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sequence obtained by Darboux transforming an arbitrary KP solution recur-
sively forward and backwards, yields a solution to the discrete KP-hierarchy.
The latter is a KP hierarchy where the continuous space x-variable gets re-
placed by a discrete n-variable. The fact that these sequences satisfy the
discrete KP hierarchy is tantamount to certain bilinear relations connecting
the consecutive KP solutions in the sequence. At the Grassmannian level,
these relations are equivalent to a very simple fact, which is the nesting of the
associated infinite-dimensional planes (flag). The discrete KP hierarchy can
thus be viewed as a container for an entire ensemble of vertex or Darboux
generated KP solutions.

It turns out that many new and old systems lead to such discrete (semi-
infinite) solutions, like sequences of soliton solutions, with more and more
solitons, sequences of Calogero-Moser systems, having more and more parti-
cles, just to mention a few examples; this is developped in [3]. In this paper,
as an other example, we show that the ¢-KP hierarchy maps, via a kind of
Fourier transform, into the discrete KP hierarchy, enabling us to write down
a very large class of solutions to the ¢-KP hierarchy. This was also reported
in a brief note with E. Horozov[4].

Given the shift operator A = (8;;_1)i jez, consider the Lie algebra
D = > ;A\, a; diagonal operators p = D_ + D (0.1)
—00<1K 00
with the usual splitting D = D_ + D, , into subalgebras
D+ = Z (ZiAi eD ,D, = Z CLz‘Ai eD;. (02)
0<i<oo —00<i<0

The discrete KP-hierarchy equations

OL

o =T n=12,.. (0.3)

are deformations of an infinite matrix

L= Y at)A'+AeD, witht=(t1,t,..) € C®. (0.4)

—00<1<0
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If we represent L as a dressing up of A by a wave operator S € [ +D_

L=SAS'=WAW™!, W = Sexr til', (0.5)

then the L-deformations are induced by S-deformations and W -deformations:
08 ow

atn ( ) S7 atn ( )JrI/V? n y Ay ey (0 6)

In terms of vectors

X(2) = (")nez,  X'(2) =x(7), (0.7)

such that 2x(2) = Ax(2), 2x*(2) = ATx*(2), let us define wave and adjoint
wave vectors W(t, z) and W*(t, 2)

U(t, 2) = Wx(z) and U*(t, 2) = (W) Tx*(2). (0.8)
We find, using (0.5), (0.8), (0.6), that
LU(t,2) = 2U(t,z)  LTUt, 2) = 2U*(t, 2),

ov ovr
R R (0.9)

Theorem 0.1 If L satisfies the Toda lattice, then the wave vectors V(t, z)
and U*(t, z) can be expressed in terms of one sequence of T-functions T(n,t) :=
To(ti,ta,...), n €Z, to wit:

W) = (), = (PO B

€z Tn(t) nez

, -1 o
\I’*(t, Z) _ (6_ o tizlw*(t’ Z))nez _ (Tn+1<t + [Z ]>6_Zl tz‘z’z—n> 7
nez

Tn+1(t)
(0.10)
satisfying the bilinear identity
dz
U, (t, 2)W* (¢, =0 0.11
§ YL (0.11)

for all n > m. It follows that

U= Wy(z) = et 2 Sx(2),

3
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w= (W) ) = e BT ST ),

with!
S, ey (20
5 =3 PR ¢ SN A< = ) (0.12)

Then L* has the following expression in terms of T-functions?,

Lk — Z dlag <p£(a)7-n+k—£+1 o Tn) Ak—f (()13)
=0 nez

Tn+k—t+1Tn

with the T,,’s satisfying

/-1
((92 - (6 - T)pr(_a>pkr(a)> Tn © Tnt = 0, fOT‘ ﬁ, k= 1,2,3,.. <014>
k r=0

and

1 0? ~
- _ = =1,2
(2 . pk+1(8)> ThoTn =0, fork ,2,3,

Remark: Equation (0.14) reads

L = A4 9 log Ttk AT
8t1 Tn neZz

0 Tn+1 0 0? _1
| A logr,| A4 ..
+ <8tk o8 )nez oo, 87 . +
(0.15)

With each component of the wave vector ¥, or, what is the same, with
each component of the 7-vector, we associate a sequence of infinite-dimensional
planes in the Grassmannian Gr(™

k
W, = spang { (0) U, (t,z), k=0,1,2, }
oty
N B k
— 621 tiZL Spanc {(‘I"Z) ¢7’l(t7 Z), k:O,1,27}
oty
=: eZTotizinL. (0.16)

Tn an expression, like S = 3" a™A", o) = diag(aé"))kez and (Aa), = agy1A°.
2where the py are elementary Schur polynomials and where p,(9) f og refers to the usual
Hirota operation, to be defined in section 1.
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Note that the plane 2~ "W, € Gr® has so-called virtual genus zero, in
the terminology of [12]; in particular, this plane contains an element of order
1+ 0(z71). Setting {f,g} = f'g— f¢' for ' = 9/0t,, we have the following
statement:

Theorem 0.2 The following six statements are equivalent

(i) The discrete KP-equations (0.3)

(11) ¥ and VU*, with the proper asymptotic behaviour, given by (0.8), satisfy
the bilinear identities for all t,t' € C*>

d
j{ U, (¢, 2)0r (¢, 2) S 0, forall n>m; (0.17)

2mz

(#ii) the T-vector satisfies the following bilinear identities for all n > m and
t,t' e C>:

