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i,5>1

the corresponding inner product

(0.2) (£.9) = [ dydzply. 2)f ()g(2)
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and the moment matrix,

(0.3) mn(t,s,¢) =: (pij)ocijen— = (', 27))o<ij<n—1.

As a function of ¢, s and ¢, the moment matrix m(t, s, ¢) satisfies the differential

equations

om om n o Om
X = A"y, —= = —m AT, 22

8tn (902-]-

where A is the semi-infinite shift matrix defined below.
Consider the Borel decomposition of the semi-infinite matrix!

Moo = Sflsg with Sl € D,OQ(), 52 € DO,OO

(0.3) = A'mo AT

Y

with S7 having 1’s on the diagonal, and Sy having h;’s on the diagonal, with (see

section 3)

- det mi+1
Y detmy

The Borel decomposition m,, = SS9, above leads to two strings (p™(y), p?(2))

of monic polynomials in one variable, constructed, in terms of the character y(z) =
(Zn)nezmzo, as follows:

(0.4) pP(y) = Six(y) p?(z) = h(S;") x(2).

We call these two sequences string-orthogonal polynomials; indeed the Borel decom-
position of ms = Sy 1S, above is equivalent to the orthogonality relations:

<p£Ll) ) pg)> - 6n,mh/n-

We show in section 4 the string-orthogonal polynomials have the following expres-
sions in terms of Schur differential polynomials?

My Pni(—0;) detm,(t, s,¢) | @/ Pn—k(0s) det my,(t,s,¢) 4
) = 2 det my,(t, s, c) vl = D det my,(t, s, c) ‘
0<k<n nA\"r < 0<k<n n\ly 9,

1Dy o (k < £ € Z) denotes the set of band matrices with zeros outside the strip (k, ).

2The Schur polynomials py, defined by etz — > pe(t)2* and pi(t) = 0 for k < 0, ,
and not to be confused with the string-orthogonal polynomials pgk), k = 1,2, lead to differential
polynomials

0 10 18)

pk(iat)zpk(iaftla 587152’ 537153’



To the best of our knowledge, string-orthogonal polynomials were considered for the
first time, in the context of symmetric weights p(y, z)dydz, by Mehta (see [M] and
[CMM]).

The main message of this work is to show (i) that the expressions det my satisfy
the KP-hierarchy in t and s for each N = 1,2, ..., (section 3) (ii) that the det my hang
together in a very specific way (they form the building blocks of the 2-Toda lattice)
(section 4), (iii) that det my satisfies an additional Virasoro-like algebra of partial
differential equations (section 5), as a result of so-called string equations (section
4). In [AvMZ2], we have obtained similar results for moment matrices associated
with general weights on R (thus connecting with the standard theory of orthogonal
polynomials), rather than on R2. It would not be difficult to generalize the results
of this paper to more general weights p(y, z)dy dz on R?, besides those of (0.1).

In terms of the matrix operators

0 1
0 0
A:: 0

1
0 and € ;=

acting on y as

the matrices
L1 = SIASI_I, L2 = SQATSQ_I, Ql = 81651_1, QQ = 525T82_1

interact with the vector of string-orthogonal polynomials, as follows:

d

(0.5) LipP () =My QM (y) = @p(”(y)

_ _ d
hLyh'pP(2) = 2pP(2)  hQyh'pP(2) = %p@)(»’:)‘

The semi-infinite matrix L; (respectively Ls) is lower-triangular (resp. lower-triangular),
with one subdiagonal above (resp. below); Q1 (resp. (2) is strictly lower-triangular
(resp. strictly upper-triangular). In Theorem 4.1 we prove the matrices L; and Q;
satisfy so-called “string equations”

0)% oV
(06) Q1+87y<L17L2> :()7 Q2+§(L17L2) =0.



When
4y ' lo ‘
V(y,z) = th’yl +cyz — Z 52",
1 1

then (0.6) implies that L; is a ¢; + 1-band matrix, and L is a ¢; 4+ 1-band matrix.

Moreover, as a function of (t,s), the couple L := (Li, Ls) satisfies the “ two-
Toda lattice equations”, and as a function of ¢, g, L satisfies another hierarchy of
commuting vector fields; so, in terms of an appropriate Lie algebra splitting ( ).
and ( )_, to be explained in section 1, we have

oL oL oL

(07) 671571 = [(L?v 0)-1-7 L] Tsn = [(O’ Lg)-l—’ L]7

and, what is equivalent, the moment matrix m., satisfies the differential equations
(0.3”), with solution (thinking of ¢, = ¢, and s, = —coy):

= —[(L{L5.0)-, L],

acaﬁ

TafB

3 IT =%
(TQB)Q,BZOGZOO (a,ﬁ) Taﬁ!
(a,8)#(0,0)

Moo(t, s, ¢) = ) Aoz ¥ (0,0, 0)A T 221 e,

in particular
o n oo Tn
moo(t,s,()) = 621 tnd\ moo<07070>€721 sn A .

Thus the integrable system under consideration in this paper is a c,g-deformation of
the 2-Toda lattice, which itself is an isospectral deformation of a couple of matrices
(L1, Ly), in general bi-infinite, depending on two sequences of times t1,%s,... and
81,89, .. ..

Moreover, the determinant of the moment matrix has many different expressions;
in particular, in terms of the moment matrix at ¢ = s = 0, using the matrix Ex(t) :=
(the first NV rows of ez(;ot”/\n) of Schur polynomials p,(t) (see section 3). It can also
be expressed as a 2-matrix integral reminiscent of 2-matrix integrals in string theory
and in terms of the diagonal elements h; of the upper-triangular matrix Ss:

(0.8)

Nldetmpy(t,s,c) = Nldet (EN(t)moo(O, 0, C)EN(—S)T)
— // N 622\;1 V(uk,vk) H(u’ — uj) H(’Ul — Uj)dUdU
wvelR i<j i<j
N

-1
= H hi<t73ac)
0

=: 75(t, s, 0).



Finally 7x(t,s,c¢) is a “T-function” in the sense of Sato, separately in ¢ and s>.

The string equations (0.6) play an important role: they have many conse-
quences! In Theorem 5.1, we show 7y = det my(t, s, ¢) satisfies the following set of
constraints*

(0.9) (Jf) N +i+1)JP + NN +1)J2 +2 3 reng ) ™~ =0
C'L+rs

r,s>1

) 0
(Jf) N +i+ DI+ NN+ DI +2 3 se, )TN =9,

r,s>1 aCT75+i

fori > —1and N > 0.
When Viy = cyz, the relations (0.9) reduce to an inductive system of partial differ-
ential equations in ¢ and s, for 79, 71, 7o, ..., (Corollary 5.1.1)

(0.10)
(I + @N +i+ 1) + N(N + 1)) 7y + 2 pin(@)py (=0)mi 0Ty = 0

(ji(g) @N +i+ 1) + N(N +1)J° )> ™~ + 2¢ py(O)pisn(—0)Ti0o TN = 0

3Sato’s T-function 7(¢) in t € C* is the determinant of the projection e LW H, =
{1,2,2%,...}, where W is a fixed span of functions in z with poles at z = co of order k = 0,1,2,.. ..
Equivalently, a 7-function satisfies the bilinear relations

j{c (= ) + [ )er Gt gy — g,

where C' is a small contour about z = oo and where [a] = (a, “—2, ﬁ, ) € C*. The bilinear

relations imply that 7(¢) satisfies the KP-hierarchy.
4in terms of the customary Virasoro generators in t1, to, ...:

Jr(zO) — 5n0; Jr(Ll):i'i_(_n)tfn, J(gl):()
8tn
2 _ 1 7).
W= S A= 3 g 3 gt 3 i)
1+j=n 1+j=n —1+j=n —i—j=n

«.

where “::” denotes normal ordering, i.e., always pull differentiation to the right, and where a
symbol = 0, whenever it does not make sense; e.g., 9/9t,, = 0 for n < 0. We also define Virasoro

generators in s, namely j,Sk) = Jr(Lk)

t—s



forz'>—1andN21.
involving the Hirota operation®; to be precise, the expression pn(ﬁt)pm( ds)fog, for
d; and 9, spelled out in footnote 2, is defined as the coefficient in the (u, v)-Taylor
expansion of

Fl+ s =gt —[ul, s +[o) = > u""pa(@)pm(=0,)f o

n,m>0

= > um" pi(00)p;(=0s) f .pir(—=0)py (0s)g.

Z+Z
n,m>0 j+_7 —Z’L
i 5.5/ >0
Also, in terms of W-generators, to be defined in (1.36), the matrix integral (0.8)
satisfies (Theorem 5.2):

(G i! -
(0.11) (Z o) WNzk+1 +Zﬁk Wy~ IETD = @@jTNa i,7 20,

where a( ) and ﬁ() are numbers defined in (5.10). A relation of this type was
conJectured by Morozov [M].

