Toda-Darboux maps and vertex operators*

M. Adler!  P. van Moerbeke?
March 1, 1998

The process of Borel decomposing a matrix as a product of lower- and
upper-triangular matrices and multiplying them in opposite order, (or con-
versely) is called the Bdcklund-Darboux map. The matrices considered here
are bi-infinite tridiagonal matrices or, more generally, 2p + 1-band matrices
L — M, where )\ is a free parameter; their Borel decomposition and thus
also the corresponding Darboux map will depend on 2p — 1 parameters, in
addition to the spectral parameter \.

Letting these matrices evolve according to the standard (commuting)
Toda vector fields introduces a dependency on a time-parameter t € C.
Then we show that, upon adjusting appropriately the free parameters, the
Darboux transformed matrix evolves according to the Toda lattice, whereas,
in the tridiagonal case, each of the factors evolves according to the KM lat-
tice. As is well known, the entries and the eigenvectors of the t-dependent
matrix can entirely be expressed in terms of a single vector of 7-functions
(cooy71(t), T0(t), 71(t), ...). Given such a Darboux map, how are the new 7-
functions and eigenvectors expressed in terms of the old ones? The formulae
so obtained involve certain wvertex operators, which depend on the spectral
parameter A and which turn out to be very useful even after setting ¢t = 0;
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indeed the T-functions are often well-known quantities, like matrix integrals,
determinants of moments, Fredholm determinants, etc...
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Consider the Toda lattice

oL

g = (I L= =L, n=12 (0.1)

on bi-infinite tridiagonal matrices

by |1
a_q bo

O

L=A"'a+b\"+ A= : (0.2)

with A being the customary shift A := (§;,_1) and a and b being diagonal
matrices. As is well known, in analogy with Sato’s KP-theory, the entries a
and b have the following 7-function representation

a Tn+1 Tn—1Tn+1
= — 10g and Ap—1 — 5
oty Tn T2

bn (0.3)

in terms of a 7-vector 7 = (7,)nez. In section 2, it is shown that, if 7 is a
Toda lattice 7-vector, then

(14+cX(t, 2))T
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is a Toda 7-vector as well, where the vertex operator X(t, z), introduced by
us in [3], is given by!

Z—l

X(t, z) = A_lx(zz)ez“Zie_22 o (0.4)

For a fixed A € C*, we consider lower-upper (LU) Borel factorizations:
L(t) = A= L_(t) L+ (),

with

B s
Loft) = @A+ A= | o S
O .

Also consider upper-lower (UL) Borel factorizations:

L(t) = A= L (t)L' () :== L_(t)AA"" L (t),

with
O
=~y . . a_9 1
L+(t) = Op-1 —|—A = 0 o1 ,
O
: O
1 10
L't)=A'p+1=
~(t) B+ 511
O .
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These factorizations lead to LU and UL Darbouz transforms*:

LU-map : L(t)—A=L_L, +— L(t)—A=L,L_,
UL-map : L(t)—A=L L +w L({t)-A=L_L,

which in coordinates read:

bn_)\:an—1+5n — bn_)\:an+5n:(bn_>\)+(an_an—1)

Ap—1 = Oénflﬁnfl — dnfl = anflﬂn = Qp-1 671 . (05)
ﬁnfl
bn—)\:C(nfl‘i‘ﬁn L — B;Z_)\:Oénfl—i_ﬁnfl
ap—1 = an—lﬁn—l E— d;_l = an—?ﬁn—l' (06)

This map will be called Toda-Darbouz, when both matrices L — A = L_L,,
and L — A= L, L_ flow according to all Toda vector fields.
The following vertex operators will play an important role in this paper:

Xi(£A) = yOOX(EA) and Xo(t,A) = y(A DX (=t A, (0.7)

where .
co ATt 5

X(t,A) 1= e2or N 20 ST a (0.8)

We also define a discrete Wronskian {, } on column vectors f and g

{fv g} = (fn—i-lgn - fngn—&-l)nez‘ (09)

Theorem 0.1 FEach element of the 2-dimensional null-space

7(t) (a Xi(t,A) + be N Xy (¢, A)) 7(t)

ker(L(t) — \) = {‘I)(t,)\) = ) = -® } )
(0.10)

where ®(t, \) satisfies

0P
—— = (L"), D
atn ( )+ ?