?{ Tt = [ ) T ( + [T el o nmmlg = 0 (0.18)

(iv) The components 1, of a T-vector correspond to a flag of planes in Gr,

e OWia 1 DWW D Wi D .. (019)

(v) A sequence of KP-T-functions 1, satisfying the equations

{7t = [27]), Tain (O} + 2(70(t = [27 ) Taga () = Taga (t = [z )7a(t)) = 0
(0.20)

(vi) A sequence of KP-T-functions T, satisfying equations (0.14) for £ = 1,
1.e.,

(82 —pk(5)> Tat1 0T =0 fork=2,3,... andn € Z. (0.21)
k

Remark: The 2-Toda lattice, studied in [14], amounts to two coupled 1-Toda
lattices or discrete KP-hierarchies, thus introducing two sets of times ¢,,’s and

5
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sn’s. Actually, every 1-Toda lattice can naturally be extended to a 2-Toda
lattice; this is the content of Theorem 3.4.

How to construct discrete KP-solutions. A wide class of examples
of discrete KP-solutions is given in section 4 by the following construction,
involving the simple vertex operators,

oo Lt

0, i 9
X(t,2) 1= eXn b7 20 Toon (0.22)

which are disguised Darboux transformations acting on KP 7-functions. We
now state:

Theorem 0.3 Consider an arbitrary 7-function for the KP equation and
a family of weights ...,v_1(z)dz,vy(z)dz,v1(2)dz,... on R. The infinite se-
quence of T-functions: T = T and, for n > 0,

- (/X(t, Mo [ Xt /\)yo(/\)d/\> (),
= (/X(—t,/\)y_n()\)d/\.../X(—t,/\)y_l()\)dA) (1),

form a discrete KP-T-vector, i.e., the bi-infinite matrix

I = Z diag <p€<a)7_n+2£ © Tn) AL (023)
(=0 neZ

Tn4+2—£Tn
satisfies the discrete KP hierarchy (0.3).

As an interesting special case of this situation, we study in section 6 the
q-KP equation.

A wide variety of examples are captured by this construction, like g-approximations
to KP, discussed in section 5, but also soliton formulas, matrix integrals,
certain integrals leading to band matrices, the Calogero-Moser system and
others, discussed in [3].

Remark: A semi-infinite discrete KP-hierarchy with 74(¢) = 1 is equivalent to

a bi-infinite discrete KP-hierarchy with 7_,(t) = 7,(—t) and 79(¢) = 1; this

also amounts to W_,, = Wy, with W, = H,. In such cases, one only keeps

the lower right hand corner of L, while the lower left hand corner completely
vanishes.
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1 The KP 7-functions, Grassmannians and a
residue formula

As is well known [5], the bilinear identity

7{: U(t, z)U*(t, z)dz = 0, (1.1)

together with the asymptotics

U(t, 2) = e b (1 +0 C)) UL ) = e S (1 10 (i)) (1.2)

force W, U* to be expressible in terms of 7-functions

z :ez(;otizim “(t. 2 :eizftiziw'
U(t,z) =) U (t, 2) D,

moreover the KP 7-functions satisfy the differential Fay identity®, for all
y,z € C, as shown in [1, 15]:

{rt =y D, 7t —[="'])} (1.3)
+Hy =)=y Dt — [T — @7t - [y - 7)) =0.

In fact this identity characterizes the 7-function, as shown in [13].
From (1.1), it follows that

o i dz

1 —11 2> 7 @izt 0

T(t—a—[z"r(t+a+[z7])e 5
82

— g:lak <0t18tk - 2pk+1(5)> ToT1+0(a?). (1.4)

0 =

-

The Hirota notation used here is the following: Given a polynomial p (8%1, 3%2,

in %, define the symbol

p(a 0 )fog(t):=p<a 0 .)f<t+u>g<t—u> 1)

87151,87252,... aiul’@iuz’“ o

o o
{fay = gha— 15E.
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(01010
P\ot 20t 30t )

For future use, we state the following proposition shown in [1]:

and

Proposition 1.1 Consider T-functions 7 and 7o, the corresponding wave
functions

\I;j — 621‘21 tiziw — €Zi21 t;2 (1 + 0(271)) (16)

and the associated infinite-dimensional planes, as points in the Grassmannian

Gr,

k
W = span { (02 > U,(t,z), fork=0,1,2, } with Wf = Wie_ZTtkzk;
1

then the following statements are equivalent
(’1,) ZW2 C Wl,'
(1i) 2Ws(t, 2) = aitl\lfl(t, z) —a¥(t, z), for some function o = «(t);
(iii)

{n(t=[7'), =)} + 2(nut = [T D7(t) — nt = [T Dn(t)) = 0. (1.7)

When (i), (ii) or (iii) holds, «(t) is given by

0 log 72 (1.8)

Oé(t) = 67]';1 p

~ Proof: To prove that (i) = (ii), the inclusion W, C Wy, hence 2W} C
WA, implies by (0.16) that
2ot 2) = 2(1+0(z71) € Wi
must be a linear combination?

2y = Ot + 210y — a(t)yq, and thus z2U, = i\Pl —a(t)V. (1.9)
ox 3t1

40 is the same as U;, but without the exponential.

