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Abstract

Consider non-intersecting Brownian motions on the line leaving
from the origin and forced to two arbitrary points. Letting the num-
ber of Brownian particles tend to infinity, and upon rescaling, there
is a point of bifurcation, where the support of the density of parti-
cles goes from one interval to two intervals. In this paper, we show
that at that very point of bifurcation a cusp appears, near which the
Brownian paths fluctuate like the Pearcey process. This is a univer-
sality result within this class of problems. Tracy and Widom obtained
such a result in the symmetric case, when the two target points are
symmetric with regard to the origin. This asymmetry enabled us to
improve considerably a result concerning the non-linear partial differ-
ential equations governing the transition probabilities for the Pearcey
process, obtained by Adler and van Moerbeke.

Introduction

z1(t) < ... < x,(t)

Consider the probability that n non-intersecting (Dyson) Brownian motions

in R belong to a set £ € R, with all particles leaving from the origin at time
t = 0 and all forced to end up at by < by < ... < b, at time ¢t = 1:



Plb1ssby) all z;(t) € Efor 1 < j <n | n; paths end up at b; at t =1
yevp

n, paths end up at b, at t =1
with Y7 |, n; = n and with (local) transition probability

1 7(z—y)2
pltia,y) = —=e 1. (1.1)

vt

A formula by Karlin-McGregor enables one to express this probability as an
integral of a product of two determinants involving the transition probability
above. This further leads to a expression as (i) a GUE-matrix integral
with an external potential, (ii) a determinant of a block moment matrix, with
p blocks and (iii) a Fredholm determinant of a kernel. Finally it is also the
solution of a PDE in the end-points of the interval E and the target points
by, ..., by

Throughout this paper, we shall be dealing with the case of two target
points p = 2. In this paper, we show that, when n — oo and when one looks
through a microscope near a certain point of bifurcation, the non-intersecting
Brownian motions tend to a new process, the Pearcey process, whatever be
the location of the target points and whatever be the proportion of particles
forced to those points. Tracy and Widom [28] showed this result in the
symmetric case; namely when the target points are symmetric with respect
to the origin and half of the particles go to either target point. Brézin and
Hikami [9] 10, 11} 12] first considered this kernel and Bleher-Kuijlaars [§]
obtained strong asymptotics using Riemann-Hilbert techniques.

The Pearcey process P(t) describes a cloud of Brownian particles, evolving
in time according to a (matrix) Fredholm determinant,

P c ' = :
P” (all P(t;) € E5,1 < j <m) = det ([ a <XEiKtithEf)1§i,j§m)

of the Pearcey kernel

]_ 00 4 + 2 4 s 2 1
Kl(z,y) = —— dv/ dUe™ T+ Uy =5 +Ve__ =
X —100 U — V

e

]1(5 < t) _(z—y)?
— e 2(t—s)
27(t — s)



(1.2)

The contour X is given by the ingoing rays from fooe’™* to 0 and the
outgoing rays from 0 to +ooe /4, ie., X stands for the contour, all rays
making an angle of 7/4 with the horizontal axis.

N
0
7N\
For s = t, the Pearcey kernel can also be written

p()q"(y) — p'(x)d'(y) + p"(x)q(y) — tp(x)q(y)

KF(x,y) = p— (1.3)
with
— L e —L4+£—Uy — L V;L—ﬂ—o—Vw
o) =g [T, )= [
satisfying both, the differential equations (using integration by parts)
p" () —tp'(z) +ap(z) =0,  ¢"(y) —td'(y) — ya(y) =0, (1.4)
and the heat equations
dp 1 dqg 1
9 —519”(@» a9 §qﬁ(y)a (1.5)
whereas Kft satisfies the following equation
oKl 1
o = 5 (P (@av) + p(2)d ). (1.6)

The latter follows from taking 9/t of the kernel ((1.2]), which has for effect to
multiply the exponentials under the integral (1.2) with 1(U*—V?)/(U-V) =
LU+ V).
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Consider n non-intersecting Brownian motions, with 0 < p < 1 and b < a:

all z;(0) =0
Pp(b.a) m {all z; (t;) for 1 <j <n} pn paths end up at a at t = 1
" i<igm

(1—p)n paths end up at b at t =1



When n — oo, the mean density of Brownian particles has its support on one
interval for t ~ 0 and on two intervals for ¢ ~ 1, so that a bifurcation appears
for some intermediate time tq, where one interval splits into two intervals. At
this point the boundary of the support of the mean density has a cusp. We
show that near this cusp, the same Pearcey process appears, independently
of the values of a, b and p, showing “universality’ of the Pearcey process; see
Figure |1} As it turns out, it is convenient to introduce the parametrization

1
+ ¢

with 0 < g < oo and let r := \/¢*> — ¢+ 1. (1.7)

p:1

Theorem 1.1 For n — oo, the cloud of Brownian particles lie within a
region, having a cusp at location (xo\/n,ty), with

(2a — b)g + (2b — ) 1 r(a—b)\”
= to, - =1+42(—F). 1.8
o qg+1 I * qg+1 (18)

Moreover, the following probability tends to the probability for the Pearcey
process:

 (byayR) . Copt\%, 1/2 L CoM e
7}1_{210]13’” ( m {all x; (to + (W> 272> € xon'* + cgAt; + WE

=1P>7’( N {P(n)ﬂEzw}),

1<i<m
(1.9)
using the following constants
2 1/4
¢ —q+1 to(1—to) _ r(a—0b)
= (——— > 0, ,  Coi= =1 > 0.
8 ( q ) ’ 2 "g+1

12(g — 1, “12(h — 4
PR ()aJr_qb) (b — ) (1.10)

In [4], Adler and van Moerbeke showed that the Pearcey transition prob-
ability (1.11]) satisfies a non-linear PDE, expressible as a Wronskian of the

expression (|1.12)) with some partial. This was obtained from taking a scal-
ing limit, when n — oo, of the symmetric situation, i.e., where b = —a
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and p = 1/2. It came as a surprise to us that considering the asymmet-
ric case leads to a different non-linear PDE, when n — oo, but nevertheless
also expressible as a Wronskian of the same expression with some other
partial. A separate functional-theoretical argument then enables one to show
that the expresssion itself vanishes. This was one of the motivations
for finding the exact scaling as presented in Theorem [L.1]

To E = Ul_;(y2i-1,%2) C R one associates two operators, a divergence
and an Euler operator

2r P 2r o
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Figure 1: The Pearcey process for b = 0.

Theorem 1.2 The log of the transition probability for the Pearcey process,
which s non-stationary,

Q(t, E) :=logP” (P(t) N E = () (1.11)

satisfies the following 3rd order non-linear PDE in t and the boundary points
of E,

Q1 0 ) , 0Q\
5 T3 ( 2t&—2>8(@— {aQaEat} =0, (1.12)

E



with “final condition”, given by the Airy pmcesﬂ which is a stationary pro-
‘ +\3/2
cess, (by moving far out along the cusp v = 2 (g) )

(P -2 (L) AN
Jim P < GO m(—E)_(ZJ> = det(I — A)(_p)

Remark: 1t is interesting to compare the Pearcey PDE with the Airy process
PDE; namely for semi-infinite intervals F; and Fjs, the 3rd order non-linear
PDE for the Airy joint probability

QA(t; 2, y) := log PA (A(tl) < erTx (ts) < ?) Cfor t =ty — 1y,
reads
ot 83Q“4 _ ﬁﬁ_xg 82(@“4 B 52(@“4 3 82(@“4 82(@“4
Otoxdy Ox Oy Ox? oy? Oxdy’ Oy? ’

(1.13)
with ”final condition”:

t2_l%1H_1>OO ]P)A (A(tl) S Uy, A(tg) S UQ) = f(ul)]:(ug)

In the last section (section , we develop -in a formal way- the central role
played by the spectral curve (or Pastur equation [24]) in the steepest descent
analysis used to prove the universal behavior of the kernel as N — oo for
the different problems of non-intersecting Brownian motions. The spectral
curve is precisely the function which appears in the steepest descent analysis.
The spectral curve associated to the problem provides the universal limiting
kernel obtained after a proper rescaling of the variable around a singularity
of the problem.

'The Airy process is a stationary process, which describe the statistical fluctuations
of the process about the curve appearing in Figure [I} away from the edge and properly
rescaled. Its probability given at any time by the Tracy-Widom distribution F(z). The
latter is given by the Fredholm determinant det(I — A) of the Airy kernel A, restricted to
the interval under consideration.



