is to write a system of 4

equations, consisting of the system (6.4) and (65) and that same system
acted upon by Ci:

= —{X.Ft}; +GF
= —{X. F}; — G
= —C{X,F'}, +CG*
= G {X,F}, -GG,

o O O O
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or, in matrix notation,

Gt  CFt —Ft 0 1
-G~ élp_ —F~ 0 X —0
C,Gt CiFt 0 —Ft X |
~-C,G~ C}F~ 0 —F~ CiX

and thus the matrix must be singular, leading to the second formulation and
ending the proof of Theorem 0.1. |

7 The PDE for the transition probability of
the Pearcey process
Given E, = U;Zl[x;ill,xgi)] C R, define the “space” and “time” operators

X, and 7 related to Brownian motion, together with a mixed “space-time”
operator X_q,

2ry 2
te=Y >y T ) A R = Yy o
We shall also need the intermediate operators
() - () \k+1 9
H(a) = Dl
Define a new function Q,
log P (cv, e, ... enep;: b, B0™) L, Q.(s1,. ., Sz, ... z™)

n=
24
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by means of the change of variables, defined earlier

2 Sm — Sm—1
Z\/l—smz (1 — spm_12?)

( (14+s122)(s3—52)
(1+s222)(s3—s1)

- (s5=85-1)(8j+2=8511) - _
< (sj+1—5j-1)(sj+2—5;) for2<j<m-—2

(8m—1—8m—2)(1—8m22)

for j=m—1

\ (sm—sm—2)(1=8m—-122)
(1) 145222 =
(20 [t for =1
o = % e for2<lEm—1
- imsrln (izl 22)7 fOI' € =m
(7.2)
with inverse map
4Jm1J
1 a?ztdmtdm 4 9
S; = Sz'<0570;z) ) JJJ
Z a224% -2
1i
1) = B (s(a, ¢ 2):2), 7:3)
with
1 az J”LJ%
. . - 14
Ui(s(a,Q Z),Z) - sz 04224% —92 '
1z
Then
o) o0u) @ _ B (0, 0108 Ui _ m@logU
5 % ko oy Oa
) _ O 000 _ oy, sl _ o dlosl
dc; dc; " oc;, P 0y b0
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Thus, setting (T3] in the right hand side of (Z.I) and using the chain rule,

one computes

0 log Pn . asz 8@2
Oa In=% n Z Jda 0s;
. Z 882
N 106 85,
. Z 85’@
n — 156 832
OdlogP,

B Z O0s; 0Q,
n=2% N dc; 0s;

i=1

Js; O
- (Z Jc; 831

6cj

. Z 881 0 X
a 80]' 882‘

D_(E;)

42

z’”: QZ ozl 0Q,
i=1 k=1 da 8371(;)

8 log U, 2 () 0
x ~ | Q,
=1 Oa Z " oxy)

k=1 k

8logU

(2@

80 ) Q.
m 2 O (z

ZZZ Jc; ax

0log U;
dc;

() ) Q.

AN logP,
Z @

— oby =

2r; i
0zl 0Q.
— 95" !




Do(E)

2r;
= & ;
T k=1 ab/(c)
2r; 7
0 oz Q.

- k (3 (3
- ab()a(

- (Si)e

= XQ(.T(Z))@Z

Using the information above, one computes (¢ = £1)

A logP,(a,cq,. .., gy b, b))

2

n=—g

z

1 m
= -3 (Z JmiD_1(E;) “a_) logPy|
J=1 *
1 & ds; 0 dlogU
= —= , () =2 j
5 ; (Jm]U]Xl(:c )+5aa 7, e
= AlQ.

Ci
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= AQ. (7.6)
_ 0
Ca = ( =Dy (b)) + 1 %)
=4 1 =27
o~ 05 0 dlogU; )
o Z (C 801 asj (Cl 601 ) XO( ) Qz
7j=1
= CQQz (77)

Lemma 7.1 The following expansions hold near z ~ 0:

g‘z - 5 \/Sml_ﬁ (1—%2(3m1+sm)+0(z4))
ailogUi(s(oz,c;z),z) = —2%s
Oa
a%logUi(s(a,c;z),z) = 0(2*)
cl%si = m<%+81+%2_28i+0(1)>