8
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The expression (1.8) for «(t) follows from equating the z°-coefficient in (ii),
upon using the 7-function representation (1.6). To show that (ii) = (i), note
that

a ~
tl 1 aV, € Wl

and taking t;-derivatives, we have

o) o\ o)
Z(@h) Uy = <8t1> U+ 5 (%) Uy + o+ BV,

Z\IJQ

for some [y, - - -, B;4+1 depending on ¢ only; this implies the inclusion (i). The
equivalence (ii) <= (iii) follows from a straightforward computation using
the 7-function representation (1.6) of (ii) and the expression for a(t). u

Lemma 1.2 The following integral along a clockwise circle in the complex
plane encompassing z = oo and z = a~ ', can be evaluated as follows

Mt dz

(z —a )2 2miz

= o™ i o <_82k + mz—: (m — T)pr(—é)pk_r(—i—é)) fog.

r=0

§ fe+ o) = [ Dglt = o] + =71

Proof: By the residue theorem, the integral above is the sum of residue

at z=o00 and at z = o :

Zm—i—l dz

(z — a2 2miz

§ ft+lal =Dt = o] + 7]

1 a\"" 1
- i (de) o)t = o)+ )
(1.10)
(et [o] — (gl — [o] + ) (111)

dz

z=a~1

Evaluating each of the pieces requires a few steps.
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pe(d)fog.

(1.12)

= Z pi(=0)g-p;(9)f.  (1.13)

Step 1.

i () 7ol = ot —fel + 1)) = > anu(-
At first note N

(dcz) Fl)| = Fpe(2) F(s)
and, by (1.5) and (1.12),
]:! (i) i+ gt —[)) = pe(d)fog
= pe(— 5)90f

Indeed

! (j) P+ fo] = ot~ o) + )|

= pe(@)g(t — [a] + ) f(t+ [a] = 5) using (1.12)

, expressing Hirota,

flipping signs,

= ) X Pt~ ) ogli+)| . wsing (119
- gafpk@)pe(éw)f(t Tw-sglt-wts)

S G T

_ i o'Pi@)pi(=0)f(t ~vlalt+v)

_ }:apk p@fog,  using(1.13).

Step 2. Residue at co.

10



Adler-van Moerbeke:Discrete KP August 24, 1998 81, p.11

Note

() ()|

then we find

=+ D™ (1.14)

u=0

!
() S

=1

i m—1-—r 1
du (1 —ua~1)2

= Y (m—r)Y oy (—9)pe(d)f o g, using step 1 and (1.14)
r=0 =0

u=0

= ma' """ f(t)g(t) +a'” mZ Z m = 1)pr(=0)pr—(0)f 0 g, using p = 1.

(1.15)

Step 3. Residue at z = a1,
d . _ _
2" [+ o] = TNyt =[] +[=7])
2 d —-m
= —wouT"f{t+ o] = [u])g(t — [o] + [u])
—m —-m d
= ma " f(8)g(t) — oo f(t + [a] = [ul)g(t = [a] + [u])
a " f(t)g(t) + Z otk 0 —fog, by explicit differentiation.
= Oty
(1.16)
Finally, putting step 2 and step 3 in (1.11) yields Lemma 1.2. n

11
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Lemma 1.3 The Hirota symbol acts as follows on functions f(t,ta,

...) and
g(tl, tg, )

ok f
! o anlmanklog g for k odd

Emf og = a polynomial P, in

k
8ti1?-8tik log fg for k even

(1.17)
over all subsets {i1,...,ix} C {1,...,n}. Upon granting degree 1 to each partial
in t;, the polynomial P, is homogeneous of degree n.

Proof: By induction, we assume the statement to be valid for an Hi-

rota symbol, involving ¢ partials, and we prove the statement for a symbol
involving ¢ + 1 partials:

19 &
fg (9154“ 8t18t@

f(t)og(t)

O R Py A A ROAE [kl

fgug flt+u)g(t —u)

0 A\ 1 0
_ 1 7 _ _
<8tg+1 Ogg> fg@tl...atgf(t+u)og(t u)

’u:O

0 o ft+u) o
Pl.. 1 1 t t—u),...
+8W+1 ( Oty i, o g(t —w) 7 Oty,...0, og f(t +u)g(t —u), ‘u:()’
(1.18)
where m is odd and n even. The result follows from the simple computation:
0 o St +u) o
1 t)g(t
8u4+1 8@1813%” 8 g(t — u) u=0 3751'1--.('%%.(9@“ og f( )g( )
a an 8n+1 f(t)
| t t— = ]
gty Oy, .. 0L, o8 flt+wjgl u)’u=0 Ot;,...0t;, .0t o8 g(t)
(1.19)

Remark: The induction formula (1.18) can be made into an explicit for-
mula for P,, involving partitions of the set {1,2,...,n}.

12
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2 The existence of a 7-vector and the discrete
KP bilinear identity

Before proving Theorem 0.1, we shall need two lemmas, which are analogues
of basic lemmas in the theory of differential operators. So the main purpose of
this section is threefold, namely, to prove the bilinear identities for the wave
and adjoint wave vectors, to prove the existence of a 7-vector and finally to
give a closed form for L¥.