2 Non-intersecting Brownian motions on R,
forced to several points

In the expression below, H,(F) is the set of all Hermitian matrices with
all eigenvalues in E. Note that in general one has the following, using the
Karlin-McGregor formulaﬂ (see [21), ) 10, 111 12} 28], [§]):

all 2;(0) =0
plbtsby) all z;(t) € Efor 1 <j <mn | n pathsend up at b; at t =1
n, paths end up at b, at t =1
. 1 da;
= lim 1_[l—det (p(t;%,xj))1<ij<n det(p(1—t; 24, 05)) 1< jr<ns
W AT e ==
6n1+...+np,1+:17~<-75n — by
1 p (Z) Ny B lq;<.é)2 —H;gCC('Z) (e)
= Z_n/E An(xl,...,xn)HAm,(x )He 275 i dx; P 5
=1 j=1 t(1—t)
be = \/ 7500

1

on /H (7V/ws)

2 .
(/ Ii+j€—“”2+b1xdx>
E 0<i<ni—1, 0<j<n—1
- R
(/ $z+jezg+bpzd$)
E 0<i<ny—1, 0<j<n—1

= det(I — H?),., (Fredholm determinant)

n

dMe_% Tr(MQ—QAtM)dM

A, (z1,...,2,) is the Vandermonde determinant.

(2.1)



where H)(z,y) is the kernel (setting ¢, = t, = t)
HP (x,y)dy

thQ 2zV
+1—tk

p n
U—-0b.\" 1
= dv ||
27T2\/1—tk 1—tg / /L—HR tlU2+2yU —1 (V_br> u-v

e 1-t  1-t

0 for tk Z tg

N @=p? a2 42 ' (2.2)
7r(tﬁtk)e bt 1ot 1t for t;, <ty

where X is a contour consisting of the two incoming rays from +ooe’™* to 0
and the two outgoing rays from 0 to fooe™"/*, provided no b, = 0. In the
expression above, A; is the diagonal matrix

by
O In
7 1
by
by
n = 2t
At = O R I 2 with bl:bl —_
by : 1—1
by
T np
by
(2.3)
The main expression appearing in (2.1)) contains the matrix integral
1 _1 (5) (5) ¢
]P)n(E;bh...,bp) = Z_n EnA T1y.ey & HAW (5) He 5 +bew; ()
= i dMe™ L r(Mm2- 2AM)7 (2.4)
Zn Jr,(B)

which is now viewed as a function of the boundary points of £ and the target
points b;, for which one assumes a linear dependence
p

1

1
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Introduce the following operators:

0 ]
|

p—1
9]
“ 21: ab;

0
8,56) = 2

b,

Euler operator in the
boundary points of £

sum of partials in the
boundary points of £

-5
— " Ob;

p
—(1 —dy), one checks Z 8150 =0 (2.5)

(=1

Proposition: [5] The expression log P, satisfies a non-linear PDE in the
boundary points of the interval £ and in the target points b;, given by the
(near-Wronskian) determinant of a (p + 1) x (p + 1) matrix

Fr F  Fj F, 0
F F} F} Fo G
det | £1 £ FY FoGy =0, =0, (26)
Fl(p) F2(P) F?Ep) F]gp) Gp
where the F, and G, are given by} (Go = 0)
F, = (8150 + c@aE> 0, log P, + ny
p 7O Jree)
¢ ()
G 0,Ge + ; (9LF}) (aE P{J — 0, ];] ,
qY = (—czﬁEa + ((e = e+ 2)(87 + c@aE)) logP,, + Cy
H? = (1—c+2b0,) (a,E“ + ceaE) log P,. (2.7)

3 with Cp = —2ny ((1 —co)be + Zj;él b[,n—jbj) :

11



Example: Setting Hy := {Hél),Fg}a — {Héz),Fg} one has:

s o’
F, 0
1 R
Fy F 0
p=2 = Rbdet | F F 243 | =(HFE+BR){R,BY

1" n Hj H,
' F, TR

— (H|Fy+ H,F){F, R} =0

3 Proof of Theorem [1.1]

Proof: It is easily computed by the Pastur-Marcenko method [24], which
states that, given a diagonal matrix A = (aq, . .., a,) and its spectral function
do(X) == L3, 0(X — a;), the random Hermitian ensemble with probability
defined by X

Zn Hn(E)
has, in the limit when n — oo, a spectral density dv()), whose Stieltjes

transform o dy()
o= [T smezo

dM e~ 3oz T =A)? (3.1)

Y

satisfies the integral equation
> do(N)
= 2
o= = s (32

and, in view of the spectral function do(\) := 1 3. §(\ — a;), this becomes,

T n

Consider the situation ([2.1)), where n; particles are forced to b;. Then, upon
setting the variance v? = 1 and defining g(z) := f(z) + z, the equation (3.3
readd’]

P

&g . T
—z+ — =0, with¢g; = —. 3.4
g ;g—bi - (3.4)

“See Section 7, formula ((7.18)), for further comments on the “fraction numbers” ;.

12



The density of the equilibrium distribution is then given by

dv(z) 1 N
— =— =— , ith z € R.

2 23 (o) = ISmg(a)] L with 2
Remark: Tt is precisely this Pastur-Marchenko equation (3.4)), which will
appear in the argument of steepest descent for the corresponding kernel in
section 7. Namely, equation (3.4 is the derivative ([7.19) of the S-function,
appearing in ((7.17)).

We will now specialize to two target points p = 2, where n; = pn and
ny = (1 — p)n. From (2.1), it follows that for non-intersecting Brownian
motions forced to by/n < ay/n, one has

1

POV (all 24(t) € VRE) = —

Zn /Hn(EJE)

e~ M=A0"gnr (3.5)

with
2t _
a /5 =«
o I pn
2 _
o ay /5 =«
t = b2 —
-t
o) - T(X=pn
2 _
b/ =0
(3.6)
For A; as above, the integral equation (3.2)) becomes the algebraic equation
1—
g—z+ b + P _o
g—0F g-«

which, upon clearing, leads to a cubic equation for g,

G(9) =g (z+a+B8) @ +(z(a+B) +aB + 1) g—(afz+(1—p)atpp) (: 0;
3.7

with roots given by g = ¢+ {’/f + VAL + \3’/77 — VA1, with a quartic discrim-
inant in z,

Av(z) = (a =BTz~ =) = 0

13



G, 7 are polynomials of z, a, . Thus one finds the following

1
;\%m g(z)| for z such that A(z) <0

0 for z such that Ay(z) >0
Therefore the support of the equilibrium measure will be given by

either two intervals [zq, zo] U [21, 23]
or two intervals touching 22, 2o] U [20, 23]

or one interval [z9, 23]

for the real roots of A;(2) = (o —3)?[[2(2 — 2) = 0. Thus depending on the
values of the parameters «, # and p, there will be four real roots or two real
roots, with a critical situation where two of the four real ones collide, say
21 = z9. The latter occurs exactly when the discriminant A, (with regard to
z) of A; vanishes, namely when

=0.

Ay(a, B,p) = 4p(1 — p)p<(p —1)> = 27p(1 - p>P>3 —(af)?

This polynomial has one positive root (the others being imaginary), and one
checks that, taking into account a > (3, and defining p and r as in ((1.7)),

1/2 +1

For this precise value of the parameter o — 3, two of the four boundary points
of the support coincide, namely the roots zg and z; of A;(z) coincide:
29— 1 -2
2=z =0+ qr —at+ 12 (3.9)

r

This double root zy is found by stating that, under the condition o — § =
(¢g+1)/r, the polynomials A; and A/ have a common root; in other terms for
appropriate choices of ¢1, ¢, c3, some linear combination of the polynomials
A; and A becomes a linear polynomial (4z+4c1)A;(2)— (22 +coz+c3) A (2) =
cyz + z5 for some ¢4 and c5. Since zy is a root of the left hand side, it also
must be a root of the right hand side. This is to say zg = —c5/c4, yielding
the expression (3.9)).