44



0-llogly = ——— o)

dcy 2(s9 — 51)22
1
m— 1 i = 1
c e og U, SC— +0(1)
ol — ! b (st st — 280+ O(2)
miYi — 4m 22 5 Sm Sm—1 S; z
1 1 1
o= - = = _9s.
JlZUZ 4m( 2’2 2($1+82 Sl)
2
+%((82 — 51)2 +4s1(s1 + s92)) + 0(2’4))

2

2 on st (1 S (st 5r) + O,

a=-
z

Proof: These series follow from expanding the expressions given in Lemma
3.3 near z ~ 0. ]

Lemma 7.2 The operators A, As, ,Cy, Cs, as defined in (74), (7.0),
(73), (771) and as acting on the function Q.(sy, ..., sm;xM, ..., x0™) admit
the following expansions in z ~ 0, in terms of the operators Xy, Tp,, X_1,

e - L ) X T+ <2\~f_1 — WXA)
1 8v/Sm — Sm—1 tez(Smo1 + 8m)T_1 + O(zz)

1 —Z%Xq + <2€'—1 — —(51282)9\?—1)

C, = —F— N .
' 4ysy —s1 | 422 (@/‘11 + %Xq) +0(2Y)
1 T4 1
Ay = — — (X + 27, 1 — T 1
2 4($m_$m_1) { A —|—22( o+ 0—|—(8m 1 3Sm) 1)—|—O< )}
1 T, 1

Proof: These formulae are an immediate consequence of formulae (.4]), (7.6]),

(CH), (1), combined with the series in Lemma 7.1. n

45



Lemma 7.3 In the new coordinates s, ..., Sm,zV, ..., 2™ the quantities
appearing in the basic equation ((L3) for P, admit the following expansions
inz~0, setting k =n/2=1/z*:

Jim
Fe = A5C,Q, + =1
z
B 1
32\/(52 — 51)(Sm — Sm-1)
( _i_g - 2L4<X31Qz —+ 8(81 —+ S9 — Sm—-1 — Sm)) )

4 BT Qe+ (Bt 5m— 51— )AL Q.

(7.8)
+ 2((s2 = 81)% + (Sm — Sm_1)? + 2(51 + 52) (81 + Sm))]
L _§<(5m71 + S — 51 — S2) X1 + 2271)7:1@,2 +O(1) )
_ 1
Fe =
G 128(s2 — $1)v/Sm — Sm—1
ziﬁxél(@z - i_gxglil@z
+5 ((51 + 52— W)X—l - /'\?—1> x%Q.
+5((Sme1 + Sm — 2(s1 4+ 52)) X1 + 4X )X 1T Q. + O (%)
(7.9)
. 1
CiF* = (7.10)
512(s2 — 81)3/2/ (S — Sm_1)
X4LQ, 2 ., 1
e (5)]
_ 1
A Fe =

B 256(Sm — Sm—1)1/(s2 — s1)
3
{_Xl@z n %XQILQZ +O (%)} (7.11)

-6
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Hf = <AQC1 + 8J1m3> Q. — 5% (204Jmm - i) (7-12>

196 2o
1

16(Sm — Sm—1)V/S2 — $1
—Le — Z(5(s; + 8p) — 108,01 + 68,0) + X T,Q,

+ﬁ (5(s2 — 81)? + 248-15m + 4(s1 + 82)(58m-1 — 35m))

1 QX_l — X_lT_l — QX_l% — X_l.XO 0 1
= + <(Sh2LSQ) — Sm-1+ 3Sm> X T, Q.+ (3_3)
(7.13)
_ 1
C\H; =
1 64(s2 — 51)(Sm — Sm—1)
QX X 1T +2X2%, T + Xy X2
L1 y? 1 14-1--1 —-140 0ty
28 Xflel@z + 26 ( + (Sm—l _ 3Sm e SQ)XElT_l ) Qz
+0 ()
(7.14)
_H2€ = (02 + 250&]177101)‘4?@2
1
"~ 16(s3 — 51)v/5m — Sm_1
£X%0Q, - 5X7.,Q,
‘|“;_5(_27'_21 + (31 + So — W)%El)@z
L1 < X — XX —2X 1Ty + 3X 1T, )
2\ + (%(Sm—l + ) — 51— 82) X T, :
+0 ()
_ 1
—AH, =