Lemma 2.1 For z-independent U, V € D, the following matriz identities
hold ®

d
UV =4 Ux(z)®V x(2)——

2=00 2miz ’

(2.1)

Proof: Set
U= u,A* and V=Y Ay,
a B

where u,, and v,, are diagonal matrices. To prove (2.1), it suffices to compare
the (i, j)-entries on each side. On the left side of (2.1), we have

UV)y, = (Zu Aa+ﬁvg)
= Zu )(A)i505(7)

= Z ua(1)vs(J)-

o,B
a+B=j—i

On the right side of (2.1), we have
dz
U Vix(z™?
f;:oo( X(z>>z< Xz )>J 2miz

d
_ }gzm(z azX(2)) (Z”ﬁz =), 27;2
_ ]{ Zua Uﬁ Latfri—g 77

= ua(i)vﬂ(]’)a

a
atp=j—i

dz
2miz

°(A® B);; = A;Bj and remember x*(z) = x(27!). The contour in the integration
below runs clockwise about oo; i.e., opposite to the usual orientation.

13
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establishing (2.1). n
Lemma 2.2 For W (t) a wave operator of the discrete KP-hierarchy,
W)W () € Dy, Wt t. (2.2)

Proof: Setting h(t,t") = W (t)W~1(t'), compute from (0.6)

oh Oh

I _ N 2,

ar. =~ L1(B)sh, o h(L"(t))+, (2.3)
since h(t,t) = I € D, it follows that h(t,t’) evolves in D, . m

Consider the wave function, already defined in the introduction, and the
adjoint wave function:

<n

U(t,z) = Wx(z) = ezfotizin(z) SO (z” +> Sz(n)%)
U(t2) = (WX (2) = e 2 (5T T (2)

— e~ 2t (z" + Y sf(n)zz) . (2.4)

<—n

Proof of Theorem 0.1:
Step 1: Setting

U:=W(t) and V=W ()"

in formula (2.1) of Lemma 2.1, and using formula (0.8) of ¥ and U* in terms
of W, one finds for all ¢, € C*,

WHW(E) ™t = f[;:oo U(t,2) @ Ut 2) dz

) 2.5
2miz (2:5)

But, according to Lemma 2.2, W(t)IW (¢')~! € D, and thus (2.5) is upper-
triangular, yielding

dz

Tz

y{ W, (t, 2)Wr (t, z)2 =0 forall n>m. (2.6)

14
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Defining

D, (t,2) = 27", (t,2) = et (1+0(z7))
it 2) = 2T (2) = e 2N (14 0(x ),

upon using the asymptotics (0.8), we have, by setting m =n — 1 in (2.6)

d
f O, (1, 2) D" (', 2)d= :f U ()0 (1) = 0.
2=00 2=00 z
From the KP-theory, there exists a 7-function 7,(t) for each n, such that
i Tn(t — -1 i T, -1
N e Nl o) SRV S Y (o )}
Ta(?) Ta(t)
yielding the 7-function representation (0.10) for ¥,, and U?. n
Step 2: The following holds for n € Z:
L& ) 0, fork=1,2,3 (2.7)
— I no n — s or = g Ly Dy e .
2000, TR ) TmeT

o /-1

( - (0— T)pr(—ﬁ)pk_r(8)> TpnOTny =0, for 0,k =1,2,3,... (2.8)
8tk r=0

Indeed the bilinear identity (2.6), upon setting m = n — ¢ — 1, shifting

t—t+ o], ' — t — [a], using the 7-function representation (0.10) of ¥ and

U* and lemma 1.2 with m = ¢, yield®

0 = —a?f W+ [a] Wiyt o], 2) 5t + )7t~ [0])
= o] — Dl fo] + [ ET 0 g2t L
00 /-1
= Oél_g kzzzl Oék (i{ - Tzo(g - r)pT<_é>pk—r(é)> Tn © Tn—¢,

establishing the second relation of (2.8). As for the first one, set m =n — 1,
t+—t—a and t' — t+ a in the bilinear identity, and use (1.4), thus yielding
(0.14).

GemZT(O‘Z)i/i — (1 _ OZZ)_m

15
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Step 3: To check the formulas (0.12) for S, compute

et B2 Gy (z) = U(t,2)

S T 7))

X (y (010)

n=0 T t)
L s Pa(=0)T() L,
= ek ZO: ) A7"x(2)

Similarly one checks the formula for S~' using the formulas for U*(¢,z) in
terms of S™' and 7(t). Finally to check the formula (0.13) for L*, use the
formulas (0.12) for S and S~ (for A, see footnote 1):

LM = SAFSTH )

— i MA—i—j+k (j\P(a)T>
i,7>0 T T

— i pi(=0)T <A—i—j+k+1pj(a)7> A-imi+h
i,7>0 T T

- ¥ ( 3 pi(é)Tnpj(é>Tn+k€+l)> AR
>0 \ 45>0 TnTn+k—0+1
oM nez

_ Z(pﬁ(am*k_“l””) AR (using (1.13))
nez

£>0 Trnt+k—0+1Tn

yielding (0.13) and (0.15), upon noting,

coefyr 1 LF = <p1(a>7'n+k07'n> _ (8 log Tn+k>
nez nez

TonakTn oty Tn
g n n a n
coefyo L = <W> = (log 7 H) by (2.8)

Tnt1Tn ez ot T ) nez

O)Tw 0 Ty 0>
coefy 1 LF = (“*1()707> = ( log Tn> . by (2.7),
TnTn neZ Ot 0ty neZ
concluding the proof of the Theorem 0.1. |

16
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Corollary 2.3 Setting v(t) := (Ar(t)/7(t)), the wave operator W (t) for the
discrete KP-hierarchy has the following property