The technique employed here is the one of symmetry vector fields of integrable
systems (KP, Toda, two-Toda, etc...), as developped in [ASV1] and [AV2]; they are
non-local and time-dependent vector fields transversal to and commuting with the
integrable hierarchy, when acting on the (explicitly) time-dependent wave functions;
however bracketing a symmetry with a Toda vector field (0.7), which acts on the
(implicitly) time-dependent L, yields another vector field in the hierarchy. In [ASV],
we have shown that for generic initial conditions the 2-Toda lattice admits a Wy, X Wy
algebra of symmetries, i.e., an algebra without central extension.

In this study, we consider special initial conditions, preserved by the Toda flows;
we show they admit a much wider algebra of symmetries, to be described in Theorem
2.1. This big algebra contains not only the algebra w., X ws above, but also a
Kac-Moody extension w., ® C(h, h™) of w, (in two different ways). Via the Adler-
Shiota-van Moerbeke formula, symmetries at the level of the wave functions induce

5Given two differential polynomials p(d;) and ¢(ds), and functions f(t1,ta,...; 51, S2,...),
g(t1,ta,...; 81, 2, ...), define the Hirota operation for shifts y = (y1,y2,...) and z = (21, 22, ...):

0 0

P(0)a(0s)f o 9t 5) = p(5)a(5 ) (E 4y, s+ 2)9(t =y, = 2)

y=2z=0 '



symmetries at the level of the 7-function; these symmetries form an algebra with
central extension. van de Leur [vdL1,2] has a striking representation-theoretical
generalization of the ASV-formula; it is an open question to understand whether it
includes the wider class of symmetries under consideration here.

The string equations (0.6) are equivalent to the vanishing of a whole algebra of
symmetries, viewed as vector fields on the manifold of wave functions; they lead,
upon using the ASV-formula, to the algebra of constraints (0.9) and (0.10) (on the
2-matrix integral), viewed as vector fields on the manifold of 7-functions, and this
in a straightforward, conceptual and precise fashion.

We wish to thank S. D’Addato for a superb typing job.

1 The 2-Toda lattice and its generic symmetries

Define the column vector x(z) = (2")nez, and matrix operators A, A*, €,* defined
as follows: 5

AX() = 2x(2), ex(2) = -x(2),
* - * a
Ax(z) = 27X (), x(2) = 5x(e).
Note that
AN =AT=A"1 e =—e" +A,
and

ATx(zh) = 2x(z7), Ax(z7h) = 27 Ix(z71),
(1.1) ex(z™) =2 x(z7) — éx({

eTx(E) = ax(z7) = gex(z ).

Consider the splitting of the algebra D of pairs (P, P») of infinite (Z x Z) matrices
such that (P;);; =0 for j —i > 0 and ([%);; = 0 for ¢ — j > 0, used in [ASV2]; to
wit:

D = D++D—)
D, = {(PP)|P;=0if[i—j|>0}={(P, ) €D| P =P},
D_ = {(Pl,P2)|(P1)”:OIijZ, (P2)2]201f2>j},



Wlth (Pl,PQ) = (P17P2>+ + (Pl,PQ), given by
(P, Py)4 = (Pry + Poy, Py + Pyy),

(1.2)
(P, Py)— = (P — Py, Poy — Pruy);

P, and P, denote the upper (including diagonal) and strictly lower triangular parts
of the matrix P, respectively.
The two-dimensional Toda lattice equations

OL _1zr0),.0) ana 2

1.
(1.3) Ot,, Sh

= [(O7L3)+>L] n=12...

are deformations of a pair of infinite matrices

(1.4) L=(L,L)=( Y oA, Y oA eD,

—oo<i<1 —1<i<oo

)

where A = (8;_41)i ez, and az(-l) and a§2 are diagonal matrices depending on ¢ =

(t1,t2,...) and s = (s1, Se, - ..), such that

al =1 and (a(?)m #0 for all n.

In analogy with Sato’s theory, Ueno and Takasaki [U-T| show a solution L of
(1.3) has the representation

Ly =WiAW ! = SIASTY, Loy = WoA "Wyt = SoA1 S,
in terms of two pairs of wave operators

S1 = YicoCilt, s)N',  So = Yz Ci(t, 5)A’
¢, ¢, diagonal matrices, ¢y = I, (¢})i # 0, for all ¢

and
. 1= ’ ;e kv 2 = o2(1, 8)e TO 716'
(1.5) Wi = Sy (t, s)eon WA Wy = Sy(t, s)edor *+A

One also introduces a pair of wave vectors ¥ = (¥, ¥y), and a pair of adjoint
wave vectors, U* = (U7, U}), instead of a single wave function and a single adjoint
wave function:

(1.6)

{ Uity s,2) = Wix(z) = et %% S x(z)
Wyt s, 2) = Wax(z) = €21 " Syx(2)

8



and

(1.7) { vy = (WlT)_lX*<Z) = szclmt’“zk(SlT)_lx(z_l)

Uy = (W5 ) Iy (2) = e 20 (7)) " x (7).

The wave functions ¥ and ¥U* evolve in t and s according to the following differential

equations®:

(18) { 90— (0, L5) 4V = ((Ly)e, (L)) ¥
2 = ((L},0),) "0
(19) { g (0.15),) 0

Besides L = (L1, Ly) = (S1AST !, S2ATS; ), the operators
L*=(Ly,L3) = (L, Ly)
M = (My, My) i= (WheW Woe™ Wy ) = (Si(e+ Y kA1) ST Sa e+ ks ATH )85
1 1

M* = (M}, M) = (=M + L{7', =My + Ly ™)

satisfy, in view of (1.1):

LV = (z,27), M\p:(%,a(gl))\p, [L,M] = (1,1),
(1.10) L0 = (2,27 )W, MW = (2, 5:25)0,  [L*, M*] = (1,1).

The operators L, M, LT, M" and W := (W, W) evolve according to

() [mo-(4)
() oo (&)

SHere the action is viewed componentwise, e.g., (4, B)¥ = (AV;, BUs) or (z,z7 )V =
(Z\Ill,z_l\llg).

(1.11)




(1.12) - T
£ (arr ) = @) (e )]
gr = (L, 0). W,
(1.13) { W — (0, L5) W

and consequently

oW W-
#2 = —WY L) WVIWT W + W L) Wa =0
oWy Wy 0
05y, -
This implies that
(1.14) W Wa(t, s) = W tW5(0,0)
and thus
(1.15) (S7185)(t, ) = XA (§7185)(0, 0)e~Zsn(A )",

Ueno and Takasaki [U-T] show that the 2-Toda deformations of ¥, and hence L,
can ultimately all be expressed in terms of one sequence of 7-functions

T(nv 7(“-7 S) = T’rL(tla t27 cee381,82, .. ) = det[(SI_ISQ(t’ 3))i,j]—oo§i,j§n—17 nez:

to wit:
(1.16)
—-n n t7 i 77’7 " t7 i
\Ill(t7 S, Z) - <€T(S)€Zt12 Zn) 5 \IIQ(t, S, Z) e (WGZ Si% Z”)
Tau(t, 8) neZ To(t, s) neZ
(1.17)
EMTni1(t,s) sy €T (t,8) vy i
Wit s,2) = | — L1 Le Mt ymn ;o Uty s,2) = | ————=e 7F Tn :
Tn+1(t7 5) nez Tn—f—l(t, S) nez

10



where

X 270 =R L)
(1.18) 77—21: ot and 7= sy
so that
(1.19) e f(t,s) = f(t+alz7"], s+ b[z])

with [a] := (o, a?/2,03/3,...). Here the labeling of U? is slightly different from the
one of [U-T].

The symmetries of the 2-Toda hierarchy are conveniently expressed in terms of
the operators L and M. In view of the relation

(1.20) za(aaz)ﬂ\pl = MY LS, 0 )’

o Uy = My LS,

u=z"1
the Lie algebra
Weoo i = span{za(aaz)ﬂ ’ a,B €L, P> 0}

comes naturally into play. To be precise, denoting by ¢ the algebra antihomomor-
phism
(2%(9/02)°,0) = (M{'L, 0)
D Woo X Wee — D :
(0,u*(0/0u)?) — (0, MY LS)

we have a Lie algebra antihomomorphism”
Y:we X Wee —  {symmetries on W, W* L LT M M"}
Y, U= —o(p)-¥, Y, 0" = (¢(p)-)" V",

b YPL = [_(b(p)*?[’]v YPLT = [(Qﬁ(p)*)—r ,L],
YPM = [—¢(p)_,M], Y:DMT = [(¢(p)—)T 7MT]'

So for any admissible® polynomial ¢ of L and M, we have

(1.21) Y, ()= [-p_.q] and Y,¥=—p V.

"Thus —Y is a Lie algebra homomorphism; note we shall more often denote Y, by Yyp)-
8The products Mf LY are admissible, but, in this generality, the product L; Ly obviously does
not make sense.