*Note L'(t) ~A=L" L. =A"'"LyL_A=LyL_ (withiwi—1)
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specifies a factorization for all t € C*, depending on a free parameter b/a:
Lit)—A=L_L,=(ANta+A")(BA" + A7),

with

0 lOg (I)n+1<t7 )‘> — A and ﬁn = -

(t
oy, = —
oty t

’?), (0.11)

and so

ker L, = C®(t, \).

The LU-Toda-Darbouz transform (0.5) maps L(t) — X into a new tridiagonal
matriz L(t) — X, with entries b, and a, given by (0.3) in term of 7. The
LU-Toda-Darboux transform on L induces a map on T:

T 7 =70 = (aX,(6,A) +beX N Xo (1, 0)) 7(8),  (0.12)

whereas the UL-Darboux transform (0.5) does the same with entries l;; = by
and @), = Gp—1. Thus the UL-Toda-Darbouz transform on L induces a map
on T:

T 7 =710 = A7 (aXy(t, ) + beX N Ko (8 N)) 7(1). (0.13)

Remark: In the bi-infinite case, the LU or UL-factorizations and Darboux
transforms are given by the same formulae, except for a backwards shift, as
seen above. However, when the matrix is semi-infinite, Theorem 0.1 applies
as such with b = 0 for LU-Darboux and with a and b arbitrary for UL-
Darboux.

The kernel ker(L(t) — A), as in (0.10), contains two distinguished (wave)
functions, whose asymptotics is given later in (2.5),
e AN Xy (£, N7 (t)
7(t)

o0, 3= a7

which Darboux transform, as follows:

and 3 (¢, \) == (0.14)
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Theorem 0.2 The wave functions ®V) and ®@ for the L-operator are Dar-
bouz transformed into wave functions @V and ®® for the Darbouz trans-
formed operator L; they are given by Wronskian formulas, also expressible in
terms of the new T-function 7, to wit?

- Xi(t,2)7  1{dW(¢t, 2), (¢, A 1
305 = Nl 11 <®(t>k)< Ly a0,

- efEAX (¢, 2)F z PP (t, 2), d(t, A 2

N

~

Il

thus satisfying

. o o) o
LoD = 20 gnd a@t = (L"), ®

Theorem 0.3 The following holds:
Toda for L and L <= KM-lattice for L_ and L.
In coordinates, the first flow of the KM-lattice takes the form
b = (Bup1 = Bo)am,  Bn = (0 — @n1)Bu; (0.15)

moreover oy, and (3, satisfy the Ricatti equations, with coefficients given by
the entries of L,

n = —02 + (byy1 — Ny, — ay,

Bn = ﬁi - (bn - A)ﬁn + ap,.

in well known analogy with the Sturm-Liouville situation.

3set £(t, 2) = D07 izt
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Consider 2p + 1-band matrices of the form

L = Z CL,’Ai

o G,erl(—l) ao(—l) al(—l) 1
a_p,(0) . a—1(0) | ao(0) a,—1(0) 1
0 : :

(0.16)

with a; being diagonal matrices and a, = I; define p-reduced Toda lattice
vector fields, as follows:

ng = [(m>+7L]7 g;j - [(Li/p)_,L], for i = ]_,27 P /{/Z
oo (L4, L), i=1,2,.... (0.17)
Otip

Note Li/? and L¥? involve right p™* roots and left p™ roots:

k<0
L = (L) = (c—lA‘1+ZCkAk) : (0.18)
k>0

with this notation, the vector fields (0.16) preserve the band structure of L.
Then L can be expressed in terms of a string of 7-functions,

Tn = Tn(‘%v g)a 5)7 (()19)
with Z, ¢, and ¢ having certain components omitted:

T = (.Z‘l, ...,Li'p7 ...,Li’Qp, ), 'g = (yl; "'73}}77 ...,'ggp, ), tA: (tp,tgp,tgp, )
(0.20)

Define the following vertex operators:

%) . oo \— Pt i —i
Xl()\> = X()\)@Z1 tpi)\me 1 )‘pi c’?fpiezpwﬂci/\ e_ZPM )‘i aii

ATPE 9

Xo(A) = X(A_1>6_Z(l>ot"ivi62io P T e 2api YN ™ L

AP 5

=i A
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Theorem 0.4 FEach element of the 2p-dimensional null-space*

p—1 o
> (ale (WFN) + bredor t”’)‘ng(wk/\)) T

T _ k=0
ker(L — M) =S ®(\) = — =
er(L — ) = {a(n) = -
where ®(N) satisfies
LD = \'d
P . P .
g = (LV/7),®, 0P _ (L/PY_®, fori=1,2,... withp fi
i i
(0.21)

0P ,
= (L")y®, fori=1,2,..

