PDE’s for the joint distributions of
the Dyson, Airy and Sine processes

Mark Adler* Pierre van Moerbeke!

Abstract

In a celebrated paper, Dyson shows that the spectrum of a n x n
random Hermitian matrix, diffusing according to an Ornstein-Uhlenbeck
process, evolves as n non-colliding Brownian motions held together by
a drift term. The universal edge and bulk scalings for Hermitian ran-
dom matrices, applied to the Dyson process, lead to the Airy and Sine
processes. In particular, the Airy process is a continuous stationary
process, describing the motion of the outermost particle of the Dyson
Brownian motion, when the number of particles gets large, with space
and time appropriately rescaled.

In this paper, we answer a question posed by Kurt Johansson, to
find a PDE for the joint distribution of the Airy Process at two differ-
ent times. Similarly we find a PDE satisfied by the joint distribution
of the Sine process. This hinges on finding a PDE for the joint distri-
bution of the Dyson process, which itself is based on the joint proba-
bility of the eigenvalues for coupled Gaussian Hermitian matrices. The
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PDE for the Dyson process is then subjected to an asymptotic anal-
ysis, consistent with the edge and bulk rescalings. The PDE’s enable
one to compute the asymptotic behavior of the joint distribution and
the correlation for these processes at different times ¢; and to, when
to — t; — o0, as illustrated in this paper for the Airy process. This
paper also contains a rigorous proof that the extended Hermite kernel,
governing the joint probabilities for the Dyson process, converges to
the extended Airy and Sine kernels after the appropriate rescalings.
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200 0N O\

B Z”:<1 2 9 alog«/q)(A))p

with

O(A) = A2\ [T e
1

Roughly speaking, it represents n Brownian motions repelling one another,
with the exponential in ®(\) having the effect of preventing the system from
flying out to infinity. In his beautiful paper, Dyson generalizes the ran-
dom matrix ensembles in such a way that the Coulomb gas model acquires
a meaning as a dynamical system, rather than a static model. He shows the
repelling Brownian motion above corresponds to the motion of the eigenval-
ues (Aq(t),..., A\, (t)) of an Hermitian matrix B, evolving according to the
Ornstein-Uhlenbeck process

oP N1 2 1 9
= <1(1 +5Z~j)aBiZj + ﬁaBijBij>P , (1.1)

1,7=1

with transition density (¢ := e~ “2)

The By;’s in (1.1) denote the n? free (real) parameters in the Hermitian
matrix B, with the B;;’s being its diagonal elements. In the limit ¢ — oo,
this distribution tends to the stationary distribution

Z7le @B = 27 A0 [T e da.

1

With this invariant measure as initial condition, the joint distribution reads

dB1dBs 6_7a2(11—c2) Tr(B?—2cB;1 B2+ B3)
(1 — c2)n?/2 ’
(1.2)
for which a non-linear PDE will be found in Theorem 1.1. According to
Johansson [9], the joint probabilities for the \;’s can also be expressed in

terms of a Fredholm determinant of the so-called extended Hermite kernel

P(B(0) € dBy,B(t) € dBy) = Z7*
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Kﬁf(m,y), a matrix kernel, defined in section 7. As elaborated in that
section, for Fy and Ey C R, we have, for 1 <i < n,

P(all \i(t) € By, all \i(ts) € Bs) = det (1 . (XEEK;j;jXEg)lgk,Kz) . (1.3)

Since expression (1.2) is symmetric in By and Bs, the probability (1.3) for
the Dyson process is symmetric in £y and E5;. Throughout the paper, we
normalize the problem, by setting a = 1.

The Airy process is defined by an appropriate rescaling of the largest
eigenvalue )\, in the Dyson diffusion,

A(t) = Tim V210 ()\n(n’l/?’t) - \/%) (1.4)
in the sense of convergence of distributions for a finite number of ¢’s. This
process was introduced by Prahofer and Spohn [12] in the context of poly-
nuclear growth models and further investigated by Johansson [8]. Prahofer
and Spohn showed the Airy process is a stationary process with continuous
sample paths; thus the probability P(A(t) < w) is independent of ¢, and is
given by the Tracy-Widom distribution [14],

PAD <o) = B = e (- [a-uf@a). 1)

with ¢(«) the solution of the Painlevé II equation,

3

for a /' o0

e 37
T 2/mallt
Vv —a/2 for a N\, —oo.

