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Abstract

Classically, a single weight on an interval of the real line leads to
moments, orthogonal polynomials and tridiagonal matrices. Appro-
priately deforming this weight with times t = (t1, ¢, ...), leads to the
standard Toda lattice and 7-functions, expressed as Hermitian matrix
integrals.

This paper is concerned with a sequence of t-perturbed weights,
rather than one single weight. This sequence leads to moments, poly-
nomials and a (fuller) matrix evolving according to the discrete KP-
hierarchy. The associated T-functions have integral, as well as vertex
operator representations. Among the examples considered, we men-
tion: nested Calogero-Moser systems, concatenated solitons and m-
periodic sequences of weights. The latter lead to 2m+ 1-band matrices
and generalized orthogonal polynomials, also arising in the context of
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a Riemann-Hilbert problem. We show the Riemann-Hilbert factoriza-
tion is tantamount to the factorization of the moment matrix into the
product of a lower- times upper-triangular matrix.
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0 Introduction

The starting point in the standard theory of orthogonal polynomials is a
single weight p(z)dz on an interval of the real line. The latter leads to mo-
ments p;; = (2',27p), depending on i + j only; in turn, moments lead to
polynomials p,(z), defined by the determinant (0.2) below and the spectral
relation zp,, = (Lp), defines tridiagonal semi-infinite matrices L. An impor-
tant recent development in this ancient theory is that the perturbed weight
e21 %% p(2)dz leads to t-dependent tridiagonal matrices L(t) satisfying the
standard Toda lattice equations; the determinants of the principal minors of
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the moment matrix are 7-functions for the Toda lattice and are representable
as integrals over Hermitean matrices, as developped extensively in [1].

This paper is designed to show the reader how the introduction of an
infinite family of weights p;(z)dz, rather than a family 27p(z)dz generated
by one weight p(z)dz, leads to a theory having many features in common
with the classic situation above. The weights lead to “moments” p;;, to a
semi-infinite moment matrix meq,, to polynomials p,(z), as in (0.2), and to
semi-infinite matrices L of type (0.4) below, defined by zp,(z) = (Lp(2))x.
We mainly deal with:

(1) t-deformations (t = (t1,t2,...))

pi(t; z) = ezcl)otizipj(z)dz, t=(t1,ts,...) €C™, z€R, j7=0,1,2,...

of the weights; they imply for the matrix L the so-called “discrete KP-
hierarchy” in ¢; this hierarchy is fully described in [2], and a large class
of solutions is explained in section 1.

Occasionally, shall we deal with
(ii) (t, s)-deformations !

pi(t,s;z) = e ti?' > Fi(—s)pjre(z), t,s€C® z€R, j=0,1,2,....
=0

of the weights p;; they imply for L the 2d-Toda hierarchy, as described in
[16, 3] and summarized in section 2.

To be specific, given a family of weights po(z)dz, p1(z)dz, ... on R, and
their t-deformations

pL(2)dz = pj(t; 2)dz = €21 ' py(2)dz,
define the “moments”, with regard to the usual integration in R:
g = (o) and pug(t) = (2, p!(2)), (0.1)
and the moment matrix
mp(t) = (15 (1)) o< jn—1 -

Then the semi-infinite moment matrix m., satisfies the linear differential

equations
OMeo

Oty

= Akmoo,

Lwhere the F;(t) are the elementary Schur polynomials e 7 = Yoo Fi(t)z

3
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where A denotes the standard shift matrix. They form a infinite set of
commuting vector fields. Generically the semi-infinite moment matrix m.,
admits a (unique) factorization into upper- and triangular matrices S and
S5 respectively, with S having 1’s on the diagonal:

Moo = 51_152.

Consider the vector p(t,z) = (pn(t, 2))n>0 of monic polynomials in z,
depending? on t = (ty,ts,...) € C*,

poo(t) o pon—1(t) | 1

1 : : :

pu(t, 2) == S1x(2) == ————det ' ' ‘

' det my(t) fn10(t) o pno1mo1(t) "

pno(t) o e (2) ‘ 2"

(0.2)
The eigenvalue problem

2p(t,2) = L{Op(t, 2) (0.3)

or, alternatively, the Si-matrix in the factorization above, gives rise to the
semi-infinite matrix

L = SAS;!
a 1 0 0
bo ay 1

_ 0 T T2 _
= A+aN + A b+ANc+.. = o b ay 1

(0.4)

The polynomials p,(t,z) also give rise to a Grassmannian flag of nested
infinite-dimensional planes ... D W! D W! | D ... | given by®

Hy DW= Wye 20t = span {pn(t,2), pnsa(t, 2)...}. (0.5)
We shall also need the associated “Vandermonde” determinants?,
AP (2) = det (pr-1(2))1cppens An(z) = det(z Dicenzns  (0.6)
2y(2) i= (1, 2,22, ...) and x*(2) := x(z~ ).

3H, = span {1,222, ...}.
A (2) = H1§j<i§n(2i - %)
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and the simple vertex operator,

oo Lt

X(tz) 1= X0 Wm0 A (0.7)

this is, in disguise, a Darboux transform acting on KP 7-functions. We now
state:

Theorem 0.1 Given the moments (0.1) and the construction above, the
semi-infinite matriz L in (0.4) satisfies the discrete KP hierarchy

oL

5 = (L4, L], n=1,2,.., (0.8)

and has the following 7-function representation®

L= diag (F el0)Tniz-c 0 T”) Al-¢ (0.9)
/=0 n>0

Tn+2—0Tn

in terms of a sequence of T-functions (1o = 1,7y, 72,...), which enjoys many
different representations:

Ta(t) = det (er(t))g<ppcns (moment representation)
(0.10)
1 0 () TT (245 ~ ~
= ﬁ// A (2)AY (2) T] (e i kdzk) (integral representation)
n! n Pl
(0.11)
= det (Proj: e Eiotiziz_”wn — H+) (flag representation)
(0.12)
= det (Proj: eZTotiZiz”W:; — H+) (dual flag representation)
(0.13)
= (/ dz 2" p_1(2) X (¢, z)> Tp—1(t) (vertex representation)
R
(0.14)

Swhere Fg(é) = Fg(aitl, %6%27 %8%37 ...), for the elementary Schur polynomials Fy. The

symbol Fy(9)f o g is the customary Hirota symbol.
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where
Whe 210 4 = span {pu(t, 2), pasa(t, 2)..} C H
o, i L(u)d
wr et e = span ({ pj(u)u,j-O,...,n—l}EB?’h) D H,.
R Z2—U
(0.15)
The polynomials (0.2) have the following representations

pult,z) = det (Z,uij(t) - ,ui+1,j(t))o§i,j§n_1 (0.16)
e det(p5(t ))O<ij<n 1 .

= / / A(” ﬁ (ezt Zk z— 2k) dzk>

n'Tn Pt
(0.17)

and satisfy the eigenvalue problem Lp = zp.

Notice that formulae (0.16) and (0.17) go in parallel with (0.10) and
(0.11). Formula (0.17) is a generalization of a formula for classical orthogonal
polynomials already appearing last century in the work of Heine [11].