14



The critical time %, is then obtained from setting ¢ = ¢ in (3.6)),

21, 21,
d fg=b
g P 1t

a=a

(3.10)

from which one computes ¢y, by taking the difference and by using (3.8)),

(q+1)°

N PR e ey e

and from which one further computes

to(]_ — to) T(a — b)
Co ‘= 9 =10

t 2t 1
and -2 = o _ 9T 31
q+1 Co 1—ty (a—0)r

confirming the expression for ¢ in (1.10). Then from (3.10]) and (3.11)) one
deduces

“ aco (a —Db)r g co (a=0b)r (3:12)
Defining xg := zpcg, one computes from (|3.9)),
2a — b 2b —
=0 2azbat (=a) (3.13)

co (a—b)r

Next, one computes the double root of the G-equation (3.7) for the value
z = 2. Indeed, using (3.9) and (3.12)), one checks that for some root g = gy,

2
where
go i= %(zo ta+p)= %(2(12—2 + bZ—Z +1 ; 2) = (qub;)r’ (3.14)
and from and b < a that
B <go<a. (3.15)

The point zp in (3.13]) refers to the matrix integral variables on the right
hand side of (3.5)), which can then be transformed into the Brownian motion

15



tH(1—1)
2

mation from the matrix integral variables to the Brownian motion variables.
Hence the critical point in the Brownian picture takes place at (using (3.11])

and (3.13))
(zov/n, o) = (20c0v/n, to) = ((Za !

variables, according to E = E at t = tp, which gives the transfor-

)qg + (2b — a)
g+1

tov/n, to) .

To prove the main statement (1.9)) in Theorem start with the kernel
(2.2) of the non-intersecting Brownian motion:

H,(z,y;tk, to)dy

_tv2 | 22V
e 1-tp 1ty

Tl
= - av [ e "
212y/(1 — t)(1 — t,) Je L+iR —

e
U-b\"[(U—-a\" 1
X(VTE) (V—a) gy (310

One first needs to prove that for some ¢, (A, 7):

IHEO ‘;On(xa tk)Hn(xa Y; tk7 te)SOn(% tﬁ)_l

rescaling

= (6 5 Tk T@
2
100 —w—u Té;}“ —wyn 1
— dwv dwu
47T + Tkw” —wyé Wy — Wy

with the rescaling {Z}

3
27—i x 7] { }
ti:t0+(00/“b)2n1/2, {y} =y Zon1/2—|—A{ k}+/,bnf/4 ) (317)

with constants A, u, given by -

Consider the change of variables U := co“f . The form of the Brownian
motion kernel (2.2) suggests, by putting the two U-factors of the integrand
in the exponentlal the function F(u), which one observes, at leading order,

16



is closely related to the function G(u), defined in (3.7); namelyﬂ

2

Flu) = “7 —uz + plog(u — a) + (1—p) log(u — @)L_ato L (318)
= P=%r =g
with
(u —a)(u—f) a=%%0  g_bto  ._7o
CO CO CO
Remember from (3.14) that
aq+b
=0y = ——— 3.19
to = g0 (a—b)r (3.19)

is a root of G(u) = 0 and two of its derivatives,
G(ug) = G'(up) = G"(ug) = 0 and G (ug) =6

and then one computes, sinceﬁ (up—a)(ug— ) = —q(¢*—q+1)"'=—pu

’

¢ —q+1)

1 )
F'(ug) = F"(up) = F"(ug) = 0 and EFWJ) (ug) = ! 7 (3.20)
! q

and so
F(u) = Fl(u) — Nz (u — up)* + O(u — up)®.

In the calculation below, the first equality = is obtained by doing all the
substitions below, except for the last one u — w,,, whereas the second equality
= is obtained by the substitution to the new integration variable u — w,; the
expression after = contains a term n'/%w,, which contains the new integration
variable and which blows up as n'/* . Hence this coefficient must be put = 0,

®The function F(u) should contain the term log ‘/ZC"; however as the same rescaling

is made in the v-variables, this same term will appear with a different sign and therefore
they will cancel. Consequently, this term will be omitted.

Supon using (3.9), a — 8 = (¢ + 1)/r and the root ug = (20 + a + B) as in (3.14).

17



yielding the value of A as in ((1.10). In the next equality one uses this value,
thus yielding in the end,

tu* 22U
1-¢ 1—‘2 + nzlog(U —b) + nylog(U—a)
=np, ny=(1—-p)n
U= couf
t=to + (CON)Q%
a— ay/n, b—byn
y = co (20n' 2+ AT+ i)
U = Uy + ﬁ
= nF(u) +n'? raup® <E ~ g~ _2> —
2 ¢ 1
u to A _1
t - — _ o) /4
-I—ou/lT[(Q Cxo ”>+ (n~ 4%
*%k Uo tO A
t A
+nt/t (Téwu(uo - C—Oxo - E) - TIUO)M +0(1)
0
2,2 4 9 R
2 4 2 2
+0(n~ Y4,
using the value ((1.10) of
to o ql/Q(a — x0) + qil/Q(b — 20)
A= 202 (b — —
\/a‘f’COM (b —z0) D)
Similarly,
tv?:  2Vx

ny=np, ny=(1-pn

vV — covf

t =t + (cop)? 25

a ay/n, b byn

7 = o (2on! P+ AT+ )
v =1+ n1/4

18



2,2 4 2 2,4
— w w t
nF (up) n1/2% — Mot — (_v TRy ¢ v) 0UOH” 2

4 2 2 *
+0(n~1%)
Moreover, using 02;% —1, together with the rescalings above, one finds
dy audv dn dw, dw,

n-1/2
27r2\/(1—tk)(1—tg)U—V 4n? (w, —%)JFO( )

Summarizing, one obtains:

d 7t1kV +121V
. — —t

d /dV W
271'2\/(1 — tk)(l - te) C L+iR e 1{%"'13%

" U—-b\"?/U—-a\" 1
V—b V —a U-V

ptop(E=mnt/* o5 /mugp? (1, — Te)eétouﬁu“(nf*f?)

Tpw? wd el
1 2/ dwv/ dw,, eT_ B Ewy — S+ —nwu 1 +O(n‘1/4),
7

Wy — Wy

where we deformed the u, v contours, by translating them by ug, so they are
no longer emanating from 0, but from uy. Moreover, taking into account the
extra-piece appearing in (2.2 for 7, < 74, one computes

I — TR A N A v
m(te — tx) ‘ ‘ ti = to + (con)® 7z
T = ¢ (zon1/2 + A1, + uﬁ

y = co (20n'/? + A+ pt)

erMn1/4(£—n)6%\/ﬁu%M2(Tk )¢ Ltoudpt(v2—72)

d (e-m)?
— T (14 O Y). (3.21)
27 (1y — 1)

In other terms, setting

. . 1/4 _ 1 22 1, 2 42
D(&,7) = diag ( L, e U o g VTG o = gloug Ty ) ,
1<k<m
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one has the following limit, upon using the (t;, z, y)-rescaling in (3.21]) and
upon conjugation of the matrix kernel,

Tim D(E,7) (K 1, (@, 9))1<ke<mD(n,7) " = (KT (¢, n))lgk’ggma
which leads to the desired kernel , upon replacing the integration vari-
ables w, — U, w, — V.

Since the above argument is obviously formal, one needs to make a rigor-
ous steepest descent analysis on the conjugated kernel above. In the follow-
ing section, steepest descent contours will be found, depending on whether
q <1, q:1q>1,orwhatisthesamep>%, p:%, p<%. Notice the
duality ¢ < 1 < ¢ > 1.

4 Steepest descent analysis

In this section, we will deform the contours for both the u and v integration
into steepest decent contours. They will be as depicted in the picture below;
all lines are at an angle of 0,7/4 or 7/2 with the horizontal line.
After having set U := %ﬁ and V := CO”\F in the exponential appearing
in the kernel, one was led to a function
U2
F(u) = o Uz + plog(u — a) + (1—p) log(u — ),

where (upon using (3.9), (3.12) and (3.19)),

29 —1 -2 at bt
+q :a+q 7042—075— 07 ﬁ_’__

Co r r Co Co

Then one checks (with p=(1+¢*)"' and r = \/¢?2 — g+ 1),

-1 1
zo—uozqr , uo—a:—;, uo—ﬁ:g. (4.1)
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qg>1

qg<1

(i) First we derive the steepest descent contour for the ¢g-independent u-
integration, which is the vertical line through uy. Indeed, one checks that
for

ReF(ug + iy) = %(uﬁ—yz)—uozwg log((ug—a)*+y*)+(1—p) log((uo—3)*+y*)
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and using (4.1]), the derivative equals

0 .
a—y%eF(uo +iy) = —y

3] apositive
(¥ + )y + ) - Y { function }’
showing ReF'(ug + iy) has a maximum at y = 0, which takes care of the
u-contour.
(ii) The next point is to deal with the v-integration. Returning to the
non-intersecting Brownian motion kernel , the F-function goes with a
negative sign on the v-contour and thus (with ¢ = +1)

—ReF(ug+x(e +1)) = —%((uo + xe)? — 2%) + (ug + 7€) 20

—g log((ug — a + x¢)? + 2?)