11



To prove
[prsz] = _Y[p11p2]7

one computes

[Ym ) sz]\ll = _Zl\Ila

where, upon using D_ and D, are Lie subalgebras,
Zr = =(Yu()) + (Y1) — o po]
= [p1-,po]- + [=p2—.p1]- — [p1-;pa-] = [p1, P2

Moreover 9 5

D 67571
indeed, from (1.8), the vector field,

(1.22) 2,V =q. ¥, Zgp=[q4,p]

represents % for ¢ = (L},0) and % for ¢ = (0, L%); now one checks

[Yp ]\I/ = 0;

(1.23) Y, Z,|V = —-Z,¥
where

Zy = (Zy(p))- + (Yp(0)+ — g+, p-] = [g+,P]- + [-p-.q)s — [g+,p-] = 0.

Remark 1: Some explanation is necessary to understand the equation above Y, ¥* =
(¢(p)_)" T*: the flows on the transposed matrices LT, M T are immediately obtained
from the original flows by just taking transposes; the flows on the adjoint wave
operator W* are obtained as follows: since

(U, Wy) = (W1, Wa)x(2)
(1.24) { (W3 w3) = (W)L (W5 ) x(=).

we have for any deformation ’, that
Ui=Wix(z), ¥ =W x(2).

Thus, we have the straightforward equivalences:

12



and
(W =—-ATW T = 0 = -ATu};

)

so, we conclude
(1.25) U= AT, = U = —ATUr
Remark 2: Spelling out the symmetries (1.21) on L and V¥, one finds

(1.26) Y gl = (=17 [(=(MPLD)e, (MPLY)) L]

(1.27) Yoo ¥ = (1) (=(MPLY)e, (MPLY),) 0,
and the equivalent equations, upon taking the transpose of the previous ones,

i — for ol T
YM;*LELT = (-1 |:((Mz Lz'ﬁ)b —(M; L?)u) LT

(1.27)

. T
Y oW = (=17 (M7 L), —(MP L)) 0.

M*L
T

The action of a vector field on ¥, commuting with the Toda flows, induces an
action on 7 via (1.16), thus leading to the following relation between logarithmic
derivatives of ¥ and 7:

(1.28) (‘I”l>n:(e—"—1)¢, (‘I”?>n:(e—ﬁ—1)%+(%—ﬂl).

\Ijl Tn \112 Tn+1 Tn+1 Tn

Proposition 1.1. Given the symmetry vector field Y, the following relation holds:

(1.29) Y, log TZH = Dnn

n

Proof: On the one hand, taking into account the expression (1.16) for W5, we have,
in view of the fact that e™7f(t,s) = f(t,s — [2]), the following Taylor expansion

13



about z = 0:

Y, ¥ n

( 522)% - (pq’22)n
(a) a0 (Y L0 (2))n

(o)
™ (t,s)
On the other hand,
(b) ( -1 1)TT/L+1 + (T7Il+1 T7/z) 7—7/1+1 7—7/1 +O( ) (1 Tn+1 )/+O( )
-1 (- )= R z) = (log —— 2).
Tn+1 Tn+1 Tn Tn+1 Tn g Tn

According to (1.28), the expressions (a) and (b) are equal, leading to (1.29).

In order to spell out the precise relationship between the symmetry vector fields
on ¥, and those acting on 7, we need to discuss generating functions for the sym-
metries.

A generating function of the symmetries on the W-manifold is given by

(1.30) Yyl = —N_V

which naturally leads to the symmetry on the L-manifold expressed in the Lax form

(1.31) YyL =[-N_, 1],
with
(1.32) N = (Ny,0) or (0,Ns),

0 _ koo
N; = (p— )\)G(M—A)Mi5(/\7Li) — Z (Mk')\) Z )\_g_kk(Mf_lLf_IH),

k=1 l=—00

where 0(\, 2) := 32 AL
A generating function of the symmetries on the 7-manifold is given by a

vector of the vertex operators, based on the one of Date, Jimbo, Kashiwara and
Miwa, acting on a single 7-function,

14



X(tv A, :u) = eXp(Z(IDO ti(:ui - )‘l)) eXp(Zfo()\ii N ’uii)%ai')’
(1.33)

— o, W e AR with WO = 6.

So, the T7-manifold symmetries for the 2-Toda lattice can be expressed as a vector
of vertex operators X (¢, A, 1) acting on the vector of T-functions®:

(131) XA = ((5) X)), , = (iw 5 )\—Z—kWTEZ)>

=
ne =0 (=0

(1.35) X(S,A,u) = ((2)nX(s,)\,u))nez = (gm;'/\) i )\ZkW,(Li,)> ]

l=—00
with
k
k n k—j 3 (k k
(136) W?E,f) = Z ( j ) (k)jWg( 7) and Wr(t,é) = an)’g‘t_w.
=0

One easily computes (remember the definition of the customary Virasoro generators
J’s in footnote 2)

(1.37) WO =46,0, WO =J® and WP =J& —(n+1)JV, ne7

n

and
(1.38)
w4y © w2 = w® 4 omw +m(m— )W
For future use, record the formulas
(1.39)
1 (2) . a 1 2) 141 (1) m(m + 1)
§Wm,i + (7 + 1)Wm,i = EJZ‘ + (m + 9 )‘]i 9 dio

1 1 j —
S w = Ly (TR e 28

2 m,i my, 7

a a — k «
Pusing (§)" = Xizo (1) (H,\/\) and ( Z ) = (k)!k




The corresponding expression W,(f Z can be read off from the above, using (1.36),
wich J®) replaced by J® = J®) |,_,.
The symmetry Yy acting on ¥ and L as in (1.30) and (1.31) lifts to the vertex

operator X acting on 7, as in (1.34) and (1.35), according to the Adler-Shiota-van
Moerbeke formula [ASV2]:

Theorem 1.2. The vector fields Yy, and Yy, acting on the W-manifold and the
vertex operators of type X(t,\, p) and §X(s, A\, ) acting on the T-manifold are
related as follows:

Yno¥ _ ((e—" B 1)X(t, Nk (A7 — 1)X(t, ML)T)
\II T ’ T ’

Yon)¥ _ ,u<(€77 B 1)5((3, A, )T (AT — 1)5((5, A,,u)r)
A ’ '

T T

Expanding X and X in terms of W-generators, and [V; in terms of Mf‘Lf} , We obtain:

Corollary 1.2.1. For n,k € Z, n > 0, the symmetry vector fields Y ;. n+x,
(1 =1,2) acting on ¥ lead to the correspondences

n n+1
(1.40) OB 1y Wi ()
' Uy 2™ n+1 T ’
n n+1 n+1
(1.41) ((MlnLl—Hc)u\D?)m _ 1 <€—ﬁW7(n—:r1,;c(Tm+1) - Wrgq,lj )(Tm)>
' Wy 2™ n+1 Tl Tm ’
nrn 17(n+1
(1.42) (BLED) W) 1y Wl k(7o)
' Uy 2™ n+1 Tim ’
n Tr(n+1 Tr(n+1
(1.43) (OBLED) T 1 (e—ﬁwﬁ (1) Wéii(m))
' Wy 2™ n+1 Tl Tm ’

and acting on U*

n * n+1
(O 1y gy Wb

vy n+1 Tm+1

(1.44)
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aaz) ORI, 1 (W) Wtk
) Uy ,,2m n+1 T Tl
nyn * T7(n+1)
(1.46) _(QBLED) ), 1 (e — 1)ka—(7m+1)
\Iﬁimz—m n+ 1 Tm+1
n * n+1) ir(n+1
qan  LOBLED)TE, 1 (W) Wl ()
' 5,2 n+1 T Tt '

Remark: The expansion of the vertex operator (1.33) is obtained by multiplying the
series

XTI 2 3 (- NS fO (N,

and

0

00 y—i_ N1 B (e%e] [e’e]
e NI = S (= MY g (AT

where fi(k) (u) and gz-(k) (u) are polynomials in u, vanishing at u = 0, except fl(o) =

g[()o) = 1. Therefore

00 - k 00 L ) )

X(t, A\, pn) = kz;o (#k!)(ez_:k)\ k=tp) ) h—tr1 T g; A" (differential operator)),

showing, for all ¢ € Z,

(1.48)

pure differential
operator

W,Z(k) = (polynomial in ¢, without constant term) + { } + 07,00k.0,

with
We(k) = (pure differential operator) if and only if £ > —k + 1 with ¢, k # 0.
Observe, in view of (1.36), that for n, ¢ € Z,

W(kg) = (differential operator) 4 (polynomial in ¢, without

, (
(1.49) constant term) + (1),
1.49
W(kg) = (differential operator) 4 (polynomial in s, without

(=

7 constant term) + (—n)0y,0.
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2 A larger class of symmetries for special initial
conditions

In this section we consider the submanifold of L, M and ¥ such that polynomials
p(Ly, My, Loy, Ms) in Ly, My, Ly, My are legitimate objects; e.g., LiLs makes sense.
This point of view leads to a much wider algebra of symmetries containing the
ones of section 1. Henceforth, we change the point of view; namely, p refers to a
polynomial and not to a vector of polynomials as in previous section.