We shall apply this theorem to a variety of examples, corresponding to
sections 4 to 8 (d(x) is the customary delta-function, i.e., [g é(x)f(z)dx =

f0)) :

pi(z) = z] p(2) tridiagonal matriz L
Pitkm(2) == 2""p;(2) 2m + 1-band matriz L™
pr(2) = 6(2 — Prs1) — A0 (z Qk+1) concatenated solitons
pre(2) =0 (z — pry1) + Mer10(2 — Pry1) nested Calogero-Moser systems
)

Pk( ) = (—1) 5(k)( - ) 6" (z +p upper-triangular L2,

The first example leads to the standard Toda lattice and the the classic
theory of orthogonal polynomials. Since the work of Fokas, Its and Kitaev [9],
the Riemann-Hilbert method is a device to obtain asymptotics for orthogonal
polynomials; for semi-classical asymptotics, see Bleher and Its [7]. We show

Riemann-Hilbert factorization <= factorization ms, = S;'S,. (0.18)
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To be precise, we show the Riemann-Hilbert matrices Y,, take on the following
form (x(z) and x*(z) are as in footnote 2 and h,,_1 := 7,,/T_1):

(S1x(2)), 1 (Sox*(2)),
Yn(Z) - 1 11
h;—l <31X(Z))n71 h'r:—lg (SQX)k(Z))nfl
m(t—[z"") n Tnp1(t+H[z71]) —n—1
= (T _1(;—1[(;),1]) Zn,1 T’T&;f[)zfl])zin ) . (()19)
R . OB

The second example, which is novel and which is developped in section
5, involves a finite set of weights

po(2)dz, ..., pm_1(2)dz

for m > 2, which we extend into an infinite “m-periodic” sequence

po(2)dz, ..., pm—1(2)dz, 2" po(2)dz, ..., 2™ pm—1(2)dz,

2™ o0(2)dz, ..., 22" p1(2)dz, ... .

This sequence leads naturally to generalized orthogonal polynomials p,(z)
by the recipe (0.2), which enjoys the following properties:

(i) the polynomials p,(z) satisfy the orthogonality relations
(i), p3(=)) = 0 for i > j + 1
(ii) Applying 2™ to the vector p(z) := (po(z), p1(2), ...)leads to a

2m + 1-band matrix L™.

(iii) The t-evolution exr b pr(z) implies L evolves according to the
discrete KP hierarchy.

The discrete KP-hierarchy on 2m + 1-band matrices has been studied in

[17]; see also [10]. We also formulate here a Riemann-Hilbert problem, which

should characterize the generalized orthogonal polynomials.

Another interesting set of examples is provided by picking as weights
various combinations of (standard) J-functions, which lead to concatenated
soliton solutions, Calogero-Moser systems, etc...

We wish to thank Leonid Dickey for insightful comments and criticism,
which lead to recognize the importance of the integral in (0.15) beyond its
formal aspects. L. Dickey has shown in a very interesting recent paper [8] that
the discrete KP hierarchy is the most natural generalization of the modified

7
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KP. We also thank Alexander Its and Pavel Bleher for having explained to us
the Riemann-Hilbert problem, and for having posed the problem of finding
the connection with the matrix factorization of the moment matrix. We also
thank Taka Shiota for a number of interesting conversations.

1 Vertex operator solutions to the discrete
KP hierarchy

In [2], we discussed the discrete KP hierarchy and found a general method
for generating its solutions, in both, the bi- and semi-infinite situations; this
paper mainly deals with the semi-infinite case. In [2] and [4], we gave an
application of the bi-infinite discrete KP to the ¢-KP equation. In general,
the main features are summarized in the following statement, whose proof
can be found in [2]:

Theorem 1.1 From an arbitrary KP T-function and a sequence of real func-
tions (...,v_1(A),vo(N),1(N),...), defined on R, one constructs the infinite
sequence of T-functions: T = T and, for n > 0,

n(t) = 7(1)

() = < [ Xt ax . [ X(t,/\)uo()\)d/\> (1), n>0

ralt) = (/X(—t,)\)yn()\)d)\ .../X(—t,A)ul(A)dA) 1), n>0.
(1.1)

Then the bi-infinite vector

C ) e
U(t,z) = (Meil iz zn> (1.2)
Tn(t) neZ
and bi-infinite matrizx
= Fy(0)Tuya—0Ta
L= diag ( el0)Tniz-e0T ) At (1.3)
/=0 Tn+2—0Tn nez
satisfy the discrete KP-hierarchy equations forn =1,2,...:
ov oL
— = (L"), ¥ and ——=[(LF);, L], with LU(t,2)=2U(t,2). (1.4)
8tk 8tk
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Then 7, (t) is given by the following projection
T,(t) = det (Proj e 2 BT, H+> , (1.5)
where the Grassmannian flag ... D Wy D Wy D ... is given by
W, = spanc{V,(t, 2), V,i1(t, 2), ...} (1.6)

Conwersely, a Grassmannian flag ... > Wp, D Wy D ..., given by (1.6), with
functions U, (t, z) satisfying the asymptotics U, (t, z) = e2-17 z7(1+0(1/z))
leads to the discrete KP-hierarchy.

Remark : A semi-infinite discrete KP-hierarchy with 7y(¢) = 1 is equivalent to
a bi-infinite discrete KP-hierarchy with 7_,,(t) = 7,,(—t) and 74(¢) = 1; in the
above theorem, this amounts to setting 79(t) = 1 and v_,, () := v,_1(A), n =
1,2,.... We extend the semi-infinite flag Wy =H, D ... DW,, D Wyi1 D ..y
by setting W_,, = W, for n > 0.

2 Moment matrix factorization and solutions
to discrete KP and 2d-Toda

In (0.1), we considered t-deformations of the sequence of weights, with ¢t €
C>,
00 . ¢, ok

As announced in the introduction, we consider further deformations of the
sequence of weights, in the (¢, s)-direction,

pi(t,s;z) = et tie' > Fi(—s)pjre(z), t,s€C® z€R, j=0,1,2,...