Here, the joint probabilities for the process A(t) can also be expressed in
terms of the Fredholm determinant of the the extended Airy kernel Kg?tj (x,y),
another matrix kernel, which is an appropriate limit of the extended Hermite
kernel above; see [6, 8, 11, 12]. Tt leads to

¢ = aqg+2¢* with q(a) = (1.6)

P(A(t1) € Ev, Altz) € Ep) = det (I - (XEfKé?thE;)lgi,jQ) : (1.7)

which is also symmetric in E; and FEs, as a consequence of the symmetry for
the Dyson process.
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At MSRI (sept 02), Kurt Johansson, whom we thank for introducing us
to the Airy process, posed the question, whether a PDE can be found for
the joint probability of this process; see [8]. The present paper answers this
question (Theorem 1.2), which enables us to derive the asymptotics of the
large time correlations for the Airy Process (Theorem 1.6); this question
was posed by Prahofer and Spohn in [12]. Our results on the Airy process
for the special case of semi-infinite intervals appeared in [2], as well as the
asymptotics.

The Sine process is an infinite collection of non-colliding processes S;(t),
obtained by rescaling the bulk of the Dyson process, in the same way as the
bulk of the spectrum of a large Gaussian random matrix; namely,

V2 °t
Si(t) == lim n)\%H (L) for —oo<i< o0 (1.8)

n—oo T 2n

in the sense of convergence of distributions for a finite number of ¢’s. This
process was defined by Tracy and Widom in [17]. Similarly, by taking the
bulk scaling limit of the extended Hermite kernel (1.3), the joint probabilities
for the S;’s can also be expressed in terms of the Fredholm determinant of
the extended sine kernel thtj (x,y), yet another matrix kernel,

P(all Sy(t1) € E¢, all Sits) € ES) = det (1 — (Xa, KtitéXEe)lgk,@) . (1.9)

where here E; and F, must be compact for it to make sense. Note this
probability is, as usual, symmetric in E; and F5. These kernels will be
discussed in section 7. For this process, Theorem 1.4 gives a PDE for the
joint probabilities.

The disjoint union of intervals

Ey = Uj_ |agi—1, az) and Ey 1= U;_; [by;_1,ba] C R,
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and t = t, — t; specify linear operators, setting ¢ = e™¢,

2s P 2r P 2s 9
./4.1 = Z_+Cza_l)]’ Blzczlza—a]—’—zl:a—b]

2r a 225 a a
AQ = Za]’a—aj—FC Zb]a—b]—l—(l—C)&—C
1 1

0
= (1—c*)=— — 1.1
B Za] +Zb]8b )z —c (1.10)
The duality a; < b, reflects itself in the duality A; < B;. We now state

Theorem 1.1 (Dyson process) Givent; < ty andt = to—ty, the logarithm
of the joint distribution for the Dyson Brownian motion (Ai(t), ..., Au(t)),

Gn(t; A1y ..., A2p; bl, e bgs) = IOg P(all )\z(tl) S El, all )\Z(tg) € EQ) (111)

satisfies a third order non-linear PDFE in the boundary points of Ey and F»,

which takes on the simple form, setting c = e,

BoAG, . ABG,

A =B ) 1.12
'BiAG, +2nc T ABLG, + 2nc (1.12)
The proof of this theorem will be given in section 3.
Similarly, the disjoint union of intervals
E1 = U:ZI[UQZ‘_17UQZ‘] and E2 = Ule[’ljgi_l, UQZ‘] Q R, (113)
and t = ty — t; define another set of linear operators
2r 2s
0 0
2o 2o
(1.14)

N9 0 9
Boim Yt Byi= Y v i
2 gy SR T

We now give the equations for the joint probabilities of the Airy and Sine
processes, which will be shown in section 4:

6
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Theorem 1.2 (Airy process) Given t; < ty and t = ty — t1, the joint
distribution for the Airy process A(t),

G(t, Uty ooy U2y U1y e vt ,UQS) = lOgP (A(t1> € El, A(tg) S Eg) s
satisfies a third order non-linear PDE" in the u;, v; and t,

<(Lu 4 L)(LuEy — LyEy) + t2(Ly — LU)LULU>G
|

= 5{@3 — LG, (Ly+ Lv)zG}L L (1)

Corollary 1.3 In the case of semi-infinite intervals Ey and Es, the PDE for
the Airy joint probability

+x —x

takes on the following simple form in x,y and t2, with t = ty — t1, also in
terms of the Wronskian,

p PH_(p0 0N (OH _0H +38 TH OH (1.16)
dtozdy  \ or “oy) \ oz a2 axdy’ 0§,

Remark: Note for the solution H (¢;x,y),

P\H&H(t;x,y) = log F3 (min(y—gw, y;x)) .