From (1.11), it follows that, for such polynomials p, the Toda vector fields can
be rewritten as:

2.1) P [LD),p and ST =[] n= L2
Letting p = p(Ly, My, Ly, Ms) be a polynomial, we redefine symmetries as follows
22) V0= ot = { (20
and thus
23 ¥y ) = (o Ll 22 = { [0
[(0,p), L]

and similarly for L, Ly replaced by My, M,. Then

[V, Y50 = ((Y,(5,0))- — (Yp(p,0)— + [(p,0), (,0)-]) ¥
= —((Y,(0,p)- = (Y5(0,p)- = [(0,p)-, (0,p)-]) ¥

2.4 ~ (e = ¥t + ) s,

(Yoo — (Yp(0))a — [pu,pu])%) — YT

where
(2.5) {p,p} == =Y, (P) + Y5(p) — [pe, D] + [Pu; Pul-
We verify that these more general vector fields are indeed symmetries, i.e.
. 0 . 0
(Z) [Yp’ 87,1] =0, (“) [Yp7 aisn] =0,
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using the argument of (1.23). For the case (i), set

Q=(¢,0) = (Ly,0) P =(p,0),
and, using (2.1) and (2.2), we define

0 .
(@ Zo(P) = -(1,0) = Q. P) and Z¥ = Q¥

(b> YP(Q) = <_[pg,6]},0) = [_(pf, _pU)7 (Q>O)] = [_P—a Q]a and Y~vP\IJ =—P_V;

we are exactly in the situation (1.21) and (1.23), leading at once to [Yp,Zg| = 0,
which is (i). A similar argument leads to (ii)

Let A be the Lie algebra of generalized symmetries of the 2-Toda vector fields,

with the standard commutator [, ]. Also, the ring of polynomials C[Ly, Lo, My, M,
in the (noncommutative) variables Ly, Ly, My, M5, forms a Lie algebra, not only with
regard to the standard bracket [, |, but also with regard to the new bracket {p, p}

defined in (2.5), as wil be seen in the next theorem; denote by
Ay, By, Cy, ... = any monomial (Ly, My, 1) and Ay, By, Cy, ... = any monomial (Ly, M, I).

Lemma 2.1. The two brackets |, | and{, } of the Lie algebra C[Ly, Ly, My, M>] in-

teract as follows: for monomials p = A1 A3 B1BoC1Cy ... and p = A1 A3 B1BCiC5 . ..
in the algebra, two different expressions hold,

{p,p} = [p,p| — Ailp1, As) BiBoC Cy ... — Ay Ay By[p, Bo]CiCy ... — . ..

(26) +A1 [p,ﬂQ_]BlBgClCQ oot AlAQBl[ﬁ, BQ]Olcg oot

+A1[p, Ao B1BsC1Cs ... + A1 Ao By [p, Bo]C1Cy ... + . ..
Theorem 2.2. There is a Lie algebra homomorphism
C[Lla L27 Mlv M2]7 { } — A7 [ ]

p—Y,: Y, ¥U=—(p0)_¥=(0,p-_V

1e.,

[va Yﬁ] U= Y{p,ﬁ} v
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Moreover, we have the following inclusion (Lie algebra (anti)-homomorphism)

./4 D Weo P Weo with {Al,AQ} = 0,

and

{A17B1} = [AhBl] {A27Bz} = _[A2>BQ];
Also
(2.7) A D we ® C(h,h™1), (Loop algebra over wy,),

in two different ways:
(2.8) {ALS, BILYY = [Ay, B LT {LY Ay, LEBy} = — LA Ay, By).
Corollary 2.2.1. The vector fields

Y, U = —(p,0) W with p = MLy MpLytF LoL)

all commute with the Toda vector fields 0/0t,, and 0/0s,. The vector fields 0/0c,, g,
corresponding to p = L?Lg , all commute among themselves.

Remark 2.2.2: The 7-function can then be considered as a function of ¢, s and ¢, as
follows:

T(c10 + L1, c20 + Lo, ...y 5 Co1 + 51, Coz + 52, .5 C11, C12, Ca1,5 - ).
Proof of Lemma 2.1, Theorem 2.2 and Corollary 2.2.1.: Since Y,(.) and [z,.] are
derivations, one computes for p = A1 A3 B1 By and p = A1 A; B1 B>, that

Y, (D) = Y,(A)AyBiBy+ AY,(A) BBy + A1 AyY ,(B1) By + A1 Ay By Y ,(Bs)
= —[pe, A1]A2B1 By + Ai[pu, A2)B1Bs — A1 As[pe, B1| By + A1 As By [pu, Bo)
= —[pe, A1A9 B1 Bo| + Ai[pr + pu, As| B1 By + A1 A2 Bi[pe + pu, Bo

o { = [pu, A1 A2 B1Bs] — [pg + pu, A1l A Bi By — A1 As[pe + pu, B1]Bs

o { = —[pe, ] + Ailp, A3 B1 By + A1 Ay By [p, By

=

= [pu, D] — [p; A1]A2B1 By — Ay Ayp, B1] B,
and by symmetry, using the first expression, one finds

Y;(p) = —[pe, p| + A1[p, A2 Bi1 By + A1 Ay By [p, Bol.
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Using the definition (2.5) of {p, p}, one computes

{pap} = -Y ( ) ( ) [pfaﬁﬂ] + [puvpu]
= [pe, P + [p, Pel — [pe, Pe] + [Pus D]
_Al[pa 9| B1 By — A1 Ay By [p, Ba] + A1 [P, A9 B1Ba + A1 Ay By [p, Bo)
or _
~[pu, P + [P ) — [Pe; Pe] + [Pus P
+[ A ]A B BQ + A Ag[p, Bl]BQ + Al[p; Az]BlBg + A AgBl[p, Bg]
Ay[p, Ag) By By + A1[p, Ag) B1 By — Ay AsBy[p, By] + A1 Ay By [p, Bo)

= [p,p] — Ailp, 3 + A [p,
o { = [p, A1|As By By + Ay Ag[p, B1] By + Ay [P, Ao) B By + A1 A2 B[P, Bs),
using

[pe, D] + [P, De] = [Pe; Pe] + [Pu> Pul = [Pe; D] + [Pu, Pel + [Pus Du] = [pe, D] + [Pus D] = [P, D]

and
[ mﬁ] - [paﬁf] + [péaﬁf] - [puaﬁu] = 07

establishing (2.6).
In particular we have the following:

(29) {A1A27 BlBQ} = [Ala Bl]AZBZ - AlBl [A27 BZ]

{A2A1, ByB1} = AsBy[Ay, By] — [As, Bo]A1 By
{A1A27 BZBl} = [A17 B?] [Bla A?] - Al [A27 BQ}BI + BQ[Ala Bl]A27
from which it follows at once that

(2.10) {A1, Ao} =0, {A,Bi} =[A1,Bi], {42, Bo} = —[Ay, By];

this implies that w., ® we C A. Moreover, the first relation of (2.9) leads to (2.8),
implying (2.7) with h = L or h = L, ending the proof of theorem 2.2. From (2.9),
it follows that

(2.11)

(L0, LIy} = {L3L Ly LT} =0
{LiLy, Lyl 'y = [Ly, Ly[L1, L),

establishing corollary 2.2.1.
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Theorem 2.3. Given functions
f(Ly,Ly) =Y ai; LiL4 and g(Ly, Ly) = > b L1 L3,

then the following matrices form a Virasoro algebra (without central extension) for
the {, }-bracket!:

(2.12) {L (M + ), LT (My + )} = (0= LT (M + f)
(2.13) {(My = g) L5, (Mz = 9)L3™)} = (j = ) (Ma — g) Ly
If 88791 = aa—zfz, then the two representations decouple
(2.14) {L7H (M + f), (Ms — g) L5} = 0.
Proof: At first, we need to prove
(2.15)
_ o0
(Lhan2gr1fy = —arbreriynd - 2l
_ 0
MLLE OISy = BLYFLE™ + 1o ol 1,

1 822
Indeed, it suffices to do so for a monomial f = LiL}; e.g., using (2.9), we have
{LYMy, LT LYY = [LYMy LEHILYY = —(a+ )Ly
{(MpL§, L3V L5} = —L§M(MpLl, L] = (B+ )Ly Ly T
Using the relation (2.10), (2.11) and (2.15) above, we find
{L (M + f), LT (M + f)}
= (L7 My, LYY MY + (L L MY+ { L My L Y+ LT L L
o P i g2y e O
821 821
= (1= LT (M f),

and the same relations yield

0f = f(Ly, Le) = 3, ag; LiLj and g = g(Ly, L) = Y, ; bi; L1 L
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{(My— g) L, (M3 — g) L5}

= {M,Ly My L3y — {gLi™ Mo L3y — { Mo L5 g L3y + {15, gL} ™)
Jg

= (= DMLET 4 (4 DLET T+ L L5 - (4 gLET -
2

822

Ll;rj+2
= (=M —g) L7,

confirming (2.12) and (2.13). Finally, one checks (2.14),

{LiTH (M + f), (Ma — g) L5}

= (L My, Mo L™y 4 { L Mo LT} — {3 My g L3} — {237 f, 15T
1 0f 199 i j af dg j+1
= 00— Lty L Lt o = Lt (L - ) L)t
! 822 2 ! 821 2 ! (822 821> 2
ending the proof of Theorem 2.3.