=0
(2.1)
and the corresponding moment matrix

mn(t7 S) = (MZ] (t’ 8))0§i,j<n—17 with :uij(t7 8) = <Zi7 pj(ta S5 Z)> (22>

We now state the following proposition (e.g., see [3, 5]):
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Proposition 2.1 The matriz mq(t, s) satisfies the differential equations

OMeo

88k

OMeo

= ANme
Oty

= —mo AT (2.3)

Factorizing the matriz ms(t, ) into the product of lower- and upper-triangular
matrices S1 and So, with Sy having 1’s along the diagonal:

moo<t7s) = Sl_l(t>s)52(tas)7 (24)
the sequence of wave functions®, derived from S; and S,
Wit 512) = SOSN(z) Wit si2) = e SOST)IN(), (25)

can be expressed in terms of T-functions 1,(t,s) = detm,, as follows:

= (M=) s,
U, (t,s;2) = < e s) e z >nEZ

(t, 00—
Wy(t,s;2) = Toia(t 8 — >ezl 5% z”)

TntS

Tn—i—l t 5

Ui(t,s;2) = )
n

n t Nt
i) - (B )
(rn (t,s+ [z _Zfosiz_iz_n>

(2.6)
with W;(t, s) satisfying the following differential equations’

ov; oy,
2 (LML,
atn ( 1 )+ (2] 88,”

The T-functions satisfy bilinear identities, for all n,m >0,

f{_ Tt = 271, )T (' + 271, s )ezl ti—t)z' n—m—1 7,

= (LY)_W; with Ly = S{AS]Y, Ly = SoA~1S;t

- 74 Tos1(t,5 — [2)Tm(t, 8 + [2])er (simsD= pnom=1g, (2.7)
z=0
and therefore the KP hierarchy in each of the variables t and s.
661(2) := Y t;iz" and &3(2) ==Y si27 % also x(2) := (1, 2,22,...) and x*(2) := x(z71).

TA, and A_ denote the upper-triangular and strictly lower-triangular part of the ma-
trix A, respectively.

10
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The following corollary can be found in [5]:

Corollary 2.2 2d-Toda T-functions satisfy the following (Fay-like) identities
for arbitrary z,u,v € C.
7ot — [z s+ [0] = [u))7a(t, s) — Tu(t, s + [0] = [u])ult — [z77], 5)

_ Y ; Y ity s — )Tt (= [27Y, 5 + [0]). (2.8)

Introduce now the residue pairing about z = 0o, between f = > ;50 ;2" €

H' and g =Y ez bjz 77t € H:

(f.9)e=¢ [f(2)g(z)5— =2 aibi, (2.9)

2=00 271

where the integral is taken over a small circle about z = oo.

But setting s = ¢ and m < n — 1, the right hand integrand of (2.7) is
holomorphic and so the right hand side of (2.7) vanishes. Of course, freezing
s = ¢’ yields the discrete KP-hierarchy; see [2]. Therefore

j{ Ta(t =271, 8) Ta (¢ +[2 7, 8)e2er o= m =10 — 0 for > m+1,

(2.10)
and so forn > m + 1,

f 62(1)0 tiziznTn(t — [271]7 S) e Z;}O t;zizfmfle'f'l(t/ + [271]7 S) dz = 0.
2=00 To(t, ) T (L, 8)

(2.11)
Defining the linear space W as the space of functions perpendicular to W,
for the residue pairing (2.9), we thus have for fixed s, by virtue of (1.6), (2.6)
and then (2.11),

t jTj<t_[Z_1]73) s _ Yt
W, span{z ) j>n}t=e Wh,

Tt + 271, 8)
Wt = gpan{z 57l i
; pan{ )

It also shows that 7,(¢, s) can be obtained from those spaces in two different
ways (for fixed s):

L j<n}=eXtFWE 0 (2112)

To(t,s) = det (Proj Lem LT ML H+)
= det (Proj ; ezt"ziz”WZ — H+> , (2.13)

11
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where the multiplication by z=" and 2" makes the corresponding linear spaces
have “genus zero”, in accordance with the terminology of Segal-Wilson [14].

As a special case (Hdnkel matrices) , consider the sequence of weights
pi(2)dz = 27 p(2)dz. (2.14)
Then the (¢, s)-deformations take on the following form:

pi(t,s;2) = et > Fy(—s)2"p(z) = ez(tﬁsi)zizjﬂ(zh
>0

thus depending on ¢ — s only. Therefore ;;(t, s) depends only on ¢ — s and
i—j (M is a Hankel matrix) and so 7, (¢, s) depends only on ¢ —s. Therefore,
in this case we may replace t — s by ¢.

In this case, the matrix m, is symmetric, which simplifies the factoriza-
tion (2.4) above. Indeed:

Moo(t) = S71Sy = SRS = S (1) ST71(1), (2.15)

upon setting
S =h7128, = pl/25 1T, (2.16)

3 Weights, flags and dual flags

The purpose of this section is to prove Theorem 0.1. The point is to derive
the 7-functions from the Grassmannian flag (1.6). Unfortunately, the matrix
associated with the projection (1.5) is infinite; therefore taking its determi-
nant would be non-trivial, although possible. However, it turns out to be
infinitely easier to consider the dual flag, which leads to a finite projection
matriz, whose determinant is the same 7-function.

To carry out this program, we equip the space H := span{z’, i € Z} with
two inner products: the usual one

(£.9) = [ F)g() dz, (3.)

and remember the residue pairing about z = oo, between f = >7,5, a;zt € HT
and g = ez bz 0"t e H:

(f.9)0 = §__ F(2g()5— = 3 aibi (3.2

2=00 27
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where the integral is taken over a small circle about z = oo. The two pairings,
which will be instrumental in linking the flag to the dual flag, are related as
follows:

Lemma 3.1
(3.3)

(ra) = (£ f, 2 )

Proof: Expanding the integral above into an asymptotic series, which we
take as its definition,

o0

g(u) du — 1/Rg(u)z<u)jdu

RZ—U z S0\
1 ) )
= =) 27 / g(u)u’ du, (3.4)
2530 R
we check that for holomorphic functions f in C,

<f,/Rj(_“Ldu>oo. _ <izzoaizi,iz,z_j/Rg(u)ujdu,>

j=0 0

— Zai/Rg(u)uidu

1>0

= /Rg(u)Zaiuidu

= (o). (3.5)

Remark: The series (3.4) only converges outside the support of g(u). So,
in general, the series (3.4) diverges, even for large z. In specific examples,
this integral will have a precise meaning; see sections 4 and 5.

To the family of functions po(2), p1(2), ... on R, and pi(z) := e pi(2),
we associate the flag of spaces Wy = H, D ... D W,, D W,11 D ..., defined
by

1
W = (Span{P171017-~-aPn—1})
= {f €Hy such that (f,p;) =0, 0<i<n-—1} (3.6)

13
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with respect to the inner product (3.1). So, throughout we shall be playing
with the following two representations of the moments:

4
it i pj(uw)du
P 3.7
=iy = (= f, 2 (37
With the moments pg;(t) := (z',p}), we associate the monic polynomials

pi(t, 2) in z of degree k, introduced in (0.2). As usual, set
WE = e 245 W, and its dual W = e ='W,
As we showed in (2.12), for the residue pairing we have:
(W W) = W, Wi, =0,
The integral representation (3.9) below of the.dual flag already appears in
the work of Mulase [13], for the case p;(z) = 27p(z).