(WHW () =0, (WHW () =

Proof. That h(t,t') = W(t)W~Y(#) € D, was shown in Lemma 2.2.
Concerning its diagonal hg, we deduce from (2.3) that”

9 log hg = (L*(t))o, 9 log hg = —(L*(t'))e, with hg(t,t) = I.
atk atk

Note that y(t)/~(t') satisfies the same differential equations as hg(t) with the
same initial condition, upon using (0.15):

( d log 7(25)) — ilOg Tn-l-l(t) _ Lk(t)nn

Oty Ayt Aty = Ta(t)

i V(t) o _i Tn-i-l(tl) . rkiy
(at; logw»)n = oy

=1

t=t’

with (1) /~(t')

3 Sequences of 7-functions, flags and the dis-
crete KP equation

In this section, we prove Theorem 0.2; it will be broken up into three propo-
sitions: the first one is very similar to the analogous statement for the KP
theory (see [5, 15]). One could make an argument unifying both cases, in the
context of Lie theory. The second statement uses Grassmannian technology.

Proposition 3.1 The following equivalences (i) <= (ii) <= (iii) hold.

Proof: (i) = (ii) was already shown in Theorem 0.1. Regarding the
converse (ii) = (i), we show vectors W(¢, z) and ¥*(¢, z) having the asymp-
totics (0.8) and satisfying the bilinear identity (ii) are discrete KP-hierarchy
vectors.

"My := diagonal part of M.

17
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The point of the proof is to show that the matrices S and T € I + D_
defined through
U(t, z) =: eZTotizin(z), U*(t, z) =1 e Z?tiziTx*(z)

satisfy the vector fields (0.6) with 7% = S~

Step 1. T' = S~ L.
Assuming the bilinear identities (assumption (ii) of Theorem 0.2),

. dz
0 — (f;zoo\ll(t,z)®lll(t,z)zmz>
RS _ 0, i _ dZ
= (% e B S\ (2) @ e 2 T (27 >

2miz
= (STT)-, by (21)
but since S,T" € I +D_, ST = I, yielding 7% = S

Step 2. W(t)W~1(t') € D, upon defining W (t) := S(t)e2tA".
According to the bilinear identity, the left hand side of

o
§ w5 —
= § By @e T (S T e
Z=00 2miz
i I AT —i dz
_ St “Lp\NT =S AT —1
§ SR A=) @ (57H(E) e Xz

= S(t)eztiAie_ZtéAiS_l(t’), using Lemma 2.1
= WHW ()

belongs to D, , and hence so is the right hand side.
Step 3.

(8(;—@%) W(t) = (%—(Lm) Sx ()i

oS ooy i
= (at — (L") S+ Sz") X(z)ezl tiz

18



Adler-van Moerbeke:Discrete KP August 24, 1998 §3, p.19

— (Fo - s+ 5As7) ) (T
= (B - uns )@
oS o,
= —_— n 21 tiz
(G (E-9) ) a1 e

Step 4. From W(t)W~(#') € D,, since D, is an algebra, deduce

t'=t

dz
7{200 <6t ( )+> (t2) @ W(t,2)5——, by step

= f (B a-50) Mo o (57 (0) e S

by step 3
_ <85<” + (L”)S(t)) S(t)', by Lemma 2.1

and thus, since S € I +D_ and D_ is an algebra,

(855) " (Ln)s(t)> St~ €D ND_=0;

therefore, we have the discrete KP-hierarchy equations on S

0S(t)
L")_S = =1,2,..
atn +( ) S 07 n Y ? Y
and on L = SAS™1,
oL
O L@y, L
8tn [ ( ) ’ ]’
ending the proof that (ii) = (i). ]

Finally (ii) <= (iii) upon using the equivalence (i) <= (ii) and the
r-function representation (0.10) of ¥ and ¥*, shown in Theorem 0.1; this
establishes Proposition 3.1.

19
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With each component of the wave vector W, given in (0.10), or, what is
the same, with each component of the 7-vector, we associate a sequence of
infinite-dimensional planes in the Grassmannian Gr(™

k
W, = spanc{<aatl> U, (t, 2), k::0,1,2,...}

k
= ez(fotiz’ spang {(aatl+z> wn(ta Z), ]{20,1,2,}

= eXn W (3.1)

and planes

z

1/0\"
Wi = spang — (= | Vr_,(t,2), k=0,1,2,... 5, (3.2)
oty
which are the orthogonal complements of W, in G, by the residue pairing

(9= f__ o)

—. 3.3
2me (3:3)
Proposition 3.2 (ii) <= (iv) <= (v) holds.

Proof: The inclusion ... D W,,—1 D W,, D W, 11 D ... in (iv) implies that
W, given by (3.1) and (0.10), is also given by

W, = spanc{V, (¢, 2), ¥, 11(t, 2), ... }.

Moreover the inclusions ... D W,, D W,4+1 D ... imply, by orthogonality, the
inclusions ... C Wy C Wr,, C ..., and thus W}, given by (3.2) and (0.10)
and thus specified by ¥ _; and 7, is also given by

W:L — {\I]:fl(tvz> \11272<t7 Z)

L

The formula (0.10) for ¥,, and ¥¥ _; imply the bilinear identities (1.1), since
each 7, is a 7-function, yielding W = W with respect to the residue
pairing and so:

dz

v (¢
Ll e, =0

(Wn(t,2), —

z 2miz

20
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Since
Wy CWipr = Wp0)", alln>m

we have the orthogonality W, L Wy, ., for all n > m, with respect to the

residue pairing; since W, (¢, 2) € W, %ﬂz) e Wr ., (t', 2), we have

U™ (', 2)
z

d
0=(U,(t, 2), Yoo = j{ \I/n(t,z)\I/;(t’,z)2 - , alln>m,

iz
(3.4)
which is (ii).