Theorem 1.4 (Sine process) For t; < ty, and compact Ey and Ey C R,
the log of the joint probability for the sine processes S;(t),

G(t;ug, ... Uz 01, ..., ) :=log P (all S;(t1) € EY, all S;(t2) € ES),
satisfies the third order non-linear PDE,

(2E,L, + (B, — E, —1)L,)G . (2E,L, + (B, — E, — 1)L,)G
B (Ly + L,)%G + w2 S (L, + L,)*G + w2

(1.17)

'in terms of the Wronskian {f(y), 9(v)}y := f'(v)9(y) — f(y)d' (v).
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Corollary 1.5 In the case of a single interval, the logarithm of the joint
probability for the Sine process,

H(t;z,y) = IOgP<S(t1) ¢ [11 + 22,11 — 1], S(t2) & [y1 + Y2, 91 — yz])

satisfies

o (2B + (BB~ 2V H o (2B + (B~ B~ )5 ) H

0x, P 0 \? o ) 2 \?
<8_m1+8_yl) H+7T2 <8_xl+3_yl) ]‘.’4‘7’(’2

(1.18)

In a very recent paper, Tracy and Widom [16] express the joint distribu-
tion for several times ty, ..., t,,, in terms of an augmented system of auxiliary
variables, which satisfy an implicit closed system of non-linear PDE’s. In
[17], Tracy and Widom define the Sine process and find an implicit PDE for
this process, with methods similar to the one used in the Airy process. The
quantities involved are entirely different and their methods are functional-
theoretical; it remains unclear what the connection is between the two results.

The PDE’s obtained above provide a very handy tool to compute large
time asymptotics for these different processes, with the disadvantage that
one usually needs an assumption concerning the interchange of sums and
limits; see section 6 and the Appendix. This is now illustrated for the Airy
process, for which we prove the following Theorem, assuming some conjec-
ture, mentioned below. This will be discussed in section 6. A rigorous proof
to this expansion (1.19) was given later by Harold Widom [18]; his proof was
based on the Fredholm determinant expression for the joint distribution.

Theorem 1.6 (Large time asymptotics for the Airy process) For
large t =ty — ty, the joint probability admits the asymptotic series

PIA(t) < u, A(ts) < v)= Fy(u) Fy(v) 2’(”25 2(0) | 2w, ”)Zf)(”’ Y10 (l) ,
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with?

(e (o)
O(u,v) = F(u)F() [ + ¢(u) (ti(v)—%( / Ooffd@)Z)

o0

+/ da(2(v — a)g® + ¢* — q4)/ da

Moreover, the covariance for large t =ty — t, behaves as

B(A(B)A(h)) ~ BAM)EAM) = 5+ 5+ . (1.20)

c:= 2// O (u,v)du dv.
R2

Conjecture: The Airy process satisfies the non-explosion condition for fixed
x:

where

lerlgo P(A(t) >z + 2| A(0) < —2) = 0. (1.21)

This conjecture will be discussed in section 6, just before the proof of
Theorem 1.6 and in the Appendix.

Finally, in section 7, we give a rigorous proof of the convergence of the
extended Hermite kernel to the Airy and Sine kernels, under the substitutions

t S x|—>\/2n+1++/ﬁ
S1 =\t o s e, Y
S ; w2t m2s ™ ™
= = —, St —, T+ —, — .
2 27’L’ 2717 /—2n Yy /—2

The precise formula for these kernels will be given later in the beginning of
section 7.

2q = q() is the function (1.6).
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Proposition 1.7 Under the substitutions Sy and So, the extended Hermite
kernel tends to the extended Airy and Sine kernel respectively, when n — oo,
uniformly for u,v € compact subsets C R:

lim Kg’"(as, y)dy

n—oo

= Kfs(u,v)dv.