1_
= 2plog((u0—ﬁ+x€)2+x2)
up—s(l—i) —x up+s(1+14) +x
Uo
up—s(l+14) —x up+s(1 —14) +x
0<g<1 1<gq
s= 1
rlg —1|
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Using (4.1]),one checks for e = +1

_ <(u0 —a+ xs)Q + :C2> <(u0 — B+ x5)2 + x2> 2S%F(uo + z(e + 1))

4o® axq
= (—(q—l)éx—l—;)

— A aposa.tlve
function

—OO<LC<ﬁ, e=1 .
q a 1 ifg>1,

for

<xr<o00, €=

~r(g-1)
{—oo<x<oo, e=1 } .
if g =1,
—oco<xr<oo, €=-—1
—ﬁ<$<00, e=1 .
4 q ifg<1,
—OO<Z’<(1—_, e=—1
r(1-q)

(4.2)

Therefore the function —ReF (ug+ (e +1)), restricted to the segments spec-
ified by , has its maximum at uy. One then completes those segments
by horizontal lines starting from the end of those segments as in the figure
above. Along those horizontal half lines, one must check that the maximum
is attained at the points uy + s(1 — i) and uy + s(1 4 4). To carry out this
computation, the four horizontal segments can readily be represented by

ug + 0s(e + i) + dex

with
5:—5:1 52621

—=¢c=1 —0=—c=1

in the four corresponding regions of the figure above.
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To deal with the horizontal segment, setting s = —%—, one finds

rlg=1]’
1
—ReF(ug+ ds(e + 1) + dex) = —5((u0 +eb(s+ 1)) —8%) + (up + €5(s + 7))z
—g log ((up — o+ €6(s + x))* + s%)
L-p

5 log ((uo — B+ €d(s + x))* + %) .

One computes,
- <(u0 + (s +x)ed — 04)2 + S2> ((uo + (s +x)ed — 5)2 + 32>

%?Re F(up + ds(e + i) + dex)

__¢edq
“r(a-1)

s

C (g — 1P \ 4@+ g+ Dz +ed(l+¢?)

Since x > 0 is increasing as one moves away from wug along the horizontal
lines; one has simultaneously,

B q* ( qz° +e6(q® + 3q + 1)2* + 3(q + 1)%2% + €d(q + 3)2* )‘ (43)
y—rla=1)

s:ﬁ, ed=+1, ¢g—1>0, 2>0
s:—T(q‘il), ed=-1, ¢g—1<0, 2<0

and thus, since ¢ > 0, the right hand side of is > 0. Thus the above
derivative is negative on the four lines and so, when one moves away from
ug along the horizontal paths in all four directions (as in the picture above)
the function —Re F(z) goes down so that combining both calculations, the
maximum will be attained at ug.

In order to show that in the limit the Pearcey kernel is obtained, one
picks 7;’s, and £, n in a compact set of R, one integrates the u and v variables

<

Wy Wy

along the contour in a neighborhood of radius n=/ 4n357<. Then ,

0 < n%_a, as n — oo. In this range lemma will apply, whereas outside
this neighborhood, the rest of the contour makes no contribution, because of
the steepest descent estimates. So, one needs the following estimate:

Lemma 4.1 Given the function F(u) as in , one has the following

estimate,
5 . 1/ 6\ _ 640° 1\’
S _ p(iv) il = -
n(Fluo+ n1/4) Fluo) = F (u0)4! (n1/4) = Snl/4 (q+ Q) '
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Proof: By Taylor’'s Theorem and using F'(ug) = F"(ug) = F"(ug) =

0 and £ F) (ug) = —2—2, as in (3.20)), one has
< 0 i |7 (u)]
S\ wieee Bl

‘u_u()'S a1/

0 Lo\ L
Fluo + —573) = Fluo) = 53 | 7 | 7 (wo)

From the explicit expression (3.18]) for F', from the fact that ug — 3 = ¢/r
and a — ug = 1/r and that § < ug < a, one deducesﬂ

FO(u) | 1=p . p
max sup  —
Iu_u0|§n16/4 5' |u—u0\§%/4 5 (u — /6)5 (u - 05)5
2
< i oy — 8 _ B _ S8 |5
Smin(|a — up — —7|, [uo — B — ~77)
2 /1 . 5\’
< % (; min(1, q) — W)
64 . 5 by picking n large enough
< — (—> such that n%; < 2—1Tmin(1,q)
5 \(min(1,g)) since § < ¢
PGy °
N q p
ending the proof of Lemma [4.1] [

5 Proof of Theorem [1.2

In this section, we denote by a and b the Brownian motions target points,
where we put b = 0. We denote the old time in the Brownian motion formula
by ¢ and the new rescaled time and space in the Brownian motion formula
(Theorem by 7 and 7. Set E° = Ul_,(y2i-1,%2:) C R. Let x be the
spatial variable for the matrix integral and « the variable appearing in the
diagonal matrix, the other one being = 0.

"Remember r = \/¢2 — ¢+ 1
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The reader is reminded of the different players in the argument below, in
accordance with (2.1)),

PBr(ﬂ Y, CL\/’E)

= POV | all z;(f) € E for 1 < j < n | ny paths end up at ay/n at £ = 1
ny pathsend up at 0 at t = 1

and, setting by = a, by = 0,

1 L@

R by 4

P (o, z;) == 7 n(T1, . | | Ane | | 2% ey dx§)
nJEn =1 j=1

with P, (o, z;) satisfying the PDHY as in (2.6) and (2.8),

F F 0
det | FI Fy PR(E+52) | =0,
H| | H,

Fy F} FF (% + %

with F; and H; given in From D one has the following relationship

Pgr (t,y, av/n) = (a\/_\/ yz\/ 7 ) (a, ;)

and also from Theorem

IEDBT (t, Y, a\/ﬁ) ‘g:t0+ (cop)? 2;2’ y:won1/2+CoA?+60un1ﬁ/4

= PP (P(7) NU_ (Taic1, M2) = 0) + O(n~*) (5.1)
Setting b = 0, the formulae (1.7]), (1.8) and (1.10]) in Theorem simplify:

2t0 q +1 2(] -1 tg(l — to) ato’l"
= , Lo = aty , ¢ = =
11—t ar qg+1 2 qg+1
_q— (29— 1)ty T
A=17ZJ _ VT (5.2)
\/a q1/4
8 Given E¢ = UI_;(z2i—1,%2;) C R, the prime in the formula below denotes ' := 3 a%'
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For convenience, we set

T-fi L q2—q—|—1 1/4
=77 n= w2 :
One finds, using 2? = r/y/n and formulae (5.2)),

_ 27 T (P —q+1 1/2
t=1 = to |1 1—-t))—=(—
o+ (a7 0<+( 02 (=
Moreover, one computes

2{ / 1+ 1—t0T2'2
CY—CL\/E 1—7? N 1—t0\/ 1—t0722

q+1¢1+ﬂ—¢@m2

22 1 — tgr2?2

]l

We also have, using the formulae (5.2) above,

B 2
T Ny
= 2 ¢_+A,+ 1
~ Vi _5 TR
) NG NG
= f(l — aCO <(2q — 1)7 + (q — (2(] — 1)t0)q1/2 -+ q1/4 n1/4)
1 2 — 1
= +(q—to(2 — 1))T +
NN ( o tla— =) "z)
One also checks
mo=np=—— = n = 2 ny =n(l — )_q?’z"l
T T @ gt D) @ry T TP TR
Consider the map T, : (7,1;) — (o, x;),
(o, 2;) = To(1,m)
(@ + 1)1+ (1 —to)722 (35 + (¢ — (2g — 1)to) T + m;2)
224/ (1 — tg722) 7 \/(1 + (1 —to)722) (1 — to72?)
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and its inverse T, ' : (o, x;) — (7, m;),