Now assume (ii); then, for fixed n > m, we have

9\" 9\ dz
= _ \I[ - \IJ* /

and thus by (3.1) and (3.2),

W, C ( :n+1)* = Wm+1, for n > m,

which implies the flag condition ... D W,_1 D W, D W,11 D ..., stated in
(iv).

(iv) <= (v), follows from the equivalence of (i) and (iii) in Proposition
1.1, by setting 7 := T,_1, T2 = Tn, Wy =z and W, = 27"W, and
noting

2(z7"W,) C (27" W,l1), ie. W, C W1,

concluding the proof of the proposition. ]

Proposition 3.3 (v) <= (vi) holds.
Proof:
Step 1. For a given n € Z, statement (v), namely
R = {pr 1 (=0) 7, Taia} + Tsapr(=0)7 = Tupr(=0) T = 0, k> 2
implies

R,(gn)/ = (aa — pk(5)> Tar10Tn =0, k>2.
Ly,

Since R,(cn) are the Taylor coefficients of relation (v) in Theorem 0.2, statement
(V)n is equivalent to (iv), (i.e. W, D W,41). The latter is equivalent to the
bilinear identity (iii),, (i.e., (0.18) with n — n+1 and m — n—1). According
to the arguments used in the proof of Theorem 0.1, (iii),, implies R,(C"), = 0.
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Step 2. The converse holds, because, upon using an inductive argument,
RI(C") = aR,gn), + partials of (Rﬁ”)', o R,(ﬁ);),

thus the vanishing of the Rﬁ”) ,, e R,(Cn) , implies the vanishing of R,(Cn). |

Theorem 3.4 FEvery 1-Toda lattice is equivalent to a 2-Toda lattice.

Proof: The 1-Toda theory implies for S; ;=S €l +D_, L, =L

05,
oty

Then, in view of the 2-Toda theory, define So(t) € Dy by means of the
differential equations

055(t)
ot,,
with initial condition S5(0) = (an invertible element d, € D, ). Then define®
S12(t,s) and Ly o = SlygAﬂSl_’%, flowing according to the commuting differ-
ential equations
0S512(t, s)
s,

S12(t, s) satisfies the t-equations of 2-Toda for s = 0, by construction; now
we must check that this holds for s # 0; therefore, set

= —(L?)_Sl(t>, where L1 = SlASfl

- (L?)-FSQ(t)J n = ]-7 27 )

= :l:(Lg(t, S)):FSLQ(t, S) with SLQ(t, 0) == Sl,g(t). (35)

F3)(t,5) = 8;5172 (t,s) £ (L7(t,8))£S12(t,8), forn=1,2,...  (3.6)

Compute, using (3.5) and [0/0t,,,0/0sy,] = 0, the system of two differential
equations

oFy . .
8511;2 (t7 S) = :t[F2(71)S£17 L§]$Sl,2 + (L§)$F1(,2)7 k? n = 17 27 “ees
since Fl(z) (t,0) = 0, we have F\%(t,s) = 0 for all s. Thus, by (3.5) and (3.6),
S12(t, s) flow according to 2-Toda. ]

8The first index in L5 and S 2 corresponds to the upper-sign.
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4 Discrete KP-solutions generated by vertex
operators

An important construction leading to Toda solutions is contained in Theorem
0.3, which is based on the following Lemma:

Lemma 4.1 Particular solutions to equation
{n(t =), @O} +2(nt = [T Dn@) — =t - 7 )n®) =0 (4.1)

are giwen, for arbitrary A € C*, by pairs (11, 72), defined by:

o(t) = < / X(t,)\)y(A)d)\) n(t) = [ SR - Dray, (42)

n(t) = ( [ xt-, )\)u’()\)d)\) nt) = [ XV n+ P O)ar. (43)
Proof: Using
D L L Y

z

it suffices to check,before even integrating, that m(t) = X (¢, \)7(t) satisfies
the above equation (4.1)

e 2 (it = ) (D) + 2(nt = [T Dm(t) — m(t — [ )n(D)
= 2 m(t— [ e n(t - A1)
Fanlt— Dl - D) — (1= Dnln(t - [ - A7)
= {n(t =7, nt = 1)}

)
+ (=Nt = Dnlt - A —n®n - [ - 1)
=0,

using the differential Fay identity (1.3) for the 7-function 7; a similar proof
works for the second solution, given by 7 (t) = X (—t, \)72(¢). Since equation
(4.1) is linear in 71(¢), and also in 73(t), the equation remains valid after
integrating with regard to \. |
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Proof of Theorem 0.3 Note, from the definition of 7., in Theorem 3, that
each 7, is defined inductively by

g1 = / X (t, \vn(N)dA 7, and 7y = / X(—t, \n 1 (A)dA 7

thus by Lemma 4.1, the functions 7,41 and 7,, are a solution of equation (v)
of Theorem 0.2. Therefore, theorem 0.2 implies that the 7,,’s form a 7-vector
of the discrete KP hierarchy. ]

5 Example of vertex generated solutions: the
¢-KP equation

Consider the class of g-pseudo-difference operators, with y-dependent coeffi-
cients, acting on functions f(y)

Dy ={>_a(y)D}, with Df(y):= f(ay).
and the g-derivative D, defined by

flay) = fly) _ _ wi 1
NCED T Ay)(D = 1) f(y), with A(y) : e

Consider the following ¢-pseudo-difference operators

Q= D+ug(x)D’ +u_ D7 + ... and Q= Dy +uvo(x) DO +v_ () D" + ..