128(s2 — 51)(Sm — Sm—-1)
£X%,Q. - X270,
+5(X+ (s1+ 52— Sm1 - sm)X_1) X% Q,
+5 (= X2 X — 2X2,Tp + 2X_1 X4 T,
+ AT 4 3(Sm + Sm—1 — 51 — 52) X2, T1)Q;
+0 (35)
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G = {HEF Y — () (7.15)
_ 1 7.16)
2 (322 ((52 = 5)(m — 5 1)) "
(Zx.0,
55 (=281 + (18(s1 + 52— Sy + 14s,) X 1) X2, Q,
%{XflelQ?«W XEIQZ}X—I
+4 | —16(T — 1+ $4)X%Q.
—|—32(/€',1X,1 - 7:21)7:1@,2
\ +0 (5i1) ‘

Proof: This is done by straightforward computation, using Lemma 7.2 and
the series for the constants appearing in F¢, Hf, HS, G°, namely

2

1
Imi(c) = (1 + Z—(S1 + 82 = Sm-1— Sm)

_22'2\/(52 —51)(Sm — Sm_1) 2

24

= = 0 ) 201+ 5251+ 50) + L))

(dm1) = —\/ﬁ (% + %(51 + 89) — 2(52 —51)% + 0(23))

2
(k Im1 2akJ1mem)
(6%
1
429(Sp — Sm—1)v/S2 — S1
< —5— 2 (5(s1 + 53) — 108, + 65,,) )

4

+2(5(s2 — 51)% + 248m_15m + 4(51 + 52)(5Sm—1 — 35m)) + O(2°)

Proof of Theorem 0.2: In terms of T;’s, defined by

T, = F'C,G"+F Gt =CTs—Ts
T, = {F",F'}

Ty = FTG{+F Gf

T, = CTy,=F'CiF —F CiF"

Ts = G CF"+GTCF,
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the fundamental equation (03] can be written
0=-T,-To+T5-T) = {15, Ts}¢, + 1075

meaning that 75, T3 and T5 only are needed, which one checks to have the
following series in z, using Lemma 7.3,

X2 7.,Q, 1
T, = — SESLY +0|—
64(s2 — 51)3/2 (8 — Sm_1)2? 29
1
T3 -

128(s2 — 51)%(Sm — Sm—1)%218

{XT,Q., X2 Q. x,
+(To — 1+ 5X)X%,Q. +0( 1 )

—2(.)(_1.)(_1 - 7'_21)7—1@2:
—3(X%,Q.)(X*,T.,Q.)

_ 3(A%,7,Q.)(X%Q.) L0 ( 1

128%(s9 — 81)%2(8y — Sm_1)22%

Then remembering from Lemma 7.2,

-1 1
Cl = Zl\/ﬁ (;X_l + O(l)) 5

one easily computes (letting TZ-(O) be the leading coefficient of T; in (T.I7]))

{T27 T3}C1
1

1 0 70
1
323(s9—51)*(Sm — Sm—1)3231

1 X
{leT—lev 1_6{X—17—1Q27 XEl@Z}X,l + (% -1+ 70) le(@z

—2(/%_1X_1 - 7—21)7'—1@2 - %(leil(@z)(le@z)} W(%)

X_1
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and then using below the trivial Wronskian relation —a?l’ = {a, ab}, one
computes

T,Ts

L oo 1

— 323<S2_81>4<8m_5m71)3z31 39\ 1 -1z 2,Q; gy

1 3

- XQ T i XQ T XZ

323(82_81>4<3m_8m1)3z31{ -1 1@Z7 32( -1 l@z)( _1@2)}X1
1

+0(55).

Adding these two contributions, one finds

0 = -1 - T+ 13T,
= {1y, Ts}e, + 1575
1
323(s9 — $1)4(Sm — Sm—1)323"

1
{X217'_1QZ, E{X—lT—lea XEIQZ}Xfl

X . 1
+ <76 -1+ 70) le@z - Q(X_1X_1 — 721)7—1(@2} + O(ﬁ)
X1
(7.18)

In [21], Tracy and Widom show that the extended kernel for the non-intersecting
Brownian motions tend to the extended Pearcey kernel uniformly in each
bounded interval. Since Q, is the log of the Fredholm determinant for that
kernel, it follows that