(7_7 ni) = T;l(a,xi)
_ < a?zt — (g + 1) a(rig — aq + x;)z* — (q—l)(q+1)2>
2tozta® + (¢ +1)2(1—t0)) " 23(tezta2 + (¢ +1)° (1 — ty))

Then setting
loan(a,xi) = F(Ta ni) = F(T;l(aaxi))’

setting B = U!_;(z2;_1,T2;) C R, taking the derivatives 9, := > %, Ep 1=
> xi% and then taking a series in z, the functions F; and H; in {D have
the following form,

0 1 OF'
F, = ——9 logP, = [zt 42— 27t O(1
| 8azog +n q+1(2 +z z 87’+ (1)
0 1 OF'
F, = I 1 ]P)n - = 3.,—4 —2F// 2 -1 1
b (&Y—l—@x)@x ogP, + nsy q+1(qz +qz + 2z 5 +0(1)
) q(2¢*> +3q+ 2)F"z7°
R ) R Rt B v vl B R L =
- © +0(277)
1 ) 2 —q(2¢> + 3¢+ 2)F"z~*
= (), () = 2 (Tt o
- * M +O (277)
with
HO _ 9
= (1—¢, —i—a% +2a0,)(—=)logP,
0., 0
2
HY = (1—5I+aa—a)(a—a+8z)logﬁ”n
0 n
aY = —Qa—aloan—in(anLﬁ)
0.0 nn
gy = (1 —a-2) - logP, + 212
2 (L+e, a@a>3a 08+ Q

Then one computes 1) setting ' = 0, and setting Op = > 8%1_ for £ =
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(ylva)a

F B 0
det | FI F3 FFy (5452
Fl Py RE(H 2 ,
1 2 2\ 7 TR (a,3)=T:(7,m:), wWith == m:qf;4
—1
_ 9 6+1/2q—{83 lo ]Pﬂj’X} 18
I (C] + 1)5 e op
1 a 2 P —17 —16
+§ aaElogP X +0(q—1) 2"+ 0(z""),
%
where, setting Q(¢, E) := logP” (P(t) N E = ),
9?Q 0 oQ

where we made use of (5.1)), which states that log P, (v, z;) = Q(¢, E) + O(z2).
e For ¢ # 1, the function log P?, which is independent of ¢ by the universality

result, satisfies the differential equation, given by the leading term z~18,

{0} logP” X} = 0. (5.3)

e For ¢ = 1, the 2~ !8-term vanishes and thus log P satisfies another equation,
namely the one appearing in the z~'"-term,

{ag% 1ogIP>7’,X} =0. (5.4)

This means that log P” satisfies the two equations (5.3) and (5.4)).
Thus for E = (z,y) C R, setting uy = 1(y £ x), and logP” = H(t; 3 (y +

), 5(y — ),

a 0 0
d, logP (8x + ay) ogP aquH
0 9] 0
P _ J— R 7): _ —_—
e, logP" = (xax +yay)logIP’ (u+aqu + u,au_)H.
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Since the wronskian of two functions equals the derivative of the ratio, mod-
ulo a non-zero multiplicative term, one concludes from equation (5.3) that
93H

X = c(t,u_) gz, with ¢(t,u_) a function depending on all variables except
+

uy; putting this equation in equation ([5.3)), one finds

O°H O°H _ 3 p 0 Pl _
c(t,u_) {ﬁ’ W}u+ = c(t,u_) {aE IOgP ,E(?E IOgP }aE = 0,

implying c(t,u_) = 0 for all ¢,u_ and thus H(t;uy,u_) = logP? satisfies
the equation X = 0, provided the Wronskian {93 logP”, £ 0% log P” } oy 7 0-
This will be shown in the next section, using functional theoretical arguments.
This ends the proof of Theorem [1.2], except for the “final condition”, which

will be shown in [1]. n

6 An estimate for the Wronskian

Proposition 6.1 The Wronskian

{%0% log P”, 03 log IP’P}

O
1 a non-zero function.

In order to prove this proposition, we need a number of lemmas; the
proofs will be functional-theoretical and rely on the techniques and on some
of the formulae in [26]. Given the Pearcey kernel K, one defines, for a given
set B = Uj_,[agk—1,a2] C R, the followinﬂ

KL := K"Xpg, I+ R:=(—-K.) "= p(x,y) (6.1)
and thus one has
(I-Kp) 'K =KE+(ER)?*+...=R. (6.2)

Also, from (1.2) and the differential equations (1.4]) for p(x) and ¢(y), it
follows that

(52 + 5 ) K7 = plalato) (©3)

9Given a kernel, viewed as an operator, the equality = refers to the corresponding
kernel
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Note that for a general kernel L, one has

D, I] = ( 8895 + 5) ) L(z,y). (6.4)
Define the functions
pi=(I—Kp)'p, ¢={I-K}F)q (6.5)
and™
wim [ (1= KB p(e)a()da = (o). a()el@).  (66)

Lemma 6.2 For a disjoint union E = |J,_,[ask_1, azx], one has the follow-
ng idemﬁitﬂ:

OxlogP” = 0f logdet(I — Kp) = dpu = » _(—1)*p(ar)d(a).
Proof: At first notice that
[D,K7] = [D,K"Xp] = (— + —) (K"Xp) (6.7)
= p()q(y)Xe(y) — Z(_l)kKP(x, ar)o(y — ax),
k

from which one deduces, using notations and (| .

g 0 - Py-1
(5 + 30 ) Al = D7 KB

= (I = Kg) 'p(a)a(y)Xe(y)( — Kg)™

_Z "I - KD)T'KP (2, ar)d(y — ai)(I — K7) ™

= P@)i(y)Xely) = Y (=1 Rz, ar)p(ar, y). (6.8)

10 f, fR

Remembermg 3E = 21 azj .

31



0 %) %)
- I - I - KL
aakR(a:,y) 8ak( + R) aak( 5)”
— (I—KPXE)‘lKPa P — KPXxp)™
86Lk

= R(z,2)(0(z — ar)(=1)")p(z,y)

= (_1>kR($7ak):0(ak>y)' (69>

Then combining and , one finds

0
(@‘f‘a—y‘i‘zk:a—ak)R(x,y) = [D ] KE +Zaak xy

= p(x)q(y)Xe(y), (6.10)

and hence, setting x = y = a;, the total derivative becomes
Z day, R(a;,a;) = pa;)q(ay). (6.11)

One then computes the derivative of u, as defined in , with respect to
ag: (of course, the functions p and ¢ do not involve the interval E)

< (e oy
= <(£k(1 Kp)~ )p,qXE>+<ﬁ,q%f>

= (=D*(R(z,an)plar), aXp) + (b, ¢d(y — ar)(=1)*), using (6.9),

= (=" (plar){R(, ar), aXp) + plar)q(ar))

= (=1)*p(ar)q(ar)- (6.12)
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Combining (6.11)) and (/6.12] ylelds
8a] Z dak Fla;, a))

and then summing with respect to jB

S - ¥ (D)
= — (Z %) logdet(I — KJ)™*

= 0%logdet(I — KL) = 9% logP”,
which, together with ([1.2)), establishes Lemma [ ]

Lemma 6.3 Given E = [z,y], the following estimates hold
o 0 B / 2
(% + a_y> u = (y—x)(p(x)g(z)) +O(y — z)

ou

2 L) a— ) w) + Oy — )

Proof: Using the fact that, for a small interval F, the integral ff has order
x —y, using R(a,y) — R(a,x) = O(y — x), one deduces from the formula of
Lemma [6.2] (remember the definitions (6.5) of p and §)

Opu = p(y)qly) — p(r)q(x)

S SRS -
- (s + [ Rz meia) (a0) + [ Rlavgta)aa)

= p(y)a(y) — p(z)q(x) + Oy — x)*
= (y—2)(p(r)q(x)) + Oy — 2)*.