S1

2
lim Kffs’”(:c,y)dy = e’T(t’S)Kfs(u,v)dv.

n—oo

S2

2 The spectrum of coupled random matrices

Consider a product ensemble (M, My) € H? := H,, X H,, of n x n Hermitian
matrices, equipped with a Gaussian probability measure,

CudMydMy ¢~ 3 M+ M3 —2eM1 M) (2.1)

where dM;dM, is Haar measure on the product H?, with each dM;,
dM, = A?(z) Hd%dUl and dMy = A2 (y) deidUg (2.2)
1 1

decomposed into radial and angular parts. In [1], we define differential oper-
ators Ay, By of “weight” k, which form a closed Lie algebra, in terms of the
coupling constant ¢, appearing in (2.1), and the boundary of the set

E = El X E2 = Ule[agi_l, a2i] X Ule[bgi_l, bgl] C RQ. (23)

Here we only need the first few ones:

(2.4)
In [1], we prove the following theorem, based on integrable and Virasoro
theory:

10
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Theorem 2.1 Given the joint distribution
P,(E) := P(all(M;-eigenvalues) € Ey, all(My-eigenvalues) € Es), (2.5)

the function F,(c;ay, ..., as, b1, ..., bay) :=log P,(E) satisfies the non-linear
third-order partial differential equation®:

nc

c2 —

{B2A1Fn, Bljlan‘F } — {Agl%Fn, Algan+ ne } = 0.
1 Al 1 31

o (2.6)

Remark: Note that both P,(F; x Ey) and P,(Ef x Ef) satisfy the same
equation.

3 The joint distribution for the Dyson Brow-
nian motion

Proof of Theorem 1.1: Using the notation of section 2 and the change of
variables B

M, = ——
(1—¢?)/2

(3.1)

3in terms of the Wronskian {f,g}x = g(Xf) — f(Xg), with regard to the first order
differential operator X.

11
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one computes for t =ty — t; > 0, with e = ¢,

Gn(t, Aty ..., A2p; bla cey st)
= log P(all )\,(tl) € by, all )\Z(tg) € EQ)
= log P(all (B(t1)-eigenvalues) € Ey, all (B(ty)-eigenvalues) € E»)

= log .
all By —eigenvalues cEq

all By —eigenvalues cEy
dB1dBy
(1 _ C2)n2/26

= log //111 My —eigenvalues € 1
(1-c2)/2

Eo

all My—eigenvalues € VR
Z' YdMydM,y e~ 2

Z_l I‘(B%%*B%*QCBlBQ)

Tr(M2+M2—2cMi Ms)

A2y by bas
( ~/1—c2 \/1—02/2 Va—c2)2 (1—c2)/2>’

in terms of the function F), defined in Theorem 2.1. Setting

Fn(ca a17‘“7a2r;b17"‘7b25)
~ G, (t;a1 1= 2)/2, ;a1 — @) /2 b1/ (1 — 2)/2, .., bos /(1 — 02)/2>

= Gn(t,&l, ...,CNZQT;Bl, ...,625)

in (2.6) leads to the following equation for G,, := G,,(t; @y, ..., Goy; bi, ..., 525),
namely

{éQleGmélzlGn‘F QHC } —{.ZlgiglGn,.ZlélGn—l- 27”LC } :O,
ct—1)3 2—11z

where
/L-Fn(c;al,...,agT;bl,...,bgs) = .ZliGn(t;dl,...,dzr;i)l,...,l;%)
B:G

Ban(C; a17"'aa27“;b17"‘7b25) = n(ta d17‘“ad2r;b17"'7b25)7

12
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with the A;, B; as in (2.4), and

~ B 1 ) 2r . a 2s ~ a a
BQ = W (C ;aj%—l— bja_?)]> —|—a (32)

1

Then clearing the denominators in (3.2), leads to
{BzAlGn, B1A1Gn + QTLC}AI = {AQBlGn, AlBlGn + 2’[10}31 s (33)

for the operators (1.10), with G,, = G.(t; a1, ..., a9:;b1,...,bss). This estab-
lishes Theorem 1.1. [ |

Remark: In view of the remark in section 2, also here the expressions

10g P(all )\z(tl> € El, all )\Z(tg) € EQ)
G, = or (3.4)
log P(all \;(t1) € EY, all \;(t2) € EY)

satisfy the same equation.

4 The joint distribution for the Airy process
Proof of Theorem 1.2: Consider as in (1.13), the disjoint union of intervals

E1 = ngl[u%_l, Ugi] and E2 = Ule[vgi_l, UQi] Q R. (41)

13
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Then, setting 7 = 75 — 71,

H,(T;uy, ..., ug; vy, ..., Vo)
(V2 ((n o) — Vo) € By,
= T Vans (A, (n3ry) — V2n) € By
= logP <)\n(n_ /3 ) € El,)\n(n_ /372) € E2>
= Gn(n_l/gT; ai, ..., a9 b1, ... bog) (4.2)
for the disjoint union of intervals
El = U;le[agi_l, CLQZ'] ELIld EQ = Ule[bgi_l, bgi], (43)

with

=V2n+ and b; = v2n +

\/_ n1/6 \/_ n1/6
The method here is to do asymptotics on equation (3.3) for n large. In the
notation (1.14), define