In the next theorem, we provide the explicit solution to a large class of symme-
tries and, in particular, to the system of differential equations (0.3”). Since the S}
and Sy of the Borel decomposition of the moment matrix m., will turn out to be the
S1 and Sy of this section, it will suffice to prove theorem 2.4. Note that symmetry

vector fields of the form
(2.16)

ov .
E =Y,V = —(p, 0)7‘1’ = (‘pz,])u)(‘l’h ‘I’2> with p = p1(L1, Ml)p2<L27 Mz)

induce vector fields on Sy 'S5:

1 00 00
(217) M = pl(A, e+ Z ktkAk_l)Sl_ISﬂ)Q(AT, e* + Z ]{ISkATk_l).

Oc prt k=1
Theorem 2.4. For symmetries of the form (2.16), we find the solution

(2.18)  (ST'Sy)(t,s,¢) =

o0 CT

> (A et D kA e A (S15) (0,0, 00 20 AT (AT 3T ke ATE)
r=0"" 1 -
with

(219) TN(t,S,C) = det(sfls2<tasac)ij>

0<i j<N—-1’

23



Corollary 2.4.1. In particular, symmetries of the form

ov
8%5 . YL?LQ\D’
have the following solution
x© cr o o)
51—152(t7 s, Caﬁ) — Z %'BATOéezl tkAkSIISQ(O, 0’ 0)6_ El spATF (AT)T’ﬁ
r=0 "°
Corollary 2.4.2. In general, setting t = c;p and s = —cy 1, we have

51_152(757 S,C11,C12, - - ) =

Tog

3 IT =%
(Taﬁ)a,,BZOEZOO (Oé,ﬁ) Taﬁ!
(,3)#(0,0)

) AXoaz1 s 57155(0,0,0,.. )AT gz Pres.

Proof of theorem 2.4: Note that the vector field (2.16) induces the vector field

Yp(Sl) = —pgSl and Yp(SQ) = puSQ
and thus for p = py(Lq, My)p2(Le, Ms) as in (2.16), we find

Y, (S71'S:) = —S7'(—peSi)Sy S + Sy puSe = S 'pSe
= 51_1175'2

= pi(A e+ D kAT ST Sopa (AT e + D ksp (AT,
1 1
a linear differential equation for S;*S,. Since for any linear differential equation

P L) = () = al0) = X S0,

the conclusion (2.18) follows. Corollary 2.4.1. is merely a special case of (2.18),
while corollary 2.4.2 takes into account the t-, s- and c,g-flows all at once.
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3 Borel decomposition of moment matrices, 7-
functions and string-orthogonal polynomials
Consider the weight p(y, 2)dydz = ¢V dydz on IR?, the corresponding inner prod-
uct { , ) and the moment matrix'* m, (¢, s, c), as in (0.1),(0.2) and (0.3). In the

introduction, string-orthogonal polynomials were defined as two sequences of monic
polynomials of degree i, each depending on one variable (y and z € R)

W12 and {pi” ()},

orthogonal in the following sense
(pf-l),pgz)) = h;dy.

Also consider the N x co matrix of Schur polynomials'? p;(t):

L pi(t) pa(t) ... pn—1(t) | pn(2)

0 1 pi(t) ... py—2(t) | pn-a(t)
Ex(t) = | ¢ : :

0 0 0 ... m@® | )

0 0 0o ... 1 pi(t)

- (pj*i@)) 0<i<N-1
0<7 <0

The polynomials p(! (y) and p?) () have explicit expressions in terms of the moments

1
1 Y

(3.1) py’(y) det mn(t, 5, ¢) e mn(t, s, c)
Hn,0 (tu S, C) st /’Ln,n—l(t7 S, C) y"

11n this and subsequent sections

(ta S, C) = ((tn)nZlv (Sn)nZh (Qxﬂ)a,ﬁZl) = (Cozﬂ) a76 Z 0
(ar, B) # (0,0)
with the understanding that ¢, = cng, Sn = —Con-

12The Schur polynomials p;, defined by e tiF = >o" pr(t)z* and pi(t) = 0 for k < 0, are not
to be confused with the string-orthogonal polynomials p(k), k=12

i
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and

1
z
P (z) = detmnl(t,s,c) det m,) (L, s,c) I
Lon(t,s,c) . fn—1n(t,s,c) | 2"
from which det
= (ol pi?) = (" 21) =

For future use, we need some notation: for an arbitrary matrix

A = (aij)o<ij<n-1

with N finite or infinite, denote by A; the upper-left ¢ x ¢ minor and A; := det A;,
with ¢ > 1 and Ay = 1; assuming all A; # 0, define the following monic polynomials
of degree i (0 <i< N —1)

1
. (i+1)
1 A : A, , .
(3.2) Pi(z,A) := —det i " = Y L=+,
Ai 27 05« D
ao ... Aii-1 z"

with . ‘
AU = Ay and ATV =0, i<

Given the character y(z) = (1,2,2%,...)", the lower triangular matrix S(A), with

1’s along the diagonal, is defined such that

(3.3) S(A)x(2) := (Py(z, A), Pi(z, A),..)".
Also define the N x N diagonal matrix h = h(A)

- A Ay
(3.4) h := diag(hg,hy,...,hAn_1) = dzag(AO, AL

and so Ay = [[5""* h;. Theorem 3.1 shows that performing the Borel decomposi-
tion of the matrix m., is tantamount to the construction of the string-orthogonal
polynomials . Given m,, define S(m.), S(ml) and h(m.,) by means of (3.3) and

o0

(3.4). We now state Theorem 3.1, whose proof can be found in [AvM3].
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Theorem 3.1. The vectors of string-orthogonal polynomials are given by

(3.5) PP (y) = L 'x(y) and p®(2) = (U ) Tx(2)

where L and U are the lower- and upper-triangular matrices respectively, with 1’s
on the diagonal, appearing in the Borel decomposition of the matrix mq:

(3.6) Moo = L h U := S meo)h(meo)(S™HmI))T.

o0

Corollary 3.1.1. The string-orthogonality relations are equivalent to the Borel
decomposition of the moment matrix meqy:

(3.7) (P PP = hibi; = S (Moo Mo (S(ML))T = h(meo).

J o

Remark 3.1.1: Any matrix A (finite or infinite), with all A; # 0, can be realized as
a moment matrix my, and the recipe (3.6) provides its Borel decomposition.

The determinant of the moment matrix my can be expressed in terms of a double
matrix integral, as stated in the following theorem:

Theorem 3.2. The following integral
(3.8)
(L, s,¢) = // 5 DR 4 TN T (i — wy) T (vi — vj)dﬂdzj
@,0eRN i<

= Nldetmy(t,s,c)

= N'det(Ey(t)me(0,0,0)Ex(—s)")
is a T-function of t and —s; in particular Ty satisfies the KP-hierarchy in t and s,
for each N = 0,1, ... ; moreover the h, = (p\V, p{2)} are given by

n 'n

Tn+1 (ta S, C)

(3.9) hy(t, s, c) = ot 5.0)

10(t,s,¢) = 1.

Remark: For V(y,z) = Sty + cyz — 39° s;2%, the integral (3.8) is well known
[AS1] to be the two matrix integral, integrated over the space of Hermitean matrices

of size N: N
T \—N?+N
f T K / / AM, dMyet™V (M)
(\/E) kl;[l HNXHN ! 2

Before giving the proof of this theorem, we shall need several Lemmas:
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Lemma 3.2.1.
my(t, ) = Ex(t)me(0,0)Ex(—s)".

and . N
Moo (t, s) = €21 "N (0,0)e 20 *nA™"
Proof:
my(t,s) = (//132 ueflkaleztiuzeV”(“’”)e*ZSj”Jdud”)1ge,k§1v
= (Z ]%(t)(// 2eV”(“’”)uiH_lij’k_ldudv)pj(—5)>
i,j=0 R 1<Ck<N
= (ijz;opi(t)ﬂi+4—1,j+k—1(07 U)Pj(—s)) I<eheN
= EN<t)moo(070)EN(_S)T'
The second line follows from the first one, since Eo(t) = eXA" establishing
Lemma 3.2.1.

Lemma 3.2.2. For arbitrary sequences of monic polynomials p,(i,l) and p,(f), we have

det(uf ) 1<open det(vy D i<open
_ Z det (ug(k)vo(k))lgé,kSN

cESN

1 2
= det (pg]l(uk))gé,kg]v det (pg’—)l (Uk))1§£,k§v :

Proof: This is a standard result about Vandermonde determinants.