12Here one uses identity (1.1) in [26],

% logdet(I — KB)™! = (—1Y*'R(a;, a;).
J
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Using the heat equations ([1.5)) satisfied by p, ¢ and the PDE (1.6 for K7,
one checks

ou . 0 P\ —1
1 OKE -
= (- KR 2521~ KP)p.q)

+(U- KZEJ)_IQ%’ a)+{(I - KE)'p, 2%>

= ([ av (= @ats) + ) ) 50, (7 = KE) ) (@)
~((@), (1= KE")a) (@) + (I = KE)'p(2).d" (@) )
= u(@) (=@, q) +(d,p) — ©", @) + (B, ¢"), using (p,q) = (p,q) = v,
= O(y—=)* = (", q) + (p,q")
= —(y—z)(p"(x)g(z) — p(x)q"(x)) + Oy — x)*,
thus ending the proof of Lemma [6.3] [ ]

Proof of Proposition[6.1: One computes the following Wronskian and expand
for small y — z, given £ = (x,y). Indeed, from Ogu = 9% log P” (see Lemma
, the estimates of Lemma and the the differential equations (1.4]) for

p and ¢, one computes

{%8]25 log P”, 0% 1og IP’P}

ou
= {aEa,aEU}aE

2

- - _233) {(@"qa—rd"), (pq)"}= + Oy — x))

Og

_ (y—ux)? ( (—t(p"q — pqd") + 3x(pq)’ + 2pq)(pq)" + O(y — x) )
2 +(t('q —pd') — 2xpqg + "¢ — p'q")(t(pq) + 3(0'¢)")
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with the coefficient of (y — z)?/2, for x =t = 0 being equal to

2pq(pq)ll_3<p/q/)l( /q//_p//q/) %O
which is nonzero, ending the proof of Proposition [6.1] [ ]

7 Steepest descent analysis and replica dual-
ity

In this section, we emphasize the central role played by the spectral curve
(or Pastur equation [24]) in the steepest descent analysis used to prove the
universal behavior of the kernel as N — oo. More precisely, we point out
that the kernel used for the steepest descent analysis takes a very universal
form in the different problems of non-intersecting Brownian motions studied
so far. We further give show that the study of the spectral curve associated
to the considered problem gives the universal limiting kernel obtained after
a proper rescaling of the variable around a singularity of the problem: we
give a "physical meaning” to the computations performed in the preceding
sections as well as a way to generalize it to more complicated problems.

In a first part, we show how this spectral curve arises in an integral
representation of the kernel in the case of the matrix model in an external
field. We then show how the expression of this kernel in terms of the spectral
curves exhibits a universal behavior in the large matrix limit depending on
the local properties of this curve. We finally apply this procedure to prove
the appearance of the Pearcy and Airy kernels in the context described in
the previous sections.

7.1 From Hermitian matrix integrals to double con-
tour integrals

In this section, we derive the a double integral representation of the kernel by

using the replica formulation introduced by Brézin and Hikami [9]. In order

to make this paper self-contained, we show this duality by simply performing

gaussian integrals.
Let us consider the partition function

Z(A) = /H e N () (7.1)
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where one integrates over hermitian matrices M of size N x N and A is a
deterministic diagonal matrix, with arbitrary A} of the form

ni n2 Nk

A :=diag(ay,...,a1,a2,...,a2,...,0k,...,a%). (7.2)

Diagonalizing the matrix M and using the HCIZ formula [16] [I7], one is
left with the integration over the eigenvalues (x1, za,...,zxn) of M:

Y ()
A) = /H{N}—Ildxiiiaie

g . (7.3)
In order to compute the density of state R;(A) and the ¢-point correlation
functions R, defined by

l
1
Re(M A, M) = 57 <H Tr (NI — M)> , (7.4)
=1

where the average is taken with respect to the probability measure

N :L‘ —NZ ;—xal
(—H A ( ) (7.5)

we consider their ”Fourier” transforms

l
U[(tl,tg,...,tl) = <HTI'€iNtiM> (76)
i=1

and, in particular, one gets the Fourier transform of the two points correlation
function:

N

Us(ty, t gr. | A@) N;{xj%’(%’“fl%lﬂt?%?)
o(t1,t2) = Z / H (a) '

ai,a=1
(7.7)

I3The previous section considers the particular case k = 2.
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One can now integrate the variables z; by noting that

Us(ty,t2)
N

. ) 13443
N\ it1a0, +it2aa,— 3 —t1t2daq,aq
= E e X

a1,a2=1

H (al — Qp, + itl(él,al - 5m,o¢1> + 73252(517042 - 5m,o¢2))

1<l<m<N
H (@ — am)

1<l<m<N

. (1.9)

One can see that this can be written as a double contour integral

Us(t1,t2)
413 . .
B e~ N152 fj{ dudv Nitruttzo) (u—v+ity —ity)(u — v) y
B t1ts 2im)? (u—v+it))(u— v — ity)

XH 14 1l 14 1ty
. U — ag vV — ag

7Nt%+t2
_ e 2 %% dudv Nz (tru+tov) (1 _ tth %
tits 2im)? (u—v+it))(u—v —ity)
1ty ity
X 1 1 7.10
1;[(+u—ak)(+v—ak)’ ( )

where the integration contours encircle all the eigenvalues a; and the pole

v=u—it]7]

We can now go back to the correlation function

X dbydty
Q(A,u)z/ / ﬁe‘zmtl”h")U(tl,m). (7.11)

Hsee for instance [9] for more details around eq.(2-20) and eq.(4-40).
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By first integrating on ¢; and ¢, with the shifts ¢t; — t; —iu and ty — to —u,
this latter equation reads:

Ro(A, ) = Kn(AA) Ky (p, 1) — K (p ) K (A ) (7.12)

where the kernel is defined by

it — ay, 1 N (25 pitA—op)
N(A 2 1
1) / j{Q’mH(v—ak>v—zt6 (7.13)

where the integration contour for v goes around all the points a; and the
integration for ¢ is parallel to the real axis and avoids the v contour. More-
over, it can be derived in a very similar way that any k-point function can
be written as the Fredholm determinant:

Ry(xy,. .., z) = det [Ky (i, ;)5 ., . (7.14)

2,7=1

By Wick rotating the integration variable ¢ — i, one gets

t— ay 1 —N(—UQ—t2 +t/\—vu)
~N(A 2 7.15
1) /22%%22# (v—ak)v—te (7.15)

where the integration contour for ¢ is now parallel to the imaginary axis. One
can then rewrite it under a more factorized form:

v ) / 2ir | 2ir _N(S(%U)_S(A7t))£ (7.16)
where
9 k
S(z,y) = % —xy + ; e In(y — a;) (7.17)
with the ”fraction numbers” given by
€; :=mn;/N. (7.18)

The first step in the steepest descent analysis of this kernel is to look for
the stationary points of the exponent in the integrand, i.e. we look for y as
a function of x solution of the equation

GS(xy—y—x—i—Z = (7.19)

Y — a
=1 v
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which 1s nothing but the equation of the classical spectral curve introduced in
the preceding sections (see [3.18)) and in the general study of the one matrix
model in an external field.

Remark: If the external matrix A is highly degenerated, the ¢; are fixed and do
not depend in N. Thus, the action S(z,y) does not depend on N in this case.

Remark: The density of states is given by p(\) = Kx (A, \) and its derivative wrt
A can be factorized:

1 9p(N) N(SAv)—S(A\t) _
( M(A 2
N 8>\ /2277?42@# =N (d) (7.20)
where - p
_ [ Wt ONS(A) _ 7{” ~NS(O\w)
d(A) /ZR 27Te and () 2i7re . (7.21)

7.2 Saddle points, spectral curve and universality

Let us now forget about the matrix model and consider a general kernel of
the form

idt 1
Ky e NS o) =SAH)) _— 7.22
(A, / 2z7r v—t ( )

where the derivative of the action S(z,y):

E(z,y)

%5(e,y) = D(z,y)

(7.23)

is a rational function which can be written as the ratio of two polynomials
in both variables. Then the locus of stationary points of S is given by an

algebraic equation
E(w,) = 0, (7.24)

referred to as the spectral curve in the sequel. Let us study some of its
properties necessary to classify the different universal behavior of Ky (A, i)
as N — oo.

Generically, the equation £(x,y) = 0 has d, distinct solutions in y for a
given value of x. Let us denote them Y;(x) as functions of z:

dy

E(z,y) = ga,(2) | ] (v — Vi) (7.25)

=1
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where gg4, () is the leading coefficient of £(z,y) as a polynomial in y. How-
ever, there exists finitely many branch points x; such that £(x,y) = 0 has
a double zero, i.e. two solutions Yj(z;) = Yj(x;) coincide. One can also
characterize them by the property:

More generally, a /th order branch point xf.f) is defined by

oy £« y)

7

=0,for m <¥¢, with 85“ 5(3:(6), y)

7

o G

(7.27)
Other types of singularities might occur, but we will not refer to them in this
paper.