Then taking the limit when z — 0 in (T.I8)) leads to the PDE for Qp, ending
the proof of Theorem 0.2. [ ]
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8 Appendix: evaluation of the integral over
the full range

Lemma 8.1 The following integral can be evaluated explicitly:

1 m
R) = A O] dv”
Thrks (R) kl‘k'z /(Rm oy g kr+ko (YU >E Yi

k1
’ ()2 m—1 O] (Z+1) (m)
Ak1<y(m)) | |€ Zz 1Y T ey Y tay;
=1

kitks zz z z+1)

i=k1+1

(1i() o

m—1 2
L 1 2
_ Ck1k2ak1k2 H ¢ e 2 (k1+k2)Jmm(J1m)2(k1+k2)
1

(8.1)
where

. . 1 m .2 m—1_ .
pij(a) = / plzi em2 (X a2 80 e ) taem gy g
Rom

m

k1—1 ko—1

Chpy = (-2)RRmE TT T 1
0 0
Therefore

o o 2
<A2€1 + Jlma—a> log Thkiko (R) = klkg IOgOé — a—(kl + /{?Q)J )

0
8

_ _ 1 9 0 a?
— (CQ + 20zJ1mC1) Al 10g Thkiko (R) = 501%8— <k31/{32 logoz — 7(/{31 + k?g)Jmm
1

= alky + ko) J7,
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Proof: From the explicit evaluation of the zero moment]
Rm

m/2
(27T) 6—%(Jmma2+2avJ1m+J1172)
)

Vdet J (e, oo emot)

one deduces the other moments by derivation,

pij(£a) = (i%)i<%)juoo(iaﬁ)

= poo(E,7) (1) ABL()|

= poo(a,7)(£1) A'pj(a),

=0

where

0
A = M00<:i:04,’}/)716_aﬂ00(:ta77>
0

= — = JmQ

Oa

v=0

.0
By = poo(Ea,”y) la—vﬂoo(iaﬁ)

0
= o Juy Fadim
Y

pila) == BLO)| .
v=0
The following holds:

poi(a) = even polynomial, poit1(a) = odd polynomial of «,

which is used in equality = below, and

Api(a) = p™ + Bi(@)pl ™ + Bala)pl ™ + .+ Bupr,

SUsing
m/2
— 1(Qu,@) +(,) _@m)™2 1ot
e 2 dry...dz, = e2 ,
m Vdet Q

for @ := —J ! and £ := (v,0,...,0,q).
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where plgn) = (%)npk and where f;(«) are polynomials in «, independent

of k; this feature is used in equality = below. The equality = hinges on the
identity

(_ajil) 1<i<k

1<j<n
det ‘ =} ,a""

(Oéj_l) 1< < ko

1<j<n
for a constant ¢, depending on ki and &, only. Then, setting
o' m/2
f:= pioo(£ar,0) = (2m) ez Imme?,

Vdet(=J ey, em))

we compute:

Tk1ko (R) } t=s=u=£3=0

(Aipj(oz)) 0<i<k —1
0<j<n-—1
= " det
(=A)pi(=a)) o<i<r -1
0<j<n-1
(A’p](oz)) 0<i<k; —1
kg (ky—1) 0sisn-t
= p" (1) 7 de
(Azpj(—oz)) 0<i<ky—1
0<j<n-1
()
(p‘ (Oé)) 0<i<ky —1
0<j<n-—1
* Iun (_ )k2(’€22—1) det 7
()
<pj (—Oz)) 0<i<hks—1
0<j<n—1
(((—Jlm()é)j_l)(z)) 0<i<hs—1
1<j<n

(™) 1<icn
n(n—1) 1<j<n
= Chkof"(J1m) 2 det o
(Oé]_l) 1<i< ks
1<5<n
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ok / n n(n—1) Kk
= Curt'(Jim) 7«

(27T)nm/2

A(Cl, B G |

m—1 7% 5
- / nm/2 _ kiko — % ndmm 1p2
- Ck‘lk;g (27T) Q H C; e 2 (Jlm)2 .

1

_n 2 n(n—1)
e 5 Jmma (Jlm) 5 aklkg

/
= Ckle )n/2

In order to evaluate the integer ¢, ;. , it suffices to notice that this constant
is independent of m, so that we may choose m = 1, which was done in ([3]).

This ends the proof of Lemma 8.1. [ |
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