Dy f(y) =

and the following g-deformations, which were proposed respectively by E.
Frenkel [6] and Khesin, Lyubashenko and Roger [10], for n = 1,2, ...:

0Q

5 = (@), . Q] (Frenkel system) (5.1)
0
acfnq _ [(Q2)+ L Q4. (KLR system) (5.2)

where ()4 and ()_ refer to the g-difference and strictly g-pseudo-differential
part of (). Define

cl) = ( (g Q—gya (-9
1—q "2(1-¢) " 31-¢")

,) € C™® and \,'= (1—q)zqg"
(5.3)
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one checks for n > 1, D"\o(z) = A\, (), and

D'c(x) =

Nz

c(x) )]
D7c(x) = c(z)+ 3 A5 (2)] (5.4)

>
1
>
1
Details about these theorems were reported in a joint work with E. Horozov[4].
Theorem 5.1 There is an algebra isomorphism
" :D, — D,

which maps the Frenkel and KLR system into the discrete KP-hierarchy

oL i
oo =@, 1, n=12,.. (5.5)

Theorem 5.2 The matrices

L=A+ ) diag (pl_f(a)TnMH ° Tn) Af
nez

—00<t<0 Tn4-44+1Tn,

and 3
L=cLe!
with € as in (5.11), 1o = 7(c(x) +t) and

= X)X (8 M) () + )
- rn<A>(HeZ?'3M) D r(e() + 1) (5.6)

k=1

Ton = X(—t,Api1).. X (—=t, Xo)7(c(x) + 1)
= r_n(N) (1:[ e Z?olti)‘i—Hl) D" 1(c(z) + 1)

transform, using the map”, respectively into solutions to the q-KP deforma-

tions (5.1) and (5.2) of

Q=D+ Z ai(y)D' or Q.= D,+ Z bi(y)Dé,

—00<1i<0 —00<i<0
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where the b; are related to the a; by (5.12) and®

ak
— m(k) Hyl+1 S
ot;, .0t log (7(c(y) + )" D r(c(y) + 1)) for k > 2
as(y) = polynomial in
£+1 0 DHlT(c(y)—kt)
MX(y)+ =lo
2N 5, %8 ) + 1)

The proofs of these theorems, which rely heavily on the next lemma, will
be given later. In an elegant recent paper, Iliev [9] has obtained ¢-bilinear
identities and g-tau functions, as well, purely within the KP theory.

Consider an appropriate space of functions f(y) representable by “Fourier”
series

L fork=1

fly) = i Jnson(y)

in the basis'® o, (y) := d(¢ "x'y) for fixed q # 1, and a parameter x € R.
Also, remember

Lemma 5.3 Then the Fourier transform,

fr—=Ff=(fa - Inez,

induces an algebra isomorphism”, mapping D-operators into A-operators
":Dy — D
> a;i(y) D' — > a; N = > diag (..., a;(xq"), ..), ez A (5.8)

Moreover
0D = a0 — (Tan)et 59)
i=0 i=0 i=0

where the A-operator in brackets is monic, with'!

A= (A (@), do(@), M(2),...) = (... DTN\ A, DA, L) (5.10)

97 (k) = parity of k = 1, when k is even, and = —1, when k is odd.
19The é-function 6(z) := Y, 2*; enjoys the property f(za)d(z) = f(a)d(z)

. . —q7 n n| [n—1] ...[n—k
Hwith [j] = 42 and [R] := ltljnplglntl

26



Adler-van Moerbeke:Discrete KP August 24, 1998 85, p.27

11 1
= diag (... Aol 1, A1, 1, —— - ith e = 1
g ag < ) 2 1, 1,4 >\O7A0>\17 )\0>\1)\2, ) witn g s
(5.11)
7]
a;(y) = — by i (Y). (5.12)
0<,§” (—y(g — 1)g )k ™"

Proof: The operators D and multiplication by a function a(y) act on basis
elements, as follows:

Dn(y) = ¢naly) and  a(y)ea(y) = al(zq")en(y).
Therefore D* and a(y) act on functions f(y), as

FW) =" faaly) — D*f(y) = > fuD"ou(y)

nezZ neZ

= Z fn@nfk(y>

nez

= Z fn+k90n(y>7 (5'13>

nez

and

FW) = faeny) — ay) fly) = D faa(y)en(y)

neZ nez

= Y faalzg)ealy),  (5.14)

neZ

from which it follows that
(D¥y = AF (5.15)

a(y) = diag (..., a(zq"), ... )nez. (5.16)
To establish the algebra isomorphism (5.8), one checks that

(a)D) (by)D)" = a(y)A by)A
= a(y) (Mb(y)A~) A
= diag(..., a(zq™)b(xq" "), .. )nez A
= (a(y)blyg) D)’
= (ay)D" b(y)D7)" (5.17)
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Using the inductively established identity
D= S e
y"(g—1)"q = k=0
the first identity (5.9) is immediate.
Then, using, by virtue of (5.10) and (5.11), AA = —eAe ! and eae™! = a
(since a is diagonal), one computes, using the established isomorphism,