Otip
determines a Toda-Darbouz transform (depending on 2p — 1 parameters a;

and b;)
L— NI+ (BA” + A)(L — X1 (BA° + A)~!
with o N
_ _ ~ntl .
571 - @n )\) )

it acts on T as
p—1 o )
T T =70 = Z (ale (WFA) + be2ot tiP’\le2(wk)\>> T.

k=0

Remark: The map
L—MN[+— (A'B+D)(L—-NHA'B+1)!

acts on 7 as
T 7= A"1®).

For a broad account of Darboux transforms in a variety of situations,
see the book of Matveev and Salle [11], which also contains a very extensive
bibliography. Darboux transforms for differential operators, and their con-
nections with 7-functions have been investigated in [9, 2, 14] for 2nd order

4w is a primitive pth root of unity.
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differential operators; in [2], we used the Darboux transform in order to reg-
ularize differential operators near their blow-up locus. Bakalov, Horozov and
Yakimov [7] studied Darboux transforms for general differential operators.
In fact, using our vertex operator methods (see [2]), the results of [7] can be
made quite a bit more precise. The connection with the KM-lattice was first
made in [1].

1 The 2-Toda lattice

Letting Py and P_ denote the upper (including diagonal) and strictly lower
triangular parts of the matrix P, the two-dimensional Toda lattice equations

read
oL; n 0L; "
oz, = [(Ll)Jr,LZ-] and 0 =[(Ly)_, L] n=1,2,...; (1.1)

they are deformations of a pair of infinite matrices

L:(Ll,Lg):( NGRS ag%) (1.2)

—oo<i<1 —1<i<o0o

where agl) and aZ@) are diagonal matrices depending on = = (1,2, ...) and

vy = (y1, %2, - ..), such that
agl) =1 and (a(ﬁ)nn # 0 for all n. (1.3)

In their 2-Toda theory, Ueno-Takasaki [13] also introduce a pair of wave
vectors W = (U, Uy), satisfying (L, Lo)¥ = (2,27 1)U and®

{ 0 = (L) (L) )W
Oy = (L) (L) )W

yn

(1.4)

They show that the wave vectors ¥ can be expressed in terms of one sequence

of -functions 7(n,x,y) = T.(x1, T2, .. .;Y1,Y2,...), n € Z, to wit:
(-1 .
Uy (z,y;2) = <Tn(x : ]’y)ezl e z") ; (1.5)
Tn(xvy) neZ

SHere the action is viewed componentwise, e.g., (4, B)¥ = (A¥;, BUs) or (2,2 1)U =
(Z\Ill, 2_1\112).
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Wy(r,y;2) = (Tn+17_(x(7xyy_) ) e yiz_izn) ez (1.6)

with 7 satisfying the following bilinear identities:

7{ Ta(w = [ )T (2 + [ 7]y e (0 g

= ¢ Ty — )@’y + [2])edn oW g (1)
z=0

for all m,n € Z. Conversely, any 7-vector satisfying the bilinear identity
(1.7) leads to a solution of the 2-Toda lattice; see [12].

Upon introducing appropriate shifts of x and y, and evaluating the con-
tour integration over a contour about oo and the singularities, created by the
shifts, one finds the following Fay identities, due to [4]; they will be useful
later:

(@ — [y + o] = [u) (e, y) = 7@,y + 0] = [u]) (e — [271],y)

2 Tt (2, y — [u]) 71 (2 — [Z_l]vy + [v]) (1.8)
and
e+ D)o+ ) = (57— ) =
1oz + [0 = (25, y + [vi]) T (2, y — [U2])Z2—1zizl—1
= i@+ )~ o o] = o)
(B Ly o — ) mla = 5] ) (L9)

Consider the following 2-Toda vertex operators®

Yi(z, M) = x(N)X(z,)) and  Ya(y,n) = x(1) X (y, p~ A,

where X (z, A) is given by (0.8). In [4], we have shown that for fixed A\, u € C,
the vertex operator

aY1(A) +0Ys(p)

maps 2-Toda 7-vectors into themselves. Spelled out,

X(A) = (A")nez

10
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<(aYl(>\) + bYQ(u))T>

= ae2=1 NN (2 — [NV, y) + bedor BTt (2 y — (1) (1.10)

is a new 7-vector for the 2-Toda lattice.