Proposition 3.2 The flag H. D Wy D Wh D ..., defined by (3.6) at t =0,
evolves into

W, = (span{py, i, .. 1 1) = span{pa(t, 2), Pusa(t, 2), . } C Hey (3.8)
and the dual flag Hy C Wi C W5 C ..., evolves into

t(u)d
szspan({ P u,ij,...,n—l}&BHJr). (3.9)

Z—U

Proof: Indeed to show (3.8), it suffices to check the following, for & > j+1

k
and the polynomials py(t, 2) = mZaki(t)zi, defined in (0.2):
i=0

B2 = o S )
-~
= akk(t>§a/kiuij(t)
] poo(t) - pok—1(t) | pos(t)
- | ; | =0
" pro(t) o g1 (8) | g (1)
(3.10)

14
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To prove the dual statement (3.9), one checks for k > j + 1
p(u)du

R Z2—1U

<pk<t,z>, >OO — (p(t, ), A(2)) =0,

using Lemma 3.1, and, of course,
(pr(t,2),2") =0, forall k,£> 0,
]
Remember from (2.13), the 7-functions 7,(¢) can be computed in two
different ways:
To(t) = det (Proj : e‘ztiziz_”Wn — H+)
= det (Proj O DLy g H+) . (3.11)

We shall need the following lemma concerning Vandermonde-like determi-
nants, extending a lemma mentioned in [13]:

Lemma 3.3

Z det (uzig(k)vk,o(k))lq o det <W,k)1§e,kgn det (U&k)1gz,kgn . (3.12)
UEH -

Proof of theorem 0.1: Since z"W D 2"H ., the matrix of the projection (3.9)
onto H,, involving W, reduces to a finite matrix, whereas the projection
involving W,, would involve an infinite matrix! This is the point of using W}
rather then W,,. Therefore the matrix of the projection

Proj : ezt’“zkz”W;:t — H4
is obtained by putting all coefficients of

(w)d ,
e et pn piu)du for (0<j<n-—1) and e k2" vt for (0<j<o0)
zZ—u
in the jth and n + jth columns respectively, starting on top with 2%, 2%, ....
Since for any power series

2-coef of [ = 27 (2) dz

2=00 21

= (e f(2))ss,

15
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7,(t) = det ( g g ) =det Adet C' = det A, (3.13)
C = (coefzn+iz"+jezt"'zk) N
0<4,j<0c0
1 0 0
Fr 1 0
- FQ F1 1 )
A = <coef i (z”eztkzk pj(u)du>>
R z2—u 0<i,j<n—1
_ ( < n— i—leztkzk p](u)du> )
R 2=U [ Jo<ij<n—1
. n—i—1 tru
o ( < eZ ’ pj(u)> )0§i7j§n—1
= (:un—i—ld‘(t))ogi,jgnfp (3.14)

which provides the A-matrix in (3.13), thus establishing (0.10). Hence,

Ta(t)

det (Wk(t))oge,kgn—l
det (/ 2 pu(t, z)dz)
R 0<l,k<n—1
det (/ ol )pk 1(ts Zo(k)) A 2o )> for a fixed permutation o
1<t,k<n
/ /ndet z (k ) Pl— 1(ts Zo(k )))1§£,k§n dzy...dz,

Z/ / det 21...dzy,

1<4,k<n
o [ et iz det (pra () g T (657
. k=1

Pt 7ZU(k)))

using Lemma 3.3; this establishes (0.11). Furthermore, we have, continuing

16
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the identities above, that®

n

) = = [ [ A Hp o) T1 ()

k=1
= —/ /nZA o 12) Hpg 1(2¢) ﬁ (eztizidzk)
k=1
= */ / n! Ay ( (Pz—l(ze)eztizzdze)
e 1

- / n-t H ( )eztizipn_l(z) dz

(Pe 1 (z0)ed Wdzé)

R lAn 1217-- Zn— 1
n—

Lt £

u:u

‘ =

. 0
7 9t;

An 1(215 -0 Zn—1 H (Pe 1(2e eztlzfdza

</R dz 2" pa_1(2) X (1, z)) Tn-1(t),

proving (0.14). Therefore, the sequence 7,(t) satisfies (1.1) in Theorem 1.1
with v,(2) = 2"p,(z) and 19(t) = 1. The 7-functions lead to the expression
(1.3) for L and to the expression (1.2) for ¥, which both satisfy the discrete
KP hierarchy, according to Theorem 1.1. Notice that, from (0.15), (1.5) and
(1.2), we have

pu(t,2) = e 20 W, (¢, 2); (3.15)
therefore L defined by 7-functions (1.3) agrees with the semi-infinite L, de-
fined by the semi-infinite polynomial relations zp(t,z) = Lp(t, z), yielding
(0.8) and (0.9) for this L.

Finally, using (0.10) and (0.11), the wave function (1.2) equals,

U, (t,z) = EWW

det (21255 (t) — pit1,5(t)) o< jcn
det(pij(t))o<ij<n—1

, using (0.10), (0.1), footnote 8,

8using in the fifth identity e~ 2041 g

17
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tzz n .
PO 5 2z
n'det (puar (t / /n " (2) et ¢ ' z )

k
establishing (0.16) and (0.17). m

In the subsequent sections, it is shown that many integrable solutions,
when linked together, are nothing but special instances of the situation de-
scribed in section 2; we mention matrix integrals, 2m + 1-band matrices,
soliton formulas, the Calogero-Moser system and others in subsequent sec-
tions.

4 Toda lattice, matrix integrals and Riemann-
Hilbert for orthogonal polynomials

Setting o
pi(u)du = plu)du, ) = plu)er W (4.1

define the moment matrix
Malt) = (1)) With gig(1) = [ 295705 p()dz, (42

and the corresponding ¢-dependent monic orthogonal polynomials p,(t, z) in
z. Note that m., is a Hankel matrix and is therefore symmetric. From the
form of the moments, the matrix m.(t) satisfies the the following differential
equations
k

e A'm. (4.3)
Refering to the special case of Hankel matrices, discussed at the end of section
2, we consider the factorization of the symmetric matrix mq(t) into the
product of a lower- and upper-triangular matrix S; and S;, with 1’s along
the diagonal of S and h’s along the diagonal of S,:

Moo(t) = S718 = STASTIT = S7H1)ST-Y(t), with S = h~1/25, = hl/25; 1T,
(4.4)

Theorem 4.1 Then S(t) and the tridiagonal matriz L(t) = S(t)AS™(t)
satisfy the standard Toda Lattice equations®:

a8 1, oL Lok
8tk = —§(L )bS and 8719 _5[(11 )baL]' (45)

9with regard to the splitting of A € gl into a lower-triangular A, and skew-symmetric
matrices Agy.

18
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The flag and dual flag of (0.15) take on the following form

WE = span{pn(t, 2), pus1(t, 2), ...}
— span{ (SOX(), » (SEOXD)r )
= span z”Tn(t_—M n < oo
- { Ta(t) =ns }

t
Wit = span{/pj Zp(u j:O,...,n—l}@H+

= span {27 ((Smo () X*(2)),0 = 0,...n — 1} & H,y

, -1
= span {z_j_lTJH(j_'—i(_t)[Z ]),j =0,...,n— 1} SH., (4.6)
j

with the T-functions having the following representation, derived from (0.10)
up to (0.13),

m(t) = det (/ (2 )dz> B
0<ij<n-1
- / /n A2(z ezt”zfp(zy)dz'g)
= / eTrV( M)J’Zl EMOAM,  setting p(z) = e¥?)
= de’: (Proj: e S YRR H+)
- ( /R dzp(2) 22("1)X(t,z)> (D), (4.7)

and the orthogonal polynomials, having the form

_ -1

aTalt = [277])
To(t)

J, det(2] — M)eTr(V<M)+Z<;° 8M9) g0 g
fH eTT(V(M)+Z<1)O t-LMZ)dM )

pn(tv Z) =

where dM = A2(z) dz...dz, dU is Haar measure on the set of Hermitean
matrices H,,.