Consider a linear space W9 spanned by formal (Laurent) series in z (for large z):

N-1
Wozspan{ Z ajkzj,k:O,...,N—l}@zNH+.

j=—o00

Lemma 3.2.3. Letting
Wt — eZtiziWo

the T-function
7(t) = det(Proj : W' — H,)
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has the form
7(t) = det(En(t)ay),

where ay is the (0o, N)-matrix of coefficients

aN-10 --- OAN-1N-1

Q10 <o Q1 N1

(310) anN = apo ces o N—-1
a-10 --- G_1N-1

G2 ... G_2N-1

Proof:

o) N-1 o)
wt = span{Zpi(t)zi > ajnzj,n:O,l,...,N—l}@{Zpi(t)z”N*k,k:0,1,2,...
i=0 0

j=—o0

= Span{z 2" Z Pk+j(t)a_jn,n:0,1,...,N—1}@

kEZ j>max(—k,—N+1)

{ipi(t)z”“’“, k=0,1,2,.. }
0

Therefore, recording the coefficients of z* in the kth row starting from the bottom
(k=0,1,2,...), the projection W* — H, has the following matrix representation:

7(t) = det Proj(W'— H,)

p2 p1 1
pp 1 0
j>—ZN+1 A-gobjtnN - j>§\7+1 NPy | 100
= det B Py S 0 :
j>_2];,+1 —joPj+N-1 - -- j>§1+1 —j,N—1Pj+N—-1
: 0]
> G_joDjt+1 >, A_jN-1Dj+1
i1 =
2. a_jop;j Y. G_jN-1Dj
720 7>0 ’
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Y. A_joPj4N—-1 -+ 2 A N41Dj+N—1

j>—N+1
= det : :
%:0 a—jop; J;O a—jN-1P;
= det(ENaN),

ending the proof of Lemma 3.3.
Proof of Theorem 3.2: Indeed, using Lemma 3.2.2 and Lemma 3.2.1, we have

(3.11)

//UUGIRN @Ek 1V(mC 'Uk)H u —U] H V; vj)dul...duNdvl...va

1<j 1<j
N
= (ur k) det (u7 L oF7 L duy ...duydvy...dv
//uz)GIR kl;[ JGXS:N (f’(k ))1§z,k§N 1 N &1 N
= 3 det(f [N )

= j\i! get(mN(t, s))
= Nldet(En(t)ms(0,0)Ex(—s)").

Lemma 3.2.3 shows the latter expression is a 7-function in ¢ and in —s, where
alternately ag\l,)(—s) = Mo (0,0) E(—5) yields an initial plane in the Grassmannian
parametrized by s, or ag\%) (t) = ml (0,0)Ef(t) yields an initial plane parametrized
by t. Finally (3.9) follows at once from (3.17), ending the proof of Theorem 3.2.

4 From string-orthogonal polynomials to the two-
Toda lattice and the string equation

Given the (t, s, c)-dependent weight ¥ #*) as in (0.1), its moment matrix m,, admits,
according to Theorem 3.1, the Borel decomposition

(4.1) Moo = SRS )T,
upon setting (in the notation (3.3)),

(4.2) S1 =S (M), Sy = S(m.).
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Also, according to Theorem 3.1, the semi-infinite matrices S; = Si(¢,s,c) and Sy =
Sa(t,s,¢) € D_oop lead to strmg—orthogonal (monic) polynomials (p (1 ,p?) with
PV, p2)Y = 6, ,nhn; we also define new matrices Sy, Sy € Dy and vectors ¥; and
U3, as follows:

pW(2) =: S1x(z) and  p@(z) = Spx(2)

(4.3) Sy=h(siHT and S :=h(S;")T

Uy = eztkzip(l)(z) and V3= e_ZSkz:Zh_lp(Q)(z_l)
_ B G (2) — e (5, ) Ty (e Y).

Also define matrices Ly, Lo € D_wi, Lo, L, e D_i , and @y, Qs € D_,—1 so that

() 2pP(=) = Cecnn(L)up @) 22P() = Secun(Lo)unf ()

(44) () (=) = Tecn 1 (@)upi(2) Ep2(2) = Tecn1(Q2)uip” (2)
(i) Ly = hL{h™L Ly =hLjh™t.
Using the latter, we check,
20 = eZtkzkzp(l)(z) == ) = [0
and
2—1@;(2) —Eskz Bl 2)(2—1) _ e‘zsszkh_ll_zgp(z)(z_l)) _ LQT\IJE,

leading to the formula (4.5) below upon setting L} = L, ; at the same time, we also
define the matrices M; and M;:

(4.5) (L1, L) (W, 03) = (2,27 ") (T, ¥3)
(M M) (0, 03) 2= (ST (0,05,

Theorem 4.1 (“String equations”). The matrices L and Q satisty the constraints®?,

46 ) @+ =0 G c‘m(‘w

.
3 <LI,LT>> =0,

BIf f(y,2) = Seijytz?, then f(Ly, Ly) = Sey L L.
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and the matrices L and M,

(4.7) (i) M + a(;/yu(Lh L) =0, (i) M+ (

Vi

T
W(Ll, LQ)) — O

Corollary 4.1.1. If

f1 EZ
Vi(y,z) => ty' +cyz— Y sz,
1 1

then Ly is a {5 + 1-band matrix, having thus {5 — 1 subdiagonals below the main
diagonal; also, Ls is a {1 + 1-band matrix, with {1 — 1 subdiagonals above the main
diagonal.

Theorem 4.2 (“Toda equations”). The Borel decomposition of the moment
matrix for the weight eV

(4.8) Moo = ST (S, )T = S[1S,

provides matrices S; such that L = (L1, Ly) = (S1AS7!, SoATSy ). With regard to
the parameters (t, s, c) appearing in the weight €V, the matrices my, and L satisfy
the two-Toda equations and symmetry equations **

O — Ay 27 = g ATe, 9T _ pogy A8,
8tn aSn acaﬁ
oL . oL . oL i
(49) % = [(L1>0)+7L] g = [(Oa L2)+7L]7 O 5 = _[(L1L§70)*7L]'

Corollary 4.2.1. The moment matrix mq(t, s, c) can be expressed in terms of its
initial value my(0,0,0) as follows:

Tog
11 cM) A2az1 e (0,0, O)AT 2531 Pras,

(Tap) 2 €z ( Tag!
Taf)a,3>0 af-:
@iz @)

Meo(t, s,¢) =

“Note 525 = —[(LYL5,0)-, L] = [(0, LY L5) -, I].
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Corollary 4.2.2. The string-orthogonal polynomials, defined in (3.1) or (4.3), have
the following expression in terms of the T-function 7, = det m,, (see (0.3) and foot-
note 2):

P

STt — [y, s, ) @(2) = ZnTn(t, s+ [z‘l],c).

W) =y Ta(t, s, C) Pn To(t, s, C)

Pr—k(0s) det my,(t, s, ) Jk
det m, (¢, s, ¢) '

pn_k(—ét) detmy(t,s,c) .
det my,(t, s, c)

- ¥

0<k<n

Theorem 4.3 (“Trace formula”). ([ASV4]) The following holds for n,m > —1:

2.

0<k<n

1 ~ -
Z (L?H L?H)u‘ = 7pn+N(8t)pm+N(_8s)Tl OTN-1-
0<i<N—1 n(t, 8)

Remark 1: Alternatively, also according to [ASV4], the above formula can be written
in terms of derivatives of 7y_; with coefficients involving the moments p;; = (y', 27),

defined in (0.3):

1 - -
Z (L?—H Lm+1)u - Z Mijpi’(_at)pj’(as)TN—l(t’ S)'
: t,8) i+i'=n+N
0<i<N—1 (1, 8) j——:-_j’:m—:-N
i7il7j7jl20

The reader will find the proof of Theorem 4.3 in [ASV4]. Before proving Theorems
4.1 and 4.2, we first need a few Lemmas:

Lemma 4.4. The matrices L;, L;, M, M, Q, Q- satisty:

(4.10) Ly = §1A5i1, Ly = SyAS;?
' L1 = SIATS[Y, Ly = S,ATS;H
and
(1.11) M= Qi+ AL, My =hQuht SR,

Proof: From (4.3) and (4.4),

L1S1X(2) = Lip1 = zp1 = 251X (2) = S12x(2) = SiAx(z), for all 2,
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together with L; = hL{h~!, implies the formulas (4.10) for L; and L;; a similar

argument implies those for L, and Lo.
To prove (4.11), observe, from (4.3) and (4.4), that for ¥, = Wy(¢, s, c; 2)

ov 0
MV, = azl = 3 (eZtkzkp(l)(z))
= Z ktkzkil\l’l -+ Gztizk

k>1

= (Sktp LV 4+ Q)Y

(%Vl (Ly) + Ql)‘l’l,

0
9
5.7 (2)

and similarly that for W5 = Wi(¢, s, ¢; 2),

KATp* 8\113 _ a =Sz~ —1
MQ\IJ2 - 82_1 - 3,2—1 ( i h p ( ))

_ Sk
= —Ykspz kH\I/;—l—e Bspz Tt p 1

aZ(()_lp(z)(zl)
— _Eksk(L;I')k—I\Ij;_’_e—Eskz*kh_lQﬂ?(Z)(z—l)
(8‘/&(L2T)

0z

+h ' Qah) W5,

concluding the proof of Lemma 4.4.