2 Reduction from 2- to standard Toda, and
vertex operators

In the notation of section 1, consider the locus of (L1, Ls)’s such that Ly = Ls.
From the equations (1.1), it follows that along that locus

oL~ L) _ O(Ly — L)

= 2.1
Oy, On 0 21)

0 0
implying that the vector fields — and — are tangent to D,. Also when
0Ty OYn

Ly = Lg, the matrix L := Ly = Ly is tridiagonal. Moreover

0 0 n n i n o
(amn i ay) Ly = [(L})s + (L3)- Ln] = [(ED)4 + (LD)- L) = 0 (2.2)

setting
tn + Sn _tn + Sn
Ty = 9 ) Yn = T and tn = Tn — Yn, Sp = Ty, + Yn,
(2.3)
with 0 0 0 0 0 0
1 1
=z -, — == +—, (2.4)
ot, 2\0x, Oy, 0s, 2 \0zx, Oy,

equation (2.1) implies that L = L; = Lo is independent of s; i.e., L(z,y) =
L(z —y) and so 7(z,y) = 7(z — y). The converse is true as well, namely
(L1, Lo)(z,y) = (L1, Le)(z — y) implies both 7(x,y) = 7(x —y) and L, = Lo,
as is seen by studying the vector field on M = S;'S,, where S; and S, are
the wave operators; see [5].

11



Adler-Van Moerbeke:Toda-Darboux December 23, 2004 #1

The 2-Toda lattice wave functions ¥, and W, properly reduced,
distinguished eigenfunctions for the 1-Toda lattice; they have the
expressions in terms of the 1-Toda 7-functions:

O (t,2) = Wy(w,y;2)e 21 v7

e ()

X1 (Z)T

— X ¥ (z” (1 + O(z_l)»

nez

OA(t,2) = Uy(w,y;z Ve 20 %

)

<z” Torill) o<zl>> ,

()
in terms of the vertex operators, already defined in (0.7), namely
Xi(t,z) = x(2)X(t,2) and Xu(t,2) = x(z7HX(~t, 2)A;

also, for later use, recall from (0.4),

-

X(t, z) — A_lx(z2)eztizie*22 - a%;

Using (1.4), (2.2) and the fact that L; = Lo, one checks
LoW = ;00 = 201 Ld®) = [,06? = »0?)

and

) Wy, y;2)e” 20 v = (L"), 0

o _1(0 0
ot., 2 \0x, Oy,

12

§2, p.12

yield two
following

(2.5)

D (29)



Adler-Van Moerbeke:Toda-Darboux December 23, 2004 #1 §2, p.13

0P 1 ( ) 0

B Ot Oyn

_ = | —Zyizi: n (2)
-5 )wy e (17,32 (2.10)

Therefore
d(t, 2) = adW + pd®@ (2.11)
is the most general solution to the following problem

0P

with oL
o (L"), L]. (2.13)

Proposition 2.1 If (7,)nez is a T-vector for 1-Toda, then for arbitrary z €
C*, a,b € C, the vectors’

((@Xy(t, 2) + be )Xo (¢, 2))7) (2.14)

nez

and
(14 eX(t,2))7) ez (2.15)

are 1-Toda vectors.

Remark: The vertex operators X (t,y) and ef®*)X,(t, 2) satisfy the com-
mutation relation

Y
1—y/z

Proof: According to the reduction above from 2- to 1-Toda, the tau-
functions 7,, are independent of the sum of the arguments. Thus, we may
write 7,(z—y) = 7,,(¢) for 7,(z,y). Set A = p~! = 2z € C* in (1.10); moreover,
it is legitimate to multiply the 2-Toda 7-vector with an exponential in y; with
constant coefficients. By virtue of (1.7), it remains a 2-Toda 7-vector, which
depends on t only; it is thus a 1-Toda 7-vector as is the following expression:

TE(t, 2) =Y 0"tz

Xy (t,y)et I Xy (t, 2) = eI Xy (¢, 2) X4 (8, ). (2.16)

13
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em 21 %iF ((aYl(z) + ng(zfl)) 7')

= ¢ v (aezﬁc vt (x—y — [27]) + bezyiziz_”TnH(x —y+ [2_1])>
= aeXx tiziz"Tn(t — [ + bz M ra (t+ [27Y)
= ((aX1(z) + beg(z)XQ(Z))T)

Applying the inverse of ef®X,(y) to the above 1-Toda 7-vector remains
within that class; so taking a limit, when y — 2z, leads to the 1-Toda 7-
vector of (2.15), after noting that

s (eg(y)Xz(y))_l (59Xs(2)) = s Az e T A =T
and
lim (WX (y)) " Xu(2)
y=2 1 —zfy
1 — v ' o i — 2=t o
= lm g AT ()en T R

.