Before stating the corollary, some explanation is needed. The integral in
the matrix below is taken over the R with a small upper semi-circle about
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z, when §z > 0 and over R, with a small lower semi-circle about z, when

Sz < 0. Moreover Y,4(z) =lim ., Y,(2).
+32/>0

Corollary 4.2 In view of the factorization ms(t) = S; 'Sy of the moment
matrix mao(t) and setting h, = T,4+1(t)/7,(t), we have the following identity
of matrices:

pa(t, 2) Jr 228 ! ()
Yn(z) =

h;ilpn—l(tv Z) hﬁil fR pn%(fju),ot(u)du
(S1x(2)),, L (Sox*(2)),,

hoty (Six(2)),, 4 hﬁié (S2x*(2)) 1
Tn(t—[z"1]) .n Tnp1(t+[z71]) —n—1

= ( e 11>Z gAY lnz ) (4.8)

Tn—1(t—[z~ n— Tn(t+[z~ -n ' :

lm(t) 21 . OB

The matriz Y, satisfies the Riemann-Hilbert problem of Fokas, Its and Kitaev

[9]:

1. Y(z) holomorphic'® on C, and C_.

2 Y (2) = Yi(2) (é 27”'(1%2)).

z2" 0

9. Y(2) = (I+0(=") ( -

), when z — Q.

(4.9)

Note the first column of Y (z) relates to the Grassmannian W,, and the lower-
triangular matriz Sy, whereas the second column to the dual W) and the
upper-triangular matriz S, in the decomposition of Mee = Sy *Ss.

Proof of Theorem 4.1 The vertex representation (4.7) of 7,(¢) shows that
the T-vector 7(t) = (7,,(f))n>0 is a solution of the discrete KP equation (1.4).
But more is true: L = SAS™! is tridiagonal; so, S and L satisfy the standard
Toda lattice (4.5). Some of the arguments are contained in [1].

10C, and C_ denote the Siegel upper- and lower half plane.
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Notice that the Borel decomposition (4.4) is tantamount to finding the
orthogonal polynomials p,(t, z) with respect to the inner-product (z¢, 27) =
Iij, to be precise:

18T = Sm ST =1 <= (h; 1/2])@,11 1/2pj) =0;;. (4.10)

Moo = S i ;

It follows that the coefficients of the orthonormal polynomials h, 1 2pl- are
given by the ith row of the matrix S(¢) and so

Su(t) = h'2S(t) = (pij(t) Jozijzoo, Where pa(t) = D° puj(t)e’.  (4.11)

0<j<n

(i) So, the monic polynomials p,(t, z) of (0.17) have the following form:

/2 (Sx(2), = (Sit)x(2)),

~—

T, (t
B 1<t>/ S A0 ﬁ(Z—WZ”p(W“O

n!7, ]
(4.12)

leading to the formula in the statement of Theorem 4.1. The p,’s are the
standard monic orthogonal polynomials with regard to the weight pf(u) =

p(u)e b

(ii) But, we now prove

W2 (ST (), = (SR, = = [
I AR ()
_ . O (4.13)

Indeed, we compute, on the one hand,

hl/2 > (Smoo)nj 27 = > (Slmoo)nj 27

Jj=0 Jj=0
= > 277> put)pe;, using (4.11)
>0 £>0
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- T T el [

7>0 £>0

= [ St 0(“)jpf<u>du

€>O
_ /pn OFS
Z—U

On the other hand, as we have seen in the special case following (2.14), the
2d-Toda 7-function 7(¢', s’") depends on t = ¢’ — s’ only, enabling us to write
(here 1 stands for ¥ without the exponential),

h}/2 Z (ST—1<t))nj P - (hl/QST_1(t)X(Z_1)>n
Jj=>0
- (S2(t/,5,)X(z_1)>n , using (4.4),
= ¢2,n(t/75/;271) , using (2.5),
o -1
— Tn+1(ina(§/’8/)[z ])2_”, using (2.6),
T+ [27Y)

N )

from which (4.12) follows, upon using Sms, = ST} see (4.9).
Theorem 4.1 is established by remembering Proposition 3.2 and using
(3.8) and (3.9); i.e.,

WE = span{p,(t, 2), pui1(t, 2), ...}
Iot(u)d
Wit = Span{/ul)(u)u,ij,...,n—l}@7—(4r

Z—U

= span{/pj j:O,...,n—l}@H+,
zZ—u

together with (4.12). ]

Proof of Corollary 4.2: Following the arguments of Bleher and Its [7],
the first matrix in (4.8) has the desired properties taking into account the
following integrals:

1 n(t, 1 .. n(t,

lim Mpt(u)du = pn(t, 2)p'(2) + — lim Pulty 1) Hu)du.

omi #—: JR 2 —u 2T -2 JR 2 —u
I2/<0 32/>0
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The formulas (4.11) and (4.12) lead to the desired result. n

Remark: From the fact that detY,,— = det Y,,, it follows that det Y (2) is
holomorphic in C and since det Y (z) = 1+ O(z71), it follows from Liouville’s
theorem that det Y (z) = 1, i.e.,

vy = 1y (m(ta) [ 22 i pte) [ 20 )
= g (= D+ ) = = [ (e + 7))

= 1 (4.14)

This is not surprising, in view of the fact that the first expression for det Y,
is nothing but the Wronskian of the the two fundamental solutions of the
second order difference equation; see Akhiezer [6]. The second expression,
involving 7-functions follows also from Corollary 2.2, by setting u = 2~ and
v — 0 and by using the fact that, for the standard Toda lattice, we have
T(t,s) = 7(t — s).

5 Periodic sequences of weights, 2m + 1-band
matrices and Riemann-Hilbert problems

The results of section 4 about tridiagonal matrices will be extended in this
section to 2m + 1-band matrices. As usual, we set

% : 2P
pis(t) = (2, p5(2) ), with pf(2) = €2 p;(2). (5.1)
In proving and stating the results below, we shall also consider the s-deformations,
as in (2.1). Here we consider m-periodic sequences of weights py, p1, ..., de-
fined by
Piskm(2) = 2"™p;(2), forall j =0,1,2,.... (5.2)

Theorem 5.1 For the weights (5.2), the polynomials

foo(t) o Hon—1(?) 1

1 : : :

pu(t,z) = det : : ‘
det (W,k@))oge,kgnfl Mn—l,o(t) Mn—l,n—l(t) 21

fno(t) o e (t) ‘ z"
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W (t—[271,0
— ol ( Tn(fo)]’ ), where 7, (t,0) = det my(t)
det (24 (t) — Hi+1,5 (t))ogi,jgn71
det (g5 (t ))o<z‘j<n 1

= o ] 8P T (505 = 20 dn), 63

k=1

lead to matrices L, defined by zp = Lp,

(i) which evolve according to the discrete KP hierarchy
(ii) such that L™ is a 2m + 1-band matriz.
(#1i) the polynomials p,(z) satisfy the generalized orthogonality relations

(pi(2),pj(2)) = 0 fori = j+1.