Proof of Theorem 4.1: The following calculation, must be done in the following
spirit: for arbitrarily large m, set all t; = 0, for ¢ > 2m and t5,, # 0. Using in the
fifth equality the fact that c¢;p = t; and co; = —s; (see (4.1)), compute, for all integer
n and m > 0,

0 — /]R ;y Vl(y) /p<2) )‘Vl(y)dz>}dy
— /]Revl(?!)((?;l(y)pfll)(y)—{—Zgg(y))(/]l%pg)(z)ev_vldz)dy

—I—/ 1 pM (y /p oV w0 (V Vl)dz)dy
= /]RZ Q1) nng </ 3 de) dy+/]RpSll)(y) (/13297(73)(2)6Vaydz> dy
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= Ql nz// (1) (2) VeV WA dydz

+// Z icyy'” LideVdydz

j70

= (QU)nmhm +wa / / D () (27 (2))dyd
= (Q)amim +chw | fL (o 1mpg><y>)(Z@%)mﬂp(;)(z))evdydz
B

= (Q)nmhm +waz L™ Ya L2 m,g// pa (2)eY dydz

(Ql)nmhm + Z Zcij Lll 1)na(l_—f2)mozho¢
47,020
(;) (Ql)nmhm+ Z icij(Liil)na(L%)amhm

1,5,a20

= ((Ql)nm + > in:j(LZflLJé)nm> him

1,520

ov
ag/(L17L2)> hma

= (Ql +
upon using, in the equality (;), the property h(Eg)T = Lih (see (4.4, iii)); since
hy, # 0, relation (4.6, i) holds.

The proof of (4.6, ii) is similar to the previous proof, upon interchanging 1 «— 2
and m «— n; indeed, compute for all m and n,

— y,2)—Va(2)
0 = g e dy)d:
= (Q2)mnhn + Z J%// (PR () (' (y)e" dydz
4,720
(QQ)mnhn + chij Z(I’%_l)m& n,@//pa dedz
2% a,B
= (QQ)mnhn+ Z jcij(f/%_l)ma([/il)naha
4,7,a>0
) A LT i
= ((Q2)mn+ Z .]C’LJ<L% l)ma(Ll)om>hn
i,7,a>0
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= (Qﬁ(%V(LLLT))T) o,

m,n

upon using in & that h(L)T = Lih (see (4.5, iii)).

Now observe from (4.6)(i) and (4.11) that

ov oVi

0=0Q1 + 8731([11’[12) = Q1+ (L) +—F—

yielding (4.7)(i). To prove (4.7)(ii), compute from (4.6)(ii) and (4.11) that

-
0 = h'Qh+h" (%V(LI,LT)> h

-
= h'Q.h + (%V(hﬁh YhLy h™ ))

_ oV i
— h1Q2h+<a(L1,L2)> ,

oVy, A%P) T
= h'Qoh+ —— 9 (Ly )+( 9% (L17L2))
oV

= M;—F( 812(L1’L2)> ;

concluding the proof of Theorem 4.1.
Proof of Corollary 4.1.1: From (4.6(i)) and (4.6(ii)), it follows that

0 ‘ i . |
@1+ Zitilﬂl—l +¢cLy=0 and hQJh '+ cLi — ZiSiL;_l _
! 1

But Q) is zero on and above the diagonal; 3% it; L:~! has ¢; — 1 subdiagonals above
the main diagonal and zeroes beyond, and thus also Ly. Similarly QJ has zeroes on
and below the diagonal; >4 is; Li~! has 5 — 1 subdiagonals below the main diagonal
and zeroes beyond, and thus also L, establishing the corollary.
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Lemma 4.5. The wave operators S = (S, S2) satisfy for n = 1,2, ..., and o, =

0,1,...
S oS a8
ar, = IS, Gm = IS, G = (LGS
(4.12) y " >
05, 95 05 P
— = (L™ T = (7" — (%[
atn ( 1)“527 asn ( 2)“32? 800{[7 ( 1 2)“52
and the wave vectors ¥, and W}
. o(¥q, U3 n " .
i Yy, (0)7) () n=12
@y 4w Y - @poT) )
a \I] 7@* [0} (o] *
i) S (<L), - (ET) (0.9 0,620

(1) (2)

Proof: Since p,” and p,~’ are monic polynomials,

(4.14) =S AP PO =12

with A and A® € D_,, ;. So, for arbitrary ¢ and k > 0,

9 , 1) @
des (pr 00

_ <apk p(2)>_|_<p(1) apé2)>+<yip(1) ij(2)>
deij 't M7 ey B

= Z Akm pm 7pﬁ + Z Afm pk 7pm + Z km L2)Zn<p$n)7p7(1)>

m<k m</{

= Agﬁ hg + AZk hk; + Z k‘r LQ)ET‘h'f

= AVh+ ADn, + 5 (Li)rhe (L) e
or using (4.4) (iii)

i
= Aidhe + AR b+ 2 (L) (L)rihu
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leading to

9 /@ (W) (riri
<k 0= de <pk s Do > = (Ake + (L1L2)k€>hé

h = (LliL%)oh

(4.15) 0=k

3%-
0 o
(>k 0= acu<p;§1),p§2)> = (AR + (IAL}) o) P
ij
Setting these expressions for the matrices AW € D_,, _; in (4.14), leads to
op) N op? e
(4.16) Doy ~ —(LeLpY  and ey = —(L5LS)p?.
Since p(V) = S;y and p® = Sy, (4.16) leads to
0S a8 —Bron &
(4.17) o ; = —(LSLH),S,  and o 26 = —(L5L$),S5,,
for integer o, 8 > 0, and since Sy = h(S; )T,
05, Oh (o 1 (a1 0% o)
= Syt —h Syt Syt
acaﬁ acag ( 2 ) 2 acag 2

= (L?Lg)us%
from which it follows that
ISy HT o _
(4.18) e (T IRNCD

In particular, setting c¢,o = t,, or —co, = s, leads to (4.12).
Since, according to the definition (4.3),
Uy = ™ S1x(z) and W= e (5, (=)

depends on cug, a, 5 > 1, through S; and Sy only, the expressions for 0.51/0c.s
and 055/0c,s yield the corresponding derivatives (4.13, iii). Equations (4.13, i) and
(4.13, ii) follow from (4.13, iii), taking into account the fact that ¢, and s, also
appear in the exponents of (¥, U5). This ends the proof of Lemma 4.5.
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Proof of Theorem 4.2: The formulas

Ly = SASTY, Ly = S,ATS;

and the expression (4.8) for m., combined with the differential equations (4.12) for
S; lead to
OMeo 0SS,
0cop 0cup
= STM(LYL5)eST 8185 + Sy (L§Ls)uSs
— STULYLES,
= A*STISHATP = Amg AP

and thus the conclusion of Theorem 4.2. Corollary 4.2.1 is an immediate consequence
of Theorem 4.2, while Corollary 4.2.2 follows from (1.16), (1.17) and (4.3).

5 Virasoro constraints on two-matrix integrals

For the general 2-Toda lattice, define the bi-infinite matrices for all integer ¢ > —1,

8‘/12 8%2
y 0z

(bi-infinite 2-Toda lattice).
Note that, according to the formula preceeding (1.10), we have

(5.2) M;T =Lyt — M.

(5.1) o) = LMy + 22 (L, L)), o) = —(M3 T + Z2(Ly, Ly)) L5,

In view of formulas (1.39), define differential operators IC,(s)l and Efﬁ‘)z for m > 0,
i>—1,a=12

(5.3)
1 0
K& = oW i+ )W+ > rep s
’ 2 ’ ’ r,s>1 aci'H”,S
= -J J; rs 0;
2 K2 + (m _I_ 2 ) 1 + Tgl rc aCi+r75 _I_ 2
1
and
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1 -~
Icgr?z = 5 75121 1,0 m K + SCrs 73—
’ 2 ’ 1 r§>:1 acr ,S+i

1 %(2) 1+ 1 1 (m 1)(m+2)

= ZJiy 0 — s 5@
gk =m0 T; o acr o 2 °

-1 2
SRR RN

Consider the usual weight ", the corresponding string-orthogonal polynomials, the
semi-infinite wave vectors Wy and U} derived from them in (4.3) and the semi-
infinite matrices Ly, Lo, My, My defined in (4.4) and (4.5). Note that in this context
neither Ly ' nor M, appearing in (5.2) make sense although the combination M3 T =
Ly' — M, makes perfectly good sense.