A‘1><(:<r2)62“Zie_22 ~
X(t, 2);

here we used the commutation relation

—i ) ) —i
[e_zyi 3%,62“21] = —;eztizle_zyi 3%‘.

3 Toda-Darboux transformations

The purpose of this section is to establish theorem 0.1, which we restate in
an explicit form. We shall use throughout the paper the following notation:
AF shifts the immediate expression following the symbol only; i.e.

(Akx) - (‘rn-‘rk)nez 7é (xn—l—k)nez./\k !

14
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Proposition 3.1 For L evolving according to the Toda lattice equations
(2.13), the Borel decomposition L(t)—X = L_(t)L(t) is given for allt € C>,
by

a — tiAi a
T log (6 2N P, (t, )\)) = o log @, 41 (8, A) — A (3.1)
__ 0 n _ SN
b= =0 (TnH(I)n(t, A)) - - Sms (3.2)

in terms of the vector ®, defined in (2.11), i.e.,

L-A=L_L,= (Al(]\aatl log ®(,\) — \) + A0> (- (M) A° + A) ;
so, ® belongs to the kernel of Ly, i.e.,
Li®=0.
Finally the Darboux map
L(t) = A= Lo(t) L (t) = L(t) = A = Lo () L-(1)
is Toda-Darbouz, i.e., L(t) satisfies the Toda lattice as well.

Proof: Let us begin by showing the second identity in (3.2), using (0.3)
and (2.12):

(I)”aatl log (T:Zlén(t, A)) = b0, + a;)l” = by By + (La®)y = By
To establish the theorem, we must check, at first, that L — A= L_L,, with
the entries o, and 3, given by (3.1) and (3.2); secondly, we must check that
L —X\= L,L_ evolves according to the Toda lattice.

To begin with, we verify the transformation (0.6): b, — A = a,,—1 + Gn
and a,_1 = @,_10,_1, With a,, 3,, and b, equal to (3.1),(3.2) and (0.3)
respectively:

Tn

Op—1 + A+ 671 - bn = i <10g q)n<t7 )‘) - IOg

7—nJrl
D, (t,\) —log—— | =0
o, (t,A) —log )

Tn+1 Tn

15
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(I)n—l (an—l - CYn—lﬁn—l)

oty
0,

1P
ap—1 1+ o1,

-\,

Remember from (0.6), that the Darboux map

L-AN=L L,—~L-\AN=L,L_

reads componentwise:

0
P, _1 (an_l + ( log®,, — A

(& -10c)o) -

December 23, 2004 #1

)

84, p.16

n

Cpnfl

)

(3.3)

bn_)\:anfl—i_ﬁn — l;n_)\:an—i_ﬁn:(bn_)\)_'_(an_anfl)

ap—1 = an—lﬂn—l

Bn

> QAp—1 = CYn—lﬁn = Qp-1

ﬁn—l

with a,, and 3, given by (3.2). So, in terms of 7, and ®,,, we have

b, — \

where

7= 101, A) = (aX1 (V) + beEVK (V) 7

(bn = A) + (an — an)

0 Tn+1 0 D,y
—1 -+ —1
8t1 & Tn * 8751 8 (Dn(
0
o Tn+1q)n+1(ta )‘) —\
8t1 an)n(t, )\)
8 7»:n+1
—1 - A
ot % 7,
N
" Bn—l
Tn—1Tn+1 ) (I)n_1<t,)\)q)n+1(t, )\)
5 D, (t,A)?
%n—l%n—l-l
72

is a new 7-vector, by virtue of Lemma 2.1. Hence, the matrix L, parametrized

by this new 7-vector 7, satisfies the symmetric 1-Toda equations.

16
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4 Expressing Wronskians in terms of vertex
operators

The aim of this section is to prove Theorem 0.2. The Wronskian on vectors
f = (fu)nez was defined in (0.9), the vertex operators X;(¢,y) and Xy(t, z)
in (0.7), and £(t,2) = £(2) = 1° ;2. The following identities are based on
the 2-Toda Fay identities (1.8) and (1.9).