Remark: It is interesting to point out that the condition (5.2) is equivalent
to a seemingly weaker one:

2™ p; € span{po, ..., Pm+;}, forall j=0,1,2, .., (5.4)

where p,,1; must appear in the span. Indeed, the p,’s only depend on the
moments /;; by means of the determinantal formulae (5.3), which allow for
column operations.

Corollary 5.2 The following 2 x 2 matrices are all equal

e ()

R 2™ —u™

Yal2) = Pt U)k -
hotipna(t, 2) hoty el (Z 2Rl (u )) du

m o __ m
R 2 u™ \i

(S1x(2)),, 2 (Sax*(2)),,
hﬁil (SIX(Z))n_1 hnlli (Sax (Z))n 1
TN<t - [271]7 0) o Tn+1(t’ _[zil] anfl
_ Ta(t,0) Ta(t,0 ]
N Tt (t — [271], 0)2"71 To(t, —[271]) n ’
Ta(,0) T,(t,0)

(5.5)
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they solve the following Riemann-Hilbert problem:
1. Y, (2) holomorphic on C, and C_.

27 62k m o—j
2. Y, (2) = Yo (2) <(1) mig) 2131 P Jpg(z))

-n

n>—>[, as z — o0.
z

4. Yu(2) (é an)_l) finite , as z — 0.

The polynomials p, are such that z"p, satisfies 2m + 1-step relations.

Note
Talt — 271, —[e71])
Ta(t,0)
and the first column of Y,, is related to the Grassmannian plane W, and the
second column to a plane'’ related to Wy(t, s, z).

detY,, =

Remark: In the matrix (5.5), 7,(t — [z7'],0) is given in formula (5.3),
whereas by (0.10) and (5.11),

m—1 _m—k .
Talt, —[271]) = det <<ui,ez<1>oti“1 ¥ Zp’“ﬂ(“)>> . (5.6)
0<i,j<n—1

m __ ,m
k=0 z u

Also note the right hand column of (5.5) behaves as 1/2""!; this follows from
the T-function representation, but also from the ”generalized orthogonality”,
mentioned in (iii) (Theorem 5.1).

Proving Theorem 5.1 requires the following lemma:

Lemma 5.3 Fiz m > 1; the polynomials p,(t,z), defined in (0.2), satisfy
2m + 1-step recursion relations, i.e.,

2"p(t, z) = L™p(t, z) with L™ a 2m + 1-band matriz,
if and only if every p;, 7 = 0,1, ... satisfies the following requirement:

For every £ =0,1,..., j = 0,1, ... there exist constants ¢, r =0,...m—+7j+/{
depending on j and ¢ such that
(u™p; — o e gy =0 for 0<i<m—+j+L+1

1Unlike the orthogonal polynomial case, the second column does not contain elements
of the dual Grassmannian W*.
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Proof: Note the following equivalences:

2" (t, 2) = > A()nrpr(t,z) for some matrix A(t)

n—m<r<n+m

< 2"p,(t,z) € WE for all n > 0

ax(n—m,0)

= "W, C W iinm 0) for all n > 0, because

of the inclusion
cOWa D Wi D .

< 2" W C Whnax(n—m,0)-
Since
Wa = (span{po, p1, ..., pu-1})" = span{pn(2), pusa(2), ...}
the latter is equivalent to

0 = (W"pn(u),pj(u)) foral0<j<n-—-m-—1,n>0

= <pn( ), u” pj(u))
= Zam u’ ,u™ p] ))

ann
Moo - Hon—1 | Hmj
1
= —det : : ,
A (t)
Hno co Mpn—1 ‘ Nm—l—n,j

where we have used the fact that p,(t, z) = m S a,;(t)2" is represented by
(0.2). The vanishing of the determinant above is equivalent to the statement
that the last column depends on prior columns; namely there exist cg, ..., ¢,_1
depending on m,n, j such that

n—1
0 = Mm-{-i,j_zcr/vbir forOSzSn,OS]Sn—m—l
r=0
n—1 )
= <Z+m7pj> ZCT<1L1,,OT>
r=0

— (ul,u"p, — zcrpr
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) j+m+L
= (W ump;j— > ¢p) for0<i<m+j+0+1,
r=0
where ¢ was defined such that j +¢=n—m — 1. |

Proof of Theorem 5.1: The fact that L™ is a 2m + 1-band matrix follows
at once from Lemma 5.3. That the matrix L evolves according to the dis-
crete KP-hierarchy follows straightforwardly from the general statement in
Theorem 0.1. |

Proof of Corollary 5.2: For the sake of this proof, we shall be using the
(t, s)-deformations of the weights p; and the corresponding matrix mu. (2, s)
of (¢, s)-dependent moments

pij(t,s) = (2, pi(t,5;2)) , with p;(t, 552) = €20 "= 3" Fy(=8)pje(2).

=0
(5.7)
In section 2, it was mentioned that m,, satisfies the differential equations
om om
> — Amg, X = o AFT. 5.8
atk m ’ 8sk mn ( )
Factorizing the matrix
Moo(t,s) = Sy t(t, 5)Sa(t, 5) (5.9)

into the product of lower- and upper-triangular matrices .S; and S5 then leads
to the 2d Toda lattice.

For later use, we also compute py(t, —[27!]; u), making specific use of the
periodicity of the sequence of weights pj i, (u) = u™p;(u) and the identity'?

F.(z7) =2 (5.10)
We find:

orlt =) = eSS ()

§=0

12pbtained, by expanding the following expression in elementary Schur polynomials, by
setting ¢ = 0 and by comparing the powers of y:

S yFut+[z7") = D Che ) F DI (1 - y)—l R0 i (g)k
0

z
n>0 n>0
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S i Pik() .
e2a BN i using again (),

2J

‘ -1, 2m—1
= e () R g +)
j=m

j=0 Zj<1 - (%)m)

- im—l m—j .
= eX tin 3 Zm (5.11)
=0

From (5.9), we have Syme = S> and hitting x*(z) with this matrix, we
compute, on the one hand,

> (Simee),y 27 = DY parlt )|

7>0 >0 >0 =0
= > 277 padlt, 5)/ u'p;(t, s;u)du|
>0 >0 R =
= Y [ pultsiu)e ST B(-s)peafu)dul
7>0 R >0 5=
- /pn(t,();u)ezioti“iZz_jpj(u)du
R 7>0

- /| Palts e 3 Fy(1= ()
= /an(t,O;u)po(x,—[z_l];u)du

m—1

= /pn(t,O;u)eZiot"“i Z
R

=0

using (5.11) in the last identity. On the other hand, we have

S (Saty ), 27| = (Salt,s)x(z7)

2" pj(u) 4

5.12
W, (5.1

=0 s=0 n 1s=0
= wQ,n(tv 07 Zil)
T (t, —[271]) _
" 5.13
Tn(ta 0) ( )
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The right hand sides of (5.12) and (5.13) coincide (using Simo, = S2);
so, we find the following identity, together with the desired asymptotics for
z — 00!

altin) (m_lzmp;w) du— 2B ZETD) g o),

(5.14)
leading to condition 3. The jump condition 2. follows from the following

1 m—1 )
— lim M ( zm_]pé(u)) du

2T 2 -z 2m — um

I2/<0 J=0

1 m=l s 1 .. pn(t,u) = m—j
= pult, Z>E 2! jpz(z)ﬂL% lim e 2"l (u) | du.
J=0 2/ >0 J=0

(5.15)

The asymptotics 3. follows from the 7-function representation of the first
integral.