(4.4)

L:=L,+L, E:=E,+E, (4.5)

with the understanding that ¢ in F now gets replaced by 7. Setting k := n'/6

and changing variables

Al ( /37' Aty ..., Q¢ bl, .. b25>
= Al n( (2]{?3 \/_Cbl) (2]{33 \/_bl) )

= k2 e /K Uy VL, .. Vo
\/_( . Zavl 7- ; U, y U2r; U1, 7U2)

= A Hn(T,U1,...,UQT,’UI,...,UQT), (4.6)

a—u
b—w

where the operators A; and B; are now expressed in u, v, 7-coordinates, using
the change of coordinates (4.4) and the chain rule. In these new coordinates,

14
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the A; and B;, Taylor expanded in 1/k, for large k, read as follows

A= (b (G e Eer o)
B, = \/_k< (E_QT]:ZLJFGT;G) +O<k8>>
1

A, = 2k <L—k L, +2k4(E—1+472LU)

4
(Ev—l-f-gT )+O(k8))

T

kS

2T 1
_ 4 2
By = 2k (L__kQLU+_2k4(E_1+4T L,)

4
kG(E—1+37 )+0(k8)) (4.7)

Hence, from (4.7),

zf a2

= 12 kQ(LJrL )L

+ 57 (L(B = 2) + P (4Ly(L + L,) + LL,))

— <L(Eu —2)+ %LU(E +2) +

2

- %(SLLU +18L,L, + LLU)>

1

g—sz”l““l

oo e T (e - (R, +O(%)
B k2 k4 \ 2 k5 \6 k8
(4.8)

As will be shown in Proposition 7.1, using also (7.13), we have for u =
(u1,...,ug) and v = (vy, ..., v95), (also for its derivatives with regard to the

15
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endpoints of the intervals)?,
H,(1;u,v)|,_1s = G(T;u,v) + o(1/k), for k — oo. (4.9)
with
G(1,u,v) :=log P(A(11) € Eq, A(T2) € E»),

which will be used below. The equation (3.3), with (4.7) and (4.8) substituted
is a series in k?, for large k, but where the three leading coefficients, namely
the ones of k*, k% and k°, vanish:

. 1 1 6 77’/]{2
0 = {2\/§k5BQA1Hn, 2]{;2 (BlAlHn +2k e )}

A1/(V2k)

1 1 6 _—7/k>
{2\/%5«426111”, 7 (AlBlHn 4 2kSe )}
2T

= 2 [(@u+ LB - LB + (L, — L)L) G
1

2

In this calculation, we used the linearity of the Wronskian {X,Y}, in the
three arguments and the following commutation relations

[Lu, Ey) = Ly, [Lu, By| = [Lu, Ly] = [Lu, 7] =0 and [E,, 7] =7, (4.11)

including their dual relations by u < v; also {L*G,1}p, -, = {L(L, —
L,)G,1}r. It is also useful to note in (4.10), that the two Wronskians in
the first expression are dual to each other by u < wv. The point of the
computation is to preserve the Wronskian structure up to the end. This
proves Theorem 1.2. |

B1/(V2k)

(@ -1e, Lo+ rye) ] +0<%). (4.10)

Ly+Ly

Proof of Corollary 1.3: The equation (1.15) for the probability
G(T;u,v) :=log P(A(m) < u,A(me) <w), T=m—1,
takes on the explicit form
0 s 0? 0? #*G /. 0°G 0°G  0°G
= - = = 2 — — =72
T@T <5u2 81}2> 8u2(%< ov? * oudv  Ou? tu—veT >
B PG (2026’ N 0*G B 0*G o _7_2>
ov20u\ Ou?  OJudv  Ov?
PG o 0G0 0 0
(Gw a0~ g ou) (5 30)C
4Proposition 7.1 actually implies that the error in (4.9) has order k=2 logk.