Proposition 4.1 The following identities hold:

(@0 (1y), 001, 2)) =y WRET
(@0 (1), 00,2 = PAWIXET_ () vy EGEX)
(8(t,y), 87 (1,2)} = — (1—2) eg(y)XQ(y)f(z)XQ(z)T.

Proof: Using, in the third equality, Fay identity (1.9) with the shift x —
x — [27Y], and the limits z; — 2, 25 — y and v; = vy — 0,

{@V(t,y), 210 (t, 2)}

(W) +E(2)
T o
(yat = [y Dt — [+ = 270t — [y Dia (t — [71])
EW)+E()
= Tnﬂ(?ﬂ)"(y — )Tt — [y = [271])
2Tt =y = 7))

Ta(t)

- 66(y)+§(2)(y — 2)(y2)

_ <X1(y)X1(2)T>n '

T

Using in the third equality Fay identity (1.8) with z — y, u — 27!

and n — n + 1:

,v—0

17
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{1 (t,y), @D (t, 2)}
_ W) (y)n
(st = [ Dt + 7)==t — [y~ Dot + [71])

_ Y 5 I i e e | A

= Wy <y)" Tar1(t — [y ']+ [=71])
=y <X1<y)e£(:)X2(Z)T> n: <1 B Z) (eaz)Xg(j)Xl(y)T) |

using the commutation relation (2.16), in the last equality.

Using in the third equality the same identity as for the first wronskian,
but with t — ¢t + [y~ + [z7!] and n +— n + 1:

(O (t,y), (¢t 2)}
1

TnTn+1

(272t + [y D (t 4 [7]) = YTt + [y Dzt + 7))

= ) = Al + B+ D

)—n—l

= —(y— z)(yz')fnflTnJr?(t + [?j:] + [z71))

= — <1 _ Z) <e§(y)X2(y)6§(z)X2(z)r>

Yy T

Proof of Theorem 0.2: Proposition 4.1 implies the following relations:

xl(z)(axl(A)+bef“>Xz(A)>T> . <X1(2)T> 7

T T

(OOt 2), @, (t,\)} = = (

18
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and
[00(1,2), 0,(t N} = —(1—2) <€“'Z>Xz<z><axl<x> +bew>x2m>7>
_ A—2z <€€(Z)X2(Z)7~'> '

from which the proof follows.

5 Borel factorization, KM-lattice and Ricatti
equations

This section concerns itself with the proof of Theorem 0.3. For a fixed A € C*,
consider the Darboux map

L-A=L_L,+—L—-\=L,L_, (5.1)
which in coordinates reads

bn_)\:an—l+5n — Bn_)\:an+5n:(bn_)\)+(an_an—1)

Ap_1 = Oénflﬁnfl — C~Ln71 = Oénflﬁn = anlﬁﬁn . (52)
n—1
Remember the first Toda flow (= 0/0t; =)
b, =an, — a1, a,=ap(bpy1 —by) (5.3)

and the first flow of the Kac-Moerbeke lattice (see [10]), refered to with - :
An = Bzt — Bn)an, B = (0 — p_1)y. (5.4)
Proposition 5.1 Toda for L and L <= KM for L_ and L.
Proof: Assuming the KM-vector field on (o, 3), one computes
(b — A) = dp_1 4 B = @nfn — 1Pt = G — n_y = (by — A)"  (5.5)
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ap = anﬁn‘i_@nﬂn = Oénﬁn(ﬁnJrl_ﬂn"_an_anfl) = an(anrl_bn) = a; (56>

and

(b — A) = dn + B = nBust — Wn1Bn = G — Gy = (by — N) (5.7

&n = dnﬁnJrl +an5n+1 = anﬁnJrl (ﬁnJrl _ﬁn+&n+1 _an) = an<[~)n+1 _En) = EL;L

) (5.8)

Conversely, assuming Toda on L and L leads to the following four equations

on « and f; the first two are (5.5) and (5.8), with a shift, the last two are
(5.6) and (5.7):

a, + 5;l+1 = py15ng1 — By

a;lﬁn—&-l + O‘nﬁ;z-;-l = O‘nﬁn—i—l(ﬁn-{-l - ﬁn + Qp41 — an)

and
Oéilﬂn + O‘nﬂ;«b = anﬂn(ﬂn+l - 671, + Qan — O‘n71>

O[',n + ﬁ;z = anﬁn—&-l - anﬁn'
Solving the first system in «;, and 3, or the second in a;, and (), leads to

the KM-lattice equations (5.4); so, now we may replace the differentiation -
by ' . n