Remark: A (¢4 1)th order branch point can be obtained when a ¢th order branch
point and a simple branch point merge.

y:=Y;(x

In the next sections, we show that, as N — oo, the kernel Ky(\, p)
has a universal behavior for A and p approaching the same point with an
appropriate scaling (depending on N and the singular behavior of the spectral
curve at this point). We study the first singularities and show this universal
behavior by a local analysis of the spectral curve whereas the usual Riemann-
Hilbert study [?] involves a global analysis of the latter.

7.3 Steepest descent analysis

The asymptotic of this kernel when N — oo exhibits different regimes de-
pending on the value of its argument. More precisely, we get a universal
kernel associated to the neighborhood of any point x( of the spectral curve:
if zy is a generic point of the spectral curve, we get the sine kernel; if x is
a simple branch point, we get the Airy kernel; if x( is a higher order sin-
gularity of the curve, we get a universal kernel associated to this particular
singularity:.

In any case, we proceed with the same steps: we choose a point xy. We
then focus on its neighborhood by a change of variable consistent with the
singularity of the curve at xy. We expand the exponent in the kernel around
this point by simply writing a Taylor series expansion.
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7.3.1 Simple branch point: the Airy kernel

Consider a one-parameter family of algebraic functions S(x, y|t), parametrized
by t, such that there exists a critical point (z., y., t.) satisfying

Sy(Zes Yelte) = Syy (e, Yelte) =0, (7.28)

Syyy(xca yc|tc) 7é 07 Syx(xca yc|tc) 7& 07 Syt(xcayc“c) 7£ O (729)
It means that the spectral curve £(z,y|t.) has a simple branch point at
(¢, Ye). One shows that in the neighborhood of this branch point, the kernel
can be rescaled in such a way that it converges to the Airy kernel as N — oo.
Consider the changes of variables allowing to focus on the neighborhood of
the critical point:
ti=to+ %
e X
x_xC+N_%+N_% , (7.30)
Y:=1Yc NE
and expand S(z,y|t) around this critical point using as N — 0o. One

then expands S(z,y|t) and S(Z,7|t) in aTaylor series in ¢, x and y, thus
obtaining for the expression in the integrand of the kernel:

N (S(z,y;t) — S(Z,7;t))

= N% (Oéy [Oézsmy(xca Yes tc) + atTSty<xcv Yes tc)] (Y - }7> + 533XS€E($C7 Yes tC))
3
+(Y Yg) 6y Syyy(Te, Yes Le)

2 [O‘»’L‘Sﬂﬁyy(xmyca ) + atTStyy(:Bc’ywt )]

0y Sy (T, Yes te)

XY)3

[0 Saa(Te, Yei te) + T Sia (e, Yes te)] )

Y —Y)a, {O; vy (Tes Yes te) + QT Sty (Te, Yes te) + %T2Stty(xcyyc;tc):|
O(N~3); (7.31)

which we write for brevity as

N (S(z,y;t) — S(z,9:t)) =
— NG [al (Y-?) + s (X—)?)] + s <Y3—573> +ou <Y2—}72>

tas (XY . )?}7) + ag (Y - 17) +a (X - 55) (7.32)
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for coefficients {az} functions of the scaling parameters oy, o, 3, and «,.

The coefficients 042 and a7 can be eliminated by conjugation of the kernel
leaving the Fredholm determinants invariant. In order to recover the Airy
kernel, one has to fix the remaining coefficients by

a; =0 , a3 =1/3 , as = —1 and g —ai = 0.
(7.33)
oy and 3, are determined by the constraints on ag and o respectively, while
the first equation gives O‘tT and the last one determines a2

7.3.2 Double branch point: the Pearcey kernel

Let us now consider an algebraic a function S(x,y|t) such that there exists
a critical point (x., y., t.) satisfying

S (mcayc‘t ) yy(xcayc‘t ) Syyy(l’c,ycﬁ ) 07 (734>

Syyyy(xm yc“c) 7& 07 Sya:(xcv yc’tc) 7& 07 Syt(xca yc‘tc) 7é 0 (735>

It means that the spectral curve &(x,yl|t.) has a double branch point at
(¢, Ye). In the neighborhood of this critical point, one can rescale the kernel
in such a way that it converges to the Pearcey kernel as N — oo. To this
effect, consider the changes of variables in the neighborhood of the critical
point:
ti=t.+ 2T
N2

PR Oy /BIEX

T =T+ N3 + e (7.36)
_ + ayY

Y Ye Ny

and expand S(x,y|t) around the critical point using (7.36) as N — oo.
N (S(z,y;t) = 5(7,9;1)) =

_ Nt [gx (T, Yei 1) (X = X) + 0y (Y = V) (0 Sy (Tes e te) + T Suy (e, yei 1))

4

o -
+2_ZSyyyy<xm Yes tc)(Y4 - Y4)
2

« ~
_I'?y [atTStyy(xca Yes tc) + aszyy(xcv Yes tc)] (Y2 - Y2)
i

8oty Sy (T, Yes 1) (Y X = Y X) + O(N74).

Remark: One can see that (as in the previous cgse) all the terms in this expression,
except the scaling factor (3,5 (¢, ye;te)(X — X), depend only on derivatives of S
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wrt y. This shows that the kernel depends only on the spectral curve E(x, y|t) :=
Sy(@, ylt).

One can see that the variables to be integrated Y and Y appear only in
terms which do not blow up as N — oo except one which is proportional to
Ni. One can get rid of this term by fine-tuning the coefficients of the change
of variable. Indeed, imposing the constraint on 2L

axSxy(xca Ye; tc) + OétTSty(xca Yes tC) = 0 (738>

eliminates this term. One can finally normalize the scaling coefficients a,
a, and (3, respectively by setting

al 1
Z_Z:Syyyy(xm Yes tc) = _4_17 ﬁxaysmy(‘rm Yes tC) =-1 (739>
2
agon | oy T T
9 . oj Styy(xcayd te) + Sxyy<x07yc§t0) = 9 (7.40)

yielding the quartic exponent appearing in the Pearcey kernel:
N (S(z,y;t) = S(Z,9;1))
= N13,8, (20, yei te) (X — X)

P T - T V) 4 (VX - TR 0N, (141)

where the term in (X — X ) can be eliminated by conjugation of the kernel.

7.3.3 kth order branch point

More generally, consider a point (x.,y.;t.) of the spectral curve &(z, y.; t.)

wherd™|
m . _ : [+1 .
OE (e yeite) = 0, forall m <1, with 9,7 E(xc, yes te) # 0, (7.42)

while still assuming that 0,€ and 0,€ do not vanish at this critical point.

Let us use this example to explain how one can guess the rescaling to
obtain the desired universal kernel. Generically, one looks for a rescaling of
the form:

ti=t.+ %L

T =z + 22X (7.43)
ayY

Y=Y+ ﬁ

5Remark that the Airy case corresponds to [ = 1 and the Pearcey case to [ = 2.
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for some critical exponents 74, 7, and 7, to be determined. One then writes

the Taylor expansion of the action S around the critical point using this

rescaling: this expansion can be seen as a series in N~ for some exponent

depending on the rescaling. Since the action is multiplied by N in the kernel

and integrating over the variable y, one needs that all the terms depending
1

on Y in this expansion are of order 3 at most as NV — oco. In particular,

considering the Taylor series with respect to y:
(OéyY)l+2
(1 +2)!

one must impose (I 4+ 2)7y, = 1 for this contribution to appear, thus fixing
the critical exponent for y:

S(we,yste) = S(Te, Yei te)+ -+ OLLE (2, yei te) N~ 210 o (N-020)

1
On the other hand, one expects x and y to couple in the exponent of the
limiting integrand (otherwise, it would only give a simple multiplicative fac-
tor). Thus, the first contribution of a mixed derivative wrt to x and y of the

action must be of order % which imposes:

[+1
l+2

One can remark that we could stop the procedure here and not rescale
the time which could remain decoupled from x and y. But one could also
try to couple it with y by taking «; # 0. If one wants this coupling to be
different from the one between z and y, one must impose v; < 7, and one
gets, in the simplest Caseﬁ

l
I+2
By doing so, one has coupled ¢ to y. But one has also introduced a divergent
term coming from the coefficient of S;,. One can compensate this term by
completing the change of variable for x and writing:

Ye=1-2v = (7.46)

ti=t,+ 2L
N2

vi= o+ I 4 o (7.47)
NT+2 NT¥2

Y=Y + %_
NT+2

16This means that one wants to have a coupling TY2, but one could also obtain in a
more complicated way higher order times by looking for couplings of the form TY* with
k> 1.
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Doing so, one finally gets the associated kernel in terms of the rescaled
variables:

Yy -Y"

(7.48)

Remark: One omits a detailed proof here, although the details can be filled in.
Indeed, in order to do so, one carefully studies the integration contours and the
normalization, which implies a rescaling of the kernel as well as conjugation. It
is done in the preceding sections for the Airy and Pearcey cases for two ending
points.