(4.12)

16
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This equation enjoys an obvious u < v duality. Finally the change of vari-
ables in the statement of Corollary 1.3 leads to (1.16). m

5 The joint distribution for the Sine process

Proof of Theorem 1.4: Consider as in (1.13), the disjoint union of (in this
case) compact intervals By := Ul_, [ug;_1, ug;| and Ey 1= Ui_; [vg;_1,v9;] C R.
Then, again setting 7 = 175 — 74,

H,(T;uy, ... ugp; vy, ..., Vo)

— logP <all 2y/mhs (1) € S all 2v/mhs i(22) € E2>
n

n
Bl ~c T2 e
— log P <all Agi(2) € B, all Ay i(2) € EQ)
T
= Gn<ﬁ;a1,...,agr;b1,...,bgs) (51)
for the disjoint union of intervals

El = U;»ﬂ:l[&gi,l, (Igi] and EQ = Ule[bgifl, bgi], (52)

with » v
i = —Z s b’L = —Z . 53
Y= o/n NG (5:3)
Note here G, refers to the second formula in (3.4). Setting k := n'/2, using
the change of variables (5.3), and the chain rule,

AlGn<T/k2; ai, ..., a9, b17 ey bQS)
= A1H,(7;2kayq, ... ;2kby,...)

2r o
0 ) o
- —7/k ' '
= 2k (; auz +e ;8’%) Hn(Tyul,...,’U,QT,UI,...,’[}QT)
= Al

Hn(T;ula ceey Ugpy U1,y e 7U2r)7

a—u
b—w

17
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In these new u, v, T-coordinates, the operators A; and B;, Taylor expanded
in 1/k for large k, read as follows

T 1

T 1
o - w(t fuvo(L))

2T 1
2T 1

Moreover, as will be shown in Proposition 7.3 (section 7(iii)) we have the
following asymptotic estimate (and similarly for its derivatives with regard
to the endpoints of the intervals),

Hy(m;u,0)|,_. = G(r;u,v) +o(1), for k — oo, (5.5)
with
~ 2T1 27‘2
G(7,u,v) :=log P(all \/5%51(?) € Ef, all \/ﬁﬂSZ(F) € E5). (5.6)

Using the expansions (5.4) of the A; and B; and later the commutation
relations (4.11), yields the following for the Wronskian

1 e
W{BgAlHn, By A H, + 2k ™K 4,

- (2]104 {Qk ((E —1- i—Z(Eu ~D) (L= 55L,) +0 (%)) H,,
(2k)? ((L - %L) <L - %LQ +0 (%)) H,

L2 ( - 5+0 (%)) }Zk(L_kgLv+o<;a>>

18
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_ {((E_l)L_i_Z(Eu—l)L—%(E—l)TL +O( ))

1
k4
et om0 )
2 K2 5L,

- {((E—l)L—%(Z(Eu—l)L—i-(E—i-l) ( >

1 7 1 1
(o) oo,
2 K 2 K L5 Ly

1
— {(E —1)LH,,L*H, + —} -
L

1
: {(E —1)LH,, L*H, + 5}

k? L

T 1

T (E—1)LHn,L2Hn+—}
k2{ 2) L,
i

e {<2<Eu = DL+ (B + 1)Ly Hy, L H, + %} o (i) |

k4

Hence, subtracting the previous formula from its dual and using (5.5),

k2 1 2 2
= _T/k
0 L ({BzAlHn,BlAlﬂ + oK%Y

— {AB1H,,, A\ B H,, + 2/{:264/’62}61)

1
— {(E —1)LH,, L*’H, + —}
2 Ly—Ly

_ {(Q(Eu —~ 1)L+ (E+1)L,)H,, LH, + %}

+{ew - e e oim, i+ 3o ()

19
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|
= {(E-1)LG,L*G + -

2) L1,

- {(2(Eu — 1)L+ (E+1)L,)G, LG + %}
|
+ {(Q(Ev — 1)L+ (E+1)L,)G, LG + 5} +0(1)

= {(E—1)LG,L2(;+1}
2 Ly—L,

+ {(2(Ev — E)L+ (E+1)(L, — L,))G, L*G + %} +o0(1).

Upon division by (L*G + 1)2, one finds

o = s (G

+(Lu + L) <(2(E“ —E)L+ (E+1)(Ly — LJ)G)

LG+ 1

((E—=1)L+2(E, — E,)L+ (E +1)(L, — L,))G

= L, 4
LG+ 5

(—(E—=1)L+2(Ey — E)L+ (E +1)(L, — L))G
LG+ 3

+ L,

(2E,Ly + (E, — B, — 1)L,)G

= 2L, -
LG+ 5

(2E,Ly + (E, — E, — 1)L,)G

— 2L, =
L2G +

N

20
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In view of (5.6), the function
G(r,u,v) = logP(all S;(m1) € EY, all S;(m2) € EY)

= é(%, V2mu, V/2mv),
satisfies equation (1.17) of Theorem 1.4. m
Proof of Corollary 1.5: Setting

Uy = X1+ To, Us =2T1 — T2

U1 = Y1t Y2, V2 =Y1— Y2,
the function

H(t; 21, 2391, y2) := G(t; 21 + @2, &1 — T2 Y1 + Y2, Y1 — Yo) (5.7)

satisfies (1.18), ending the proof of Corollary 1.5. ]

6 Large time asymptotics for the Airy pro-
cess

This section aims at proving Theorem 1.6, for which we need the following
lemma:

Lemma 6.1 The following ratio of probabilities admits the asymptotic ex-
pansion for large t > 0 in terms of functions f;(u,v), symmetric in u and
v?