The KM-lattice equations (5.4)

Q;L = (5714-1 - ﬁn)an and @/1 = (Ozn - an—l)ﬁna

upon using B, = &%, Bpt1 = b1 — o — A in the first equation and o, = 3>
and a,,_1 = b, — A — 3, in the second equation, yield
/

o, = —a2+ (byy1 — Ny, — ay

B = 32— (by— NS+ an (Ricatti equations); (5.9)

n

the transformations

0 0
— 1 =——1 q
on = - log and (3, o7, losen (5.10)
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yield the second order linear equations
7;: - (bn+l - )‘)77,1 + apYn = 0 (511)
el + (bp — Ne), + anen, = 0. (5.12)

Proposition 5.2 The expressions

0 0

. L — ti/\i
O = gy 1987 = gy 108 (¢ @ (1) (5.13)

0 0 T,
=~ loge, = ——1 ", (t,N\) |, 14
b = g logen 1=~ g( ( >) (5.14)

given by the 2-dimensional family ®(t,z) = a®") + b®?) | provide the most
general solution to the Ricatti equations (5.9).

Proof: Since the parametrization of o, and (3,, in Proposition 3.1 provide a
Toda-Darboux transformation, then, by proposition 5.1, o, and 3, satisfy the
KM-Lattice, and hence provide a 2-dimensional solution to the two Ricatti
equations (5.9).

An alternate proof not using 7-function theory proceeds as follows: The
Ricatti equations (5.9) are equivalent via the transformation (5.2) and the
Toda vector fields (5.3). We check, for instance, that ¢, satisfies (5.12); at
first, we compute:

CI); = (L+q))n = bn(I)n + ch—‘rl - )\Cbn - an—lq)n—la USiIlg LP = \D. (515)

Using the first expression for @/, and ®/,_; and the Toda lattice equation for

a4, we then find
= )\<bnq)n + (I)n+1> - anfl(bn - bn,1)®n,1 - a/nfl(bnflq)nfl + (I)n)
= (by + N®pi1 + (V2 — ap_1)®,, using A®,, = (LD),. (5.16)

Then, using

, 2
Tn+1 ( Tn > — _bn and Tn+1 ( Tn ) = —b;L + bi = Qp-1 — Qp + bi’
Tn Tn+1 n s
(5.17)

we find
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Tn—l—l

(" + (bp — N)el + anen)

" — 20, @ + (—b, +02)D, + (b, — A\) (P, — b, P,,) + a, P,
(I)Z - (bn + )\>q)n+1 + (_bi + an—1>q)n

0, by (5.18)

(1% 1l

in =, we have used (5.3), (5.17) and A\® = L®. n

6 Toda flows and Toda-Darboux transforms
for band matrices

In this section, we factorize band matrices of the form L =Y, a;A", as
in (0.16), and study their Toda-Darboux transforms. The first Lemma will
be stated for general band matrices; in its statement, we use the following
typical difference operators:

1 0 0
I-AN'3=| -B(-1 |1 0
0 —3(0) 1
—B(-1) | 1 0
A-pIl=| 0 -3(0) 1
0 0 —pB(1)

Lemma 6.1 Consider the difference operator
L=a_ AN "4a_, A"+ Fa, AT AT (6.1)

with n > 2, r > 0, diagonal matrices a;, with leading term a_.(j) # 0 for
j sufficiently small. Then any choice of basis ®M, .. .®" € ker L leads to a
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factorization of ® L:

L= (I=AYAT8)) (T =AM AT28,00)) o (1= A (Barin)) -
(A= Bu ) (A= B i D) o (A= Bi), (6.2)

with

ar(l+1)

v (£)

Proof: Step 1: »r =20
First we prove the statement for r = 0 by induction on the degree of L.
Define the operator L;

Br(€) = ar(l) = =2 Wi(6) = WD, o® _ a®](p).