The formula concerning det Y,, follows from setting u = 0 and v = 2! in

identity (2.8). ]

6 Soliton formula

For future use, we define the vertex operator:

1 n ne —k_y\—kyl_8_

Theorem 6.1 Given points pg, qx and g, k=1, ..., and the weights
Pk :5(Z_pk+1) _)\i—&—lé(z_q’f-i-l)v k:O717"'7
the T-functions
Tn(t) = det (%_16220:1 trpf )\?qg_leZ;ozl tkq?)

1<i,j<n

= (P X (tpa) = M X (8,00)) Tua (1)
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= ¢, H e Pl det <5ij _ ez;iltk(qf—p?)>
k=1 qi — Pj

1<ij<n

n n
- ¢, H e Pk H e_aiX(tﬂivpi)l’

k=1 1

form a T-vector of the discrete KP hierarchy, for appropriately chosen func-

tions a; and ¢, of p,q,\. The matriz L, constructed by (0.9) from the 7’s
above, satisfies

L(t)p(t, Z) = ZP(tv Z)>

with polynomial eigenvectors (in z):

det (8,(z — pi) — L0 T et 7))

pulz) = a%—P; 1<i,j<n
" det ((5@ — A 6220:1 tk(qf—pf)) '
o qi—p; 1<i,j<n
Then
W, = (span{po, ..., pn1})"
{f € H*, such that f(ps) = Nf(@),i = 1,...,n} (6.2)
and
. 1 A
W: = span — i=1,...npdH,. (6.3)
Z—Di =4

Proof: Consider the space

HY/2"HT = span{l,.., "'}
= span{vy, ..., v, }, (6.4)

where the polynomials

v(z) = I (z=p))
itk
1<j<n
of degree n — 1 form an alternative basis; the determinant of the transfor-
mation between the two bases being the Vandermonde determinant A,,(p) =

H1§j<k§n(pk — p;). Define

P(z) = H(Z’ — i) (6.5)

1
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and

[ (P e
enlf) = A0)

n .
= ¢, H iz tiPh

tiz )\2 k
g(z) = e+t s ap = y

With this notation

P(g;
() = anlpn) = P (1), vele) = L
qi — Pk
Using the second line of (3.14) and the formula for p;, one computes

(6.6)

Ta(t) = det(uji)o<ij<n—1

4 1 A2 d
= det (7{ 27 g(2)2" ( - ) Z)
z=00 z—p; zZz—gq;) 2m e

0<j<n—1

1 1 2 ) dz)
= det 7{ vi(2)g(z - — — ,
A(p) < 2=00 i(2)9(2) (z —pi 2= G) 2mi) o,

using (6.4). The second identity above leads to the first formula in the state-
ment above about 7, whereas (0.14) is responsible for the second formula.
The last formula on the right hand side,just above, leads to

m(t) = Azp)det (03(p:)g(p:) — vi(4:)9(4:)\; )1<z]<n
1 .
= 5 det [dlag(g(m))lsign

<5ijvi (pi)g(pi) — vi(a)9(a:) A; diag (g(pi)_l)lgign]

= et (%vi(m)g(m)—A?vj(qi)g(qi)g%)) , using (6.4)

)1<z ,J<n

A(p) 9(pj)
- ¢ e ) 94,
— n(t) det <51] )\ (pz) p])>1<i i<n
. . B a; g 1)
= ¢u(t) det <5’9 =05 9W5) ) 1< j<n

= Cn(t> det (51] a; X(t qz;p]>1)1<i,j§n

) He—aiX(t,qi,pi)l’
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using in the last equality the vanishing of the square of the vertex operator.
The formula for p, (¢, z) is derived from the third expression for 7(¢), using
the standard representation (2.6) for the wave vector W(¢, z). ]

Remark: When ¢; = —p;, the formula for the KdV 7-function reads:

Ta(t) = <Hp2> H)\iezk,it%pfk
1 1
2

det (p;j ()\;lezodd tkpy (_1)"*3')\2,67 > oad tkpf))

1<ij<n

= ealt) det <5U+ e—zoddww)
Di + Dy

1<ij<n

Note that Segal and Wilson have used, in [14], the infinite matrix represen-
tation of the projection of (6.2), rather than (6.3), in order to compute KdV
solitons.

7 Calogero-Moser system
Theorem 7.1 Given points pg, A\, (k= 1,2,...), the weights
Pk :5,<Z_pk+l>+Ak+15(z_pk+l>7 k:O,]_,...,TL— 1
determine a sequence of T-functions for the discrete KP equation'3,
1 L ;
- > otizd (p)
To(t) oy //nkl;[le AL (2) A (2)d2y...dzy,

= ITETEYT et <—X + Zkthk_1> ) (7.1)
1

with appropriate matrices X and 'Y, functions of pr. and A\ ’s, satisfying the
commutation relation'* [X,Y]| = I., and having the form

X = diag(zy,...,z,) and Y = (1_5”> + diag(&q, ..., &n)- (7.2)

T, — Ty i

13{2 (I,tz,tg, )
Ywhere I, = (1 — 6ij)1<i j<n-
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The matriz L, constructed by (0.9) from the T’s above, satisfies

L(t)p(t, Z) = ZP(t7 Z)7

with etgenvectors, polynomaial in z,

pa(t, z) = det (zl -Y — (m] + ikth’“_l — X) _1) . (7.3)

The Grassmannian flag corresponding to this construction is given by

W, = {feMH", such that f'(pi) = \i f(pi),1 < i < n},

1 A
W = _ N i1, nb eH,. 7.4
e L
Proof: As before, we introduce the basis v(2) of H*/2"H™; note
0 " vE(2) —vi(2)
—u, = z—pj) =y ——" 75
0z " ;ng( p]) ; Px — Di (7.5)

ik

and the matrices

1<a<n Pi = Pa bi — Py
ai 1<i<n

- 1 1 — 8
X = —diag Z — N — (5” )
1<i,5<n

with commutation relation

(X.Y] =1, L=(1-0d;)i<ij<n (7.7)
Then, by (3.7) and the choice!® of p;,
Ta(t)