Recall the bracket {, } introduced in (2.5) and made explicit in (2.6); we now

state

Theorem 5.1. For the general 2-Toda lattice, the bi-infinite matrices v (z > —1,
a=1,2) form a (decoupled) algebra Virt @ Virt for the bracket {, }:

a o . a 1
(5.5) ooy = (D= {0 o) =0,
For string-orthogonal polynomials, we have
vi(a) =0 and 71 =1;

they imply for

1 SV ()

S — eV \UkoUk Uy — Uj v; — v;)dudv
m/! //u,UEIRm ZI;[]( ) 11;[3< i)

the algebra Virt @ Virt of constraints

1
(5.6) (£ + m(m;)a,,o)fm —0, form>0,i>-1,a=1,2

Lemma 5.2. For the general 2-Toda lattice, we have the following correspondence
for the vector field Y ) acting on the wave functions (¥, V3):

(@)

((U£a>)\lj ) . _ ‘Cm,iTm
o UG e
' (( (&))u)T\I/*)m n ﬁ’rg,iTm ﬁm iTm £T:xiTm
_W = (e"—1) i — j;ﬂ =+ o (m +1)d

fori,m e Z,a =1,2.
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Proof of Lemma 5.2: At first observe that vi(l) and vz@) defined in (5.1) equals,

o) = ML 4 i+ )L+ S e LTS
r,s>1
v = MyLET — Ly — S se UL,

r,s>1

Then using (1.27) and (1.277), (4.13,(iii)), Corollary 1.2.1 and the notations (5.3)
and (5.4), we have the following:

Y o \I; a) \Ij ’C(Oé),]_m E(a)‘Tm
( \;H U _ (_1)a((v&j V1) _ (e — 1) ZmdTm _ (o _ gy Ema
1,m2"™ 1,m2™ Tm Tm,
(YUi<°‘)\Ij§)m — (_1)Oc((vl(a))u)—r)\pg)m
B IC(Q)- - ’C(a) T ,C(Of)' -
_ (677 . 1) m,'LT . m+1,z7- +1 4 m,lT 7
Tm Tm+1 Tm
) @) - L@ - @) -
_ (en . 1) m,zT . m+1,z7— +1 + m,zT . (m + 1)61'07
Tm Tm+1 Tm

where the term (m + 1)d;o is caused by the constant which distinguishes 57(3)1 from

K ending the proof of Lemma 5.2.

m,i?

Proof of Theorem 5.1: That the matrices v*) form an algebra Virt @ Virt for {, }
with structure relations (5.5) follows immediately from Theorem 2.3. Since the maps

v’{’}'_)YU7[’:|

and

Y, acting on L — Y, acting on 7
are Lie algebra homomorphisms, the vector fields Y @ induce on 7 an algebra
Virt™ @ Vir® of constraints, as well.

For string-orthogonal polynomials, the matrices Ly, My, Ly and M; satisty the
string relations (4.7), implying, upon multiplication by L™ and L5 respectively,
that both ?JZ-(l) and vz-(Q = 0 for ¢ > —1; thus the right hand side of (5.7) vanishes. But
the terms on the right hand side of (5.7), containing e™" — 1 and e” — 1, are Taylor
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series in 27! and z respectively, without independent term, whereas the remaining

part is independent of z; therefore we have

‘Cf’r?,)i Tm

Tm

= a'“(m,i,c), m>1and a=1,2,

is a function of m,i,c¢ = (¢;;, independent of ¢ and s. Substituting the latter into
the right hand side of (5.7), yields the difference relation

(5.8)
52?11 iTm+1 ‘ng)i'rm . .
: — T (mA4-1)60 = a' Y (m 41,4, ¢) —a' (m, i, ¢) + (m+1)d = 0,
Tm+1 Tm

form > 0,7 > —1 and o = 1, 2. Moreover, since E((f? (for i > —1) is a differentiation
operator, and since 79 = 1, we have the boundary condition

(5.9) a(0,i,¢) = 2= =0,  fori>—1.

So, the difference relation (5.8) together with the boundary condition (5.9) implies

1
a“(m,i,c) = _m(m;—)(sio’ m>0,i>—1,

establishing Theorem 5.1.

Corollary 5.1.1. For the two-matrix integral Ty, relations (5.6) are equivalent to

N—
(J}” + N +i+ DI+ NN+ 1D)IO 42 Y e, Z (L L3), ) ™~ =0

r,s>1

r,s>1

(jf) —@N+i+ DY NN+ )T 12 3 sep Z (LY L3, ) ™ =0,

fori> —1 and N > 0.

In particular, when Vi3 = cyz, we have

(72 + @N +i+ 1) + N(N + 1)) 7y + 2 pin(@)pn (=0)mi 0Ty = 0

(I = @N +i+ 1) + NN + 1)) 7y + 2 py(0)pisn(=0)ri0 vy = 0
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or, in terms of the moments [i;;,

(JP+@N+i+ DI+ NN+ 1D)I7 ) 7y +2¢ 5 ppre (= 00)per (D)7
k+k'=N+i

L+0=N
kK 0.0/ >0

(I = @N +i+ )TV + NN +1)J) 7y + 2 by e (=00pe(D5)7h

{4+l =N+i
kK 0.0’ >0

fort> —1 and N > 1.

Proof: It suffices to replace the partial derivatives®®

N-1
07y = N' Oh hg.. hAl ..hy_1, wusing Theorem 3.2,
(9ca5 —0 8Ca5
N-1 .
= NI (LaLﬁ)mh hg...h;...hy_1, using Proposition 1.1,
=0
N-1 N-1
= NS [T P
i=0 0
N-1
(*) = TN (LaLQ)ua using (39)7
=0
() = PasN-1(0))parn-1(0s)T1 0 Tn_1, using theorem 4.3,

in the expression ESS‘)Z (see (5.3) and (5.4)) of (5.6) by the multiplication operator
(*). For Vis = cyz, one replaces %
one sets all ¢;; = 0, for all 4,7 > 1, except ¢1; = ¢; the second set of equations uses
the formula in Remark 1, following Theorem 4.3, thus ending the proof of Corollary

5.1.1.

by the Hirota-type expression (**) and then

Note that, since

a pAN . a B pAn " . a B
7 =3 (1) sty = S al K iz 0

k=0 k=0

157, means with h; omitted
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we have using (1.20), that

pAN
L3 M) = Yo MprLR with o = ( t ) (n)
k=1
1n N A . n n n
0= L3 = S ALt i () s A -1
k=0
Defining
(4,5) (4)
~ (i) . o 2() By
5.10 - 4 A9 =Pk
(5.10) R e vy s e Gy S DI
we now state
Theorem 5.2. For Vi5 = cyz, we have
A, k+1) i) e (i—k+1) ! .
(Z@k] 77”{1 —j +Zﬁk W —1,5— z) = Z'(Siij’ 27320-
k=0 (—c)
Proof: For Vis = cyz, the string equations v'% =0 (see (5.1)) reduce to
(5.11) M;+cLy=0 and M;" +cL; =0,
implying

Liiriagi i T L «T\i T3 iTJ
(=P LM{ = L1y =0 and  (2)(=M;')'Ly = Li L5 = 0.
Subtracting we find, upon replacing M; " by the expression (5.2),

0 = (— VLM~ (MY I

EN
C

Yiriang _ (1 1yigd
= (VLM = (2)(My = Ly ') Ly
ing (i) i g0

(6% s i— i— Yy
= (_’“C)jMf o Z%MQ kLiw,
k=0

k=0

Applying Corollary 1.2.1, we have, using the notation (5.10),

o ()
<(Z;AJO( MY oﬁfz My~FLy” k)é\yl>
(5.12) 0 =- T

iNG —(i,5)17,(G—k+1) (2) —k+1)
(ZOJ JW77?Z] +Z'B Wm 1,5— )m

Tm

— (- 1)
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and

ing ol Mg kL'L k B;(:) ik pi—k T\I/*
ZkO(C)J Zkoci 2 2 ) 2

0 = \p* —m m
iNj (H) (G- k+1) 7(1) 15, (i—k+1)
(5.13) . (Si af Wik 3 BOWE )
Tm
NG~ (00) gy G—k+1) () 7 (i—k+1)
_ (Z;c ]0 ! W”rrf«klz j+2k O’Bk Wm] 7 )Tm+1
Tm-+1 ’

Upon using the same argument on (5.12) and (5.13) as in the proof of Theorem 5.1,
one shows the ratio is independent of ¢t and s; so

(5.14) ( S ! ‘ k =ta ) =:a"(m,c),

Tm

and according to (5.13),
a’(m+1,¢) = a”’(m,c), m=0,1,2,...

Then, we compute (5.14) for m = 0:

a(0, c)
iAJ 7(7,3 k+1 —k+1)
oy (AW o )
Y 7_0
(Al (0)j k105 + Sk Bi(D)iokiadis) o
= -
differential operator) + (polynomial int) )r
—I—(( )+ )) , using (1.49),
70

= [!/(1)16;; + (polynomial in ) since 79 =1, (0)j_p41 =0
(i

)i(= )%

C’L

(=0

since a”(0, ) is independent of ¢
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