W[®(1)7 A} ®(l)7f]
Wew, .., o0 ’

Li(f) =

which is the unique operator of the form (6.1) with » = 0, n = ¢ such that
ker L; = {®W ..., ®®}. But clearly

/~\C¥Z'

a;

WIL(@“Y), Li(f)]

Lin(f) = L (20D - <A -

)i

with a; = Ly(®+)) = W, /W;. So, by induction L;(f) factors, thus leading
to (7.2) for r = 0.

Step 2: r # 0
The case r # 0 is taken care of by multiplying (6.2) to the left with A"

AL = (A= Bud)e(A = Bi),

on which you apply step 1. |
In the next Lemma, we use definition (0.19) for &, 7, ¢; also define

A A AP
T — [)\_1] = <[L’l — — > ,t — [)\_l] = (tzp — — > .
¢ i#£p P i=1,2,...

SWronskian = Wi(¢) = W[a(1), ), 5®)(¢) = det (87, ,

) . Remember
1<4,5<k

the notation A¥ from the beginning of section 3
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Lemma 6.2 On the locus L := LY = L4, the 2-Toda vector fields (1.1) on
(Ly, Ly) take the form (0.17); the T-functions are of the form (0.19) and the
2p-dimensional null-space ker(L — AP) is given by

o, 9,50 = Y @@V WA+ Y 0@ (wi)), (6.3)

0<i<p—1 0<i<p—1
flowing according to the equations (0.21); in (6.83), we use the expressions
W (&, 5,55 0) = Wy(x,y; N)e 21 vi\”
_ XN T ( (@ =

_ XiMT
B T
CD(?)(;Z“,:Q,f, A) = Wy, 1)6 SO0 A
— ezzw YiX (}\—n 7-n—l—l(j"? y - [j\il]lt + [/\1])>
T"(xv y) t) nez
_ R R
T
Moreover
p—1 . ‘
T=79= <akX1 (Wk)\) + bkeZ1 tip)‘ZpX2(wk:)\)) T (64)

b
Il

0

is a T-vector, having the property that L} = L. Proposition 4.1 holds for the
above choice of @1, @@ X, and Xy with £(2) := Y5° t,2P.

Proof: The proof proceeds as in section 2; for instance, (2.2) gets replaced
by
oLk~ Ih) (k- Ih)
&cn ’ ayn

=0

and (2.3) by

<8:§np + 85@) Ly = [(L")+ + (L5")—, L;) = (L") 4 + (L"), L;] = 0.
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Thus L; depends on &,7,% only and so does 7. Using the Toda flow on
M = S;'S, (see [5, 6]), one shows this characterizes 2-Toda on the locus
LY = L5. That ® satisfies the differential equations (0.21) proceeds along
the same lines as (2.9) and (2.10). That 7 = 7® is a 2-Toda 7-vector follows
from the 2-Toda bilinear relations B(7,7), as in (1.7). So, in order to check
the vanishing of

2p

2p
O = B(%,%) = B<Z7—i’z7—j) = ZB(%Z,%]),
1 1 i,
it suffices to check
B(ﬂ,ﬂ) = 0 and B(7~'Z,7~']) + B(%],%Z) = 0

for all 4, 5. The first relation is obvious, since each 7; is a 7-function. The
second relation follows from the relation

B(aY;(A\) +0bY (p),aY;(A) +bY,(n) =0 for 1<14,5<2,

where the vertex operators are defined just prior to (1.10). This fact was
shown in [4], using the four basic vertex operators Y; '(A\)Y,(u) for 1 <
i,j < 2 for 2-Toda. Thus 7 is a 2-Toda 7-vector depending on &, 7, and so
is p-reduced. The proof of the very last statement invokes the 2-Toda Fay
identities, just as in the proof of Proposition 4.1. |

Proof of Theorem 0.4: Lemma 6.2 implies Theorem 0.4, except for the
statement about the Darboux transform. For that, one needs to factor L
according to the recipe of Lemma 6.1, where we set ® = &) in the precise
notation of Lemma 6.1. Thus the Darboux transformation corresponds to
bringing the factor most to the right all the way to the left. Then we use the
last part of Lemma 6.2 (analogue of Proposition 4.1) to prove the analogue
of Theorem 0.2, with X;(¢,z) in the Theorem replaced by the expressions
X;(t,wkz) for i = 1,2 of this section. This shows the Darboux transformed
L has wave functions ®@ (&, 7, t: wkz), specified by the p-reduced 2-Toda 7-
vector 7(#,9,1). In turn, this specifies L, which thus satisfies the p-reduced
2-Toda equations. |
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