P(A(0) <u, A(t) <w f; w,v)
P(A(0) < u)P(A(t) < =1+ (6.1)

- i>1
from which it follows that

tlim P(A(0) <u, A(t) <wv) = P(A(0) < u)P(A(t) <v) = Fy(u)Fy(v);
this means the Airy process decouples at oo.

Proof: This will be done in part (v) of section 7, using the extended Airy
kernel. Note, since the probabilities in (6.1) are symmetric in u and v, the
coefficients f; are symmetric as well. The last equality in the formula above
follows from stationarity. |
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Conjecture: The coefficients f;(u,v) have the property

lim f;(u,v) =0, for fixed v € R (6.2)
and
lim fi(—z,z+2) =0, for fixed z € R. (6.3)

The justification for this plausible conjecture will now follow: First, consid-
ering the following conditional probability,
P(AQ0) < u,

P(A(t) <v | A(0) <u) = et ;1( )

| /\

=

and letting v — 0o, we have automatically

1= lim P(A(t) <v|A(0) <u) = lim

V—00 V— 00

v) <1+Zfz‘(1;av)>]
_ 1+}EEOZ fi(?@y

which would imply, assuming the interchange of the limit and the summation
is valid,

lim f;(u,v) =0, (6.4)

and, by symmetry
lim fi(u,v) =0.

To deal with (6.3), we assume the following non-explosion condition,
whose plausibility is discussed in the Appendix (section 8); it is as follows:
for any fixed t > 0, = € R, the conditional probability satisfies

lergo P(A(t)>z+ 2| A(0) < —z) =0. (6.5)

Hence, the conditional probability satisfies, upon setting

v=2z+x, U= —2z,
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and using lim, ., F5(z + ) = 1, the following
1 = lim P(A() < z+2 | A0) < —2) = 1 + lim Zw

200 t ’
i>1

which, assuming the validity of the same interchange, implies that

lim fi(—z,z+x) =0, for all 7 > 1.

Z— 00

Proof of Theorem 1.6: Putting the log of the expansion (6.1)
G(t;u,v) = log P(A(0) <u, At) <)
h;(u,v
= log F5(u) + log Fy(v) + Z %

i>1
2
- 2
= log F»(u) + log Fy(v) + fl(th,v) + fa(u,v) téfl (u,0)/ +...,
(6.6)
in the equation (4.12), leads to:
(i) a leading term of order ¢, given by
Lhy =0, (6.7)
where 5 3 o

The most general solution to (6.7) is given by
hi(u,v) = ri(u) + rs(v) + ro(u +v),

with arbitrary functions 7, ry, r3. Hence,

P(A(0) < u, A(t) < v) = Fy(u)Fa(v) (1 + hl(;" v) )

with hy(u,v) = fi(u,v) as in (6.1). Applying (6.2),

ri(u) + 1r3(00) + ro(0c0) =0, for all u € R,
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implying

r1(u) = constant = r1(00),
and similarly

r3(u) = constant = r3(00).

Therefore, without loss of generality, we may absorb the constants 7 (c0)
and r3(oc0) in the definition of ro(u + v). Hence, from (6.6),

fi(u,v) = hi(u,v) = ro(u + v)

using (6.3),
0= lim fi(—z,2+z) =r(x)

Z—00

implying that the h;(u,v)-term in the series (6.6) vanishes.

(ii) One computes that the term hs(u,v) in the expansion (6.6) of h(t;u,v)
satisfies 95, 52 95, 52

gog 9079 . —
This is the term of order t°, by putting the series (6.6) in the equation (4.12).
The most general solution to (6.9) is

ha(u,v) = ¢'(u)g'(v) + ri(u) + 73(v) + ra(u + ).
Then

P(A(0) < u, A(t) <v) = eGtwv)

In view of the explicit formula for the distribution F, and the behavior (1.6)
of ¢(«) for a /" 00, we have that

lim ¢'(u) = lim (log Fy(u))
= lim ¢*(a)da = 0.