7.4 General case

In a more general case, i.e. the two arguments x and y of Ky approaching
any singular or non-singular point of the algebraic curve, one can use the
same study leading to a different universal limiting kernel associated to each
type of singularity. Let us summarize the procedure one has to follow to
obtain the universal kernel associated to a given singularity:

e First compute the multiple derivatives of the action S(z,y;t) with re-
spect to x, y and t at the considered critical point and fix which are
the first non-vanishing derivatives;

e Fix the critical exponent in the rescaling by studying the large N be-
havior of the Taylor expansion of the action around the critical point,
under consideration;

e Normalize the change of variables and compute the rescaling of the
kernel through the Taylor expansion of the action of the action around
the critical point: one then gets the universal limiting kernel,

e Finally, carefully study the integration contours to check that they give
a right path for the steepest descent analysis.

7.5 Example: back to the matrix model and non-intersecting
Brownian motions

Let us now apply the preceding procedure to the case of the random matrix
model in an external field studied in the preceding sections: one considers N
Brownian motions starting from 0 and going to two ending points at ¢t = 1.
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As reminded in section [2| of this paper, the kernel, given in Eq. (2.2)), can
easily be taken to the form of Eq. (7.22)) :

1du . X 1
e US(Bv;t) =S (Auit)) 7.49
/ 7{ 227r v—u ( )
by using the rescaling
Vit ut . at i bt x a Y
V= ——, U= ——,04:=——=, b= —— = —and A\ .= —=
c/n’ o T em T T NG
(7.50)
with :53 = 4 /12—_tt and the action
u? u ~
S(x,uyt) == 5 — o + plog(u —a) + (1 — p) log(u — b) (7.51)
c

which is nothing but the function S(u,z;t) = F(u) of Eq. (3.18]) studied in
section 3| The study of this section, and particularly Eq. (3.20]), states that

Su(an Up; tO) = Suu(x(b Uo; tO) = Suuu<x07 Uop; tO) =0 (752>

at the critical branch point (g, ug) of the spectral curve

T 1-—
Su(z,usty) =u——+ L P _y (7.53)
o U—a u—by
where one notes ¢ = ¢(ty), ag = % and l;o = bc%o Moreover, using the

notations and computations of section [3 one has:

1 Suuuu(x07u0;t0) q2 - CI+ 1

o) =~ =- 54
Su:v(l'mum 0) CO, m 4q (75 )
and
xo(1l — 2t a CQ 1— E 02
Sut(wo, ug; to) = ol 0) + - P0G — 5 ( p)bo o
2eoto(1—t0) " 131 —to)? (u—a)® 131 — to)2(u— bo)’
(7.55)

This implies we are in the case of a double branch point studied in section
and thus, with the right rescaling, the kernel converges to the Pearcey
kernel as n — oo. Let us now check the conditions to obtain precisely
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the Pearcey kernel. From the study of section [7.3.2], one must consider the
rescaling
t:=1ty+ <1
N2

T =z + 24 + &X (7.56)
N2 N4
w = ug + a“f
4
with the conditions
Qi Spu(To, Uo; to) + 0TSk (20, up; tg) =0 (7.57)
at 1
ﬂsuuuu(xm Uo; t(]) = _Zu (758>
a? T
<5 [T St (o, o3 to) + pSuus(To, wos )] = B (7.59)
and
ﬁz&usux(xm Up; tO) =-1 (760>

Let us check that these conditions agree with the rescalling Eq. (3.17)).
From conditions ([7.58|) and (7.60)), one gets (u was defined in Eq. (1.10))

1
Qy = —, ﬁm = CoM, (761)
]
whereas Eq. ((7.59) and Eq. (7.57) give
1
(1 —tg)2c2 1 ¢ —q+1\2 2 9
et = - 2 . 2
A 2 pag (1—p)bo q ol (7.62)
(UAO_aO)3 (uofb())3

and Eq. (7.57)) states that

mo(L—fo) (1= 2t0) | piiocd +<1—m%ﬁ]

Ay = T ~ \2 7
2¢o to(uo — ao) to(uo — bo)?

12

pio (1—p)bo

(UO_aO)3 (u07b0)3

X

It is then easily checked by plugging in the values of x, tg and ug in terms
of ¢ (with Maple for example) that this rescaling coincides with Eq. (3.17)),
that is to say, the rescaling considered in the preceding part.
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7.6 Application: Brownian bridges from one point to
k points

We can also use this analysis to study more general statistical systems. Let
us now consider N non-intersecting Brownian motions stating from 0 at time
t = 0 and ending at k points a; by groups of n; particles where n; = ¢;N. It is
a classical result that their probability measure at a given time ¢ is given by
the probability measure of the eigenvalues of an Hermitian random matrix
in an external field with external matrix A(t) whose eigenvalues are given by

al(t) = %ai.

Then, the spectral curve is given by:
k 5
E(x,y)=y—az+Y ———==0 7.63
(z.9) > e (7.63)

and has genus zero. One can straightforwardly (just solving the equation in
x) find a rational parametrization under the form:

k

x(z) =z + ;(’me, y(z) =2 (7.64)

and the branch points are given by

k
€

P(z)=1-) el 0. (7.65)

= (z—a

For a generic time ¢, one has 2k branch points, 21 of them {z9;_1, z%}é:l
being real and lying in the so-called physical sheet of the spectral curve
(see [6, 8, 23] for an extensive study of the spectral curve). Thus, by he
study of section [3] and [7.3] one can conclude that the kernel converges to the
Airy kernel in the neighborhood of these real branch points z; recovering the
results of [23].

Now, as the time decreases from 1 to 0, some real branch points zo;(t) and
Z9i+1(t) merge for some critical value of the time .. In the Brownian motion
setting, it correspond to the times when one big group of particles splits into
two smaller. In terms of the family of spectral curves parameterized by the
time ¢, it corresponds to the merging of two cuts. In the neighborhood of

48



this double branch point, thanks to the study of section [7.3] one can rescale
the kernel in such a way that it converges to the Pearcey kernel as N — oo.
This generalizes the result of th. to any cusp in this kind of processes
and recovers the former results of [23].

It is then natural to ask the question: Can we have higher order singu-
larity in these processes? When the ¢;’s are independent of N and the a;’s
real, the answer is no.

Indeed, it amounts to knowing what is the highest order possible for a
real root of Eq. . This problem can be rephrased as knowing the higher
order possible for a real root of the equation

T —

(7.66)

€;
=R

with the constraint >_.¢; = 1 and the rescaled time evolution 7' = 2L €

1—t
[0, 00].

One can prove that the real roots of this equation are at most double.
For this purpose, let us follow the evlution of the roots as ¢t decreases from 1
to 0, i.e. for T going from oo to 0.

For T large, this equation has obviously 2k simple real roots z; located
around their 7" — oo value, i.e. |29, —a;] < 1 and |z9; — a;] < 1 with
Z9i—1 < a; < zz;. Now, for any real solution of this equation, one can compute

L B 7.67

dT 2 Zz (ij—;zp ( )
This derivative does not change sign as long as z; does not cross any a;. It
means that zo; (resp. z9;11) keeps on going from «a; to a;41 (resp. from a;,; to
a;) as T decreases, unless it reaches another real root. Following this process
one sees that the two real roots zo; and 29;,1 meet for some critical time 7T,
giving birth to a double real root of this equation. In this first part of the
process, one can thus only encounter double real roots.

Let us keep on decreasing time. For T < T, and close to it, the double
root gives rise to two simple complex conjugated roots. Let us thus now
consider a simple complex root z = r +146. For 6 close to 0, one can compute

T~ 6%,

(r—a;)*

49



to first order in §. The complex roots are thus repelled by the real axis and
cannot thus give birth to real roots. In this second part of the process, one do
not have real roots anymore. The only multiple real roots are thus obtained
when a; < z9; — 29i41 < Qjy1-
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