= det(ﬂz’j)ogi,jgn—1

. 1 ;
= det <?§ Z7g(2) ( 2 i ) dz)
z=00 (z —pi) 2=DPi) 2T ) i

n
= | | vi(pi) . .
e, = 24 (lp)L in the expressions below.
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- Anl(p) det (7{ v;i(2)g(z) <(Z —1pz-)2 oz iim) ;Tzi>1<i,j<n

_ ! det ((ng)' pi_)\ivj(pi)g(pi)>

A, (p) = 1<i,j<n
1 " vi(pi) — va(pi) - k-1
= det | g(p; ] + v;(pi)9(pi ktep; " — Ai
AL (( )O; S i(pi)g(pi) 21: k
a#j 1<i,j<n
L Zoot_pz‘ 1 - 57/] “ 1 K k—1
= ¢, H el YiPk det + 5ij Z + Z ktkpz‘ - )‘Z
k=1 pl - p] a=1 Vi =T Pa 1

ati 1<ij<n

— T Y et (—X + Zktkf/’“—1> ,
1

yielding the formula for 7,(t); According to theorem 0.1, the p,(t,z) are
polynomials, which we now compute:

ity = 2B

. 00 5;, k—1
X SR - 1S <Z> )
1

1

det (—f( +> kfﬁ’“)
1

. det(
= <1(-72)

det (—X + Z ki Ykt — 271 (1 - z_lY)1>
1

det <—X + Z k’tk?k_1>
1

= det(z =Y

0 ~1
= det(z] —Y) det (I - <x1+ STkt YR — X) (2 — Y)_1> ’
1
(7.8)
yielding (7.3), but also an expression for the wave functions ¥, (¢, z), upon

multiplying by an exponential. The formulae for W, and W follow from
(3.8) and (3.9) and the choice of py.
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In order to connect with the form of the matrices announced in (7.2),
consider the hyperplane V' perpendicular to e = (1,...,1) € C"

C" >V ={(z.¢) = 0}

and the isotropy subgroup G, € U(N) of I, i.e., the U’s such that U'e = e,
thus preserving V. That I, = —1 ‘V follows at once, from

I.z = (Z zk> = —z.
k7 1<i<n

Since G, stabilizes I., there exists a unitary matrix U € G, diagonalizing
X, having the property

UXU L UYU Y =[X,Y]=ULU ' =1,
with
X = diag(zy, ..., z,);
ie.,
(zi — 2j)yi; = 1 — 04 i # 7,

implying Y must have the form announced in (7.2). Introducing these new
matrices into the expressions for 7,, and p,(t, z) yields

T,(t) = 2T Y et (—X + Zkthkl>
1
— deteXr WY det(—X 4 ] + 26,Y + ...)
— deteXr [ (t + wi(ta, ts,..)),

i=1

and p,(t, z), as announced in (7.1) and (7.3). Note that the n roots x;(ts, t3, ....)

of the characteristic equation in ¢; are solutions in (9, t3, ...) of the n-particle
Calogero-Moser system with initial configuration coordinates (xy, ..., n, &1, -y &n);
see T. Shiota’s paper [15]. Thus, a solution of the discrete KP system cor-
responds to a flag of Calogero-Moser system generated by one pair of semi-
infinite matrices X and Y, given by (7.2), for arbitrary large n. u
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Remark: Observe that for ¢t = 0, the parameters x and z in
pn(0,2) = det(z] = Y)det (I — (x] = X) ™' (21 = Y) 7).

are interchangeable (except for the trivial factor det(zI —Y')). This must be
compared to the results in [15] and [14].

8 Discrete KdV-solutions, with upper - tri-
angular L?

Letting all points p; in the soliton example converge to p, all points ¢; converge
to —p, and all \; converge to 1, the weights px(z) take on the form (8.2) below.
For future use, define the functions:

fo = pisinh> tpf ¢ even
odd

= p'cosh Z tip’ ¢ odd
odd

and

g = 7' <Z sinh Z t;p' — pcosh Z tipi> { even

odd odd
= p <z cosh Z t;p" — psinh Z tipi> ¢ odd. (8.1)
odd odd

Theorem 8.1 The family of weights,
pe(2) = (=1)* W (z = p) = 6 (2 +p), for0<k<n-—1, (8.2)
leads to discrete KdV solutions, with KdV T-functions'S

i

Tn(t) = 2"¢ even W[f[), fl, ceey fn—l]- (83)

161¥71...] denotes a Wronskian with respect to the parameter p.
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The matriz L has the property that L? is upper-triangular, with polynomial

eigenvectors L(t)p(t, z) = zp(t, z), given by

_ W[f07 f17 cee fnfl]
Wlgo. g1, - Gn—1]

in terms of (8.1); i.e., the polynomials p,(t, z) satisfy 3-step relations of the
following nature:

pn(t, 2) (8.4)

Z2pn<t7 Z) = QnpPn + ﬁnanrl + Pn+2-
Then

W, = {f = iaizi such that f®(p) — (=) f®(—p) =0, 0<k<n-— 1}
0

= {1,424 ..} @ 2(2* — p»)"{1, 2% 24, .}

k
Z—u op 22 — p?

o\ / 1
= {(ap> (Zz_p2> 7k—0,...,n—1} @H+

Proof: Indeed, the form of the flags W, and W} follow from the general
formulae (3.8) and (3.9). Therefore

To(t) = det(pij)o<ij<n—1

a\" 2
= det | |= j{ 2" g(2) P4 , using (3.8)
8]7 Z2=00 22 — p2
0<k,j<n—1

, 1 1
= det <8 %z”‘f_lg(z) < - ) dz)
S 0<k,j<n—1

8]))
o\" . |
= det <8> (pn_J_leZtipl_(_p)n—]—lezlfi(—p)l))
b 0<k,j<n—1
Nk >t [ 2t >t
= det <a> pn_J_leeven eodd +(_1)”—J€ odd
P
0<k,j<n—1

= 2"¢ even W[fO;fla“'7f7’L—1]7
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which is formula (8.3).
In order to express the wave vector, one needs to compute

Tt = [7])

D z

k
— 2 det ((;) <pn—j—1eztipl(1 . B) _ (_p)n—j—lezti(—mz(l + p)))
o 0<k,j<n—1

a)k ottt -2t
p

= det (a J~1eeven eodd (Z — p) -+ (—1)"736 odd (Z +p)
p
= 2" even W[go, g1, - gn—1]7

from which formula (8.4) follows.
Also notice that from the form of W,,, we have

22W, ¢ W, and thus z*W! c W!.
It shows that the 7,(¢)’s are KAV 7-functions. This fact, combined with
W, = (span{pp, pi, .. plh_1 1) = span{pa(t, 2), pusa(t, 2), ..} C H,
leads to the 3-step relation:
2palt, 2) = npp + Bubnr1 + Pose,

establishing the upper-triangular nature of L?. |

Remark: Letting p — 0 in p™"("*V/27, (¢) leads to the rational KdV
solutions, i.e., the Schur polynomials with Young diagrams of type v = (n,n—
1,...,1).
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