() (~Aw)D))" = @ (-AD)

= & (-An)

= a; (5A5‘1>i

= ¢ (&iAi) et (5.18)
establishing (5.9). ]

Proof of Theorem 5.1: Indeed the Frenkel system (5.1) maps at once into
(5.5), whereas, using (5.9), the KLR-system maps into

OcLe™ 1

— n_—1 -1
o [(5L 5 )+ ,eLe™] (5.19)
= ¢e[(L"), ,Lle, (5.20)
which upon conjugation by ¢ leads to (5.5) as well. n

Proof of Theorem 5.2: From Theorem 0.3, it follows that L with the 7,,’s
defined by (5.6), satisfies the Toda lattice; the second equality in (5.6) follows
from (5.4). According to Lemma 1.3,

plfﬁ((())TnJrZJrl O Tn
Tn+L+1Tn
where by (5.6), for k > 2,

ok k
<W log(TnHHT;LT( )))

1k

= a polynomial in <6%?ﬂk8% log(Tn+g+1Tg(k))>,

nez
k

= (Dnﬁtnaat% log (T(c(y) + )" B DL (e(y) + t)))

nez

o "
— w(k) Hl+1
(1.2 g (et + 079D r(cl) +1))
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i log Tn4-£4+1
atj Tn neZz

n+0+1 o )
p ( 11 ezz:lti)\;) DL (e(y) + 1)
— 87 log a:ln
7 (H 62731151»/\2) Drr(c(y) +t)
a=1 nez
n+l+1 ) n+£+1 (c(y) t)
= N (y) + = log
D RN T CME I
+1 a D€+1 (c(y) t)
= | D" X (y) + 5 log ))
(7 (Bt <<y> D))
+1 o D€+1 + t)
— ] 1
(; N()+ 5 log )
establishing Theorem 5.2. |

Remark: Note the e-conjugation has no counterpart in Dg-world.
Defining the simple g-vertex operators:

Xy(z,t,2) =€ X(t,z) and X, (2,t,2) = (e2*) ' X (—t, 2)

oo (17q)k:ck
in terms of the vertex operator (6.1) and the g-exponential e, = 621 k(1-gF)

we now state:
Corollary 5.4 Any K-P 7-function leads to a q-K-P T-function 7(c(x) +t)

satisfying q-bilinear relations below for all x € R, t,t' € C> and all n > m,
which tends to the standard K-P bilinear identity when q goes to 1:

f;:oo D"(X,(x,t, 2)7(c(z) + 1)) D™ (X, (2,1, 2)7(c(z) +')dz = 0

[ X )TE DX, )T+ )z = 0.

Z=00
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Proof: The 7-functions 7,, defined in Theorem 5.2 satisfy the usual bilinear
identity (0.18), and so, using the following identity

n—m—1 n _Zili(ﬁ)i n ( Z)
- i=114\ 2 —  —
HZ:m+2(_)‘)k k;];;[+2 ‘ kg_i_Q )\k

~ 11 e = (%)
k=m+2

— Dnegsz—I—l (egz)—l

in computing 7,(t — [27!]) in the usual bilinear identity yields, up to a mul-
tiplicative factor a(\, v):

o) § ult = [ (¢ 4 [ ST o 2
2=00 5
n m+1

— f;:oo 7'<C($) +t— [Z_l] _ ;[/\ZIDT(C(I) + " + [Z—l] + ; [/\1,_1]>

H <1 - ;) e2r Gt g,

k=m+2 k

= D" (X, (x,t,2)7(c(z) + 1)) D" (X (', 2)T(c(x) + 1'))dz = 0,

Z=00

the latter tending as ¢ — 1 to the usual KP bilinear identity, upon using
(5.3). ]

Corollary 5.5 If we take 10(t) = 7(c(x) +t) in Theorem 5.2, with 7(t) a
N-KdV t-function, i.e., OT/0t;y =0, 1= 1,2, ..., then

(LYY= (LYY, and LN = (LM), (5.21)
yielding the N-Frenkel and N-KLR system:

QY= (QY): and QY =(Q)).. (5.22)

The q-differential operator Qév has the form below and tends to the differential
operator of the N-KdV hierarchy as q goes to 1:
0 T(DNc—i-t)DN_l

N N
- D A P G2
Co=Dy + grleem oy P
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N-1 42
- (Z o log7(D'c + 1)

0 7(DNe +t) 0 (D"l +t)
a Z At <1 T(DN=le+1t) ar, 8 7(Dic +t)

0 7(D* e +t) O (DI le+1)\ _noy
— a8 — | D
* ()gig%N_Q atl °8 T(DZC + t) (%1 o8 T(DJC -+ t) q +
— |\ N1 2
(83:) + ot? 0g7(7 +1) (89&) + (5.23)

Proof: Note thaog for W e Gr®, zNW < W if and only if its tau function
is of the form eXo1 ““N7(t), with 97(t)/Otiy = 0, i = 1,2,.... Thus by
hypothesis, we have for each

Wy = span{y(t, 2), Y41 (t, 2), ...}
2NW,, € W}, and since L1 = z1),

N-1
N =D iy + bran = (LYY,
=0
and so LY is upper-triangular, yielding (5.21), which by the isomorphism *
of Lemma 5.3 yields (5.22). From (0.13) and the relationship between a;(y)
and b;(y) given in (5.12), deduce (5.23).
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