U— 00
u
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Hence

0= lim fo(u,v) = lim hy(u,v) = r1(00) + r3(v) + r2(00),

U—00 U—00

showing r3 and similarly r; are constants. Therefore, by absorbing 7 (00)

and r3(co) into ro(u + v), we have

falu,v) = ho(u,v) = ¢'(u)g' (v) + ro(u + v).

Again, by the behavior of ¢(x) at +00 and —oo, we have for large z > 0,

§d(=2)d(z+x) = / q2(a)da/ Pla)do < ¢2?e %03,

—Zz

+x
Hence
0= lim fo(—2,2+2) = ()

and so

fa(u,v) = ha(u, v) = g'(u)g'(v),
yielding the 1/¢? term in the series (6.6).
(iii) Next, setting

G(t;u,v) = log P(A0) < wu, A(t) <w)

g'(wg'(w) . hs(u,v)

= glw) +g(e) + LU0 L D)
in the equation (4.12), we find for the ¢~! term:
[,hg - O

As in (6.7), its most general solution is given by
hs(u,v) = r1(u) + rs3(v) + ro(u +v).
By exponentiation of (6.6), we find

P(A(0) < u, A(t) < v) = Fo(u)F>(v) (1 + w

+r1(u) + rg(vt)3~|— ro(u + v) N )

The precise same arguments lead to hg(u,v) = 0.

25
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(iv) So, at the next stage, we have, remembering g(u) = log Fs(u),

gg(@) | haluv) |

Gt;u,v) = glu) + g(v) + ——3 Iz

(6.11)
with
fa(u,v) = hy(u,v) + %h;(u, v) = hy(u,v) + %g’(u)2g'(v)2. (6.12)

Setting the series (6.11) in the equation (4.12), we find for the ¢~ term:
DBg (82g\°> 93g [9%g\° g d3g (09 Og
Lhy = 2 - +—=—|=-=
ou3 \ 0v? ov3 \ du? oud 0v3 \du  Ov
L (090 (99\* _9'9 0 (99\
2 \ Ju* dv \ Ov ovt du \ du

Pgd’g g d’g Pgdg  9gag
ZJZI I T — o ZLY _ZJ7I
* (8u3 ov? * ov3 8u2) (w =)+ <8u3 v Ov3 8u)

= 2200 (W)W 0) + 1) — (@ @E) - (@FE0) [

+ 2q(u) (Q(U)q’(v)q”(v) + ¢ (u)gq(v)q" (v) — QQ(U)qS(v)Q’(v))

— same with u < v. (6.13)

o0
The latter is an expression in g(u), ¢(v) and its derivatives and in / (o) da
u

[ee]
and / ¢*(a)da. Tt is obtained by substituting in the previous expression

and the Painlevé II differential equation for q(u),

u q(u) = q"(u) — 2q(u)’,

26



M. Adler & P. van Moerbeke PDE’s for Dyson and Airy processes

in order to eliminate the explicit appearance of u and v. Now introducing®
o) = [ = a)i(e)da
gi(u) = /Oo(u —a)¢*(a)da
go(u) = /Oo(u —a)¢*(a)da,

the most general solution to equation (6.13) is given, modulo the null-space
of L, by

ha(uv) = (9" (w)g' () +g"

+ same with u < v. (6.14)

This form, together with (6.12), implies for the function fy(u,v):

filu,v) = hy(u,v) + %g'(u)2g’(v)2 +ri(u) + r3(v) + ro(u+v)

= Zai(u)bi v) + ri(u) + r3(v) + ra(u + v).

i

Using the asymptotics of g(u), one finds

5Note

and
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a;(u), bi(u)

VARVAN

and so, by the same argument,

Therefore, we have

Falt0) = ha(u,0) + 2/ (u)?g/ ()2,

2
with hy(u,v) as in (6.14), thus yielding the formula (1.19).
Finally, to prove formula (1.20), we compute, after integration by parts,
taking into account the boundary terms, using (1.6),

E(A(O)A(t)) = //1@2 uvauaz(%P(A(O) < u, A(t) < wv)du dv

= / uFQI(u)du/ vEy(v)dv
1 > / > !
+ 2 OOFQ(u)du Fy(v)dv

N %//R (®(u.0) —:;(v,u))du dv
; o(%)
= (B(a0)) + 542+ 0(7).

where

¢ = //R (@(u,v) + @(v,u))du dv =2 //R ®(u, v)dudv,

thus ending the proof of Theorem 1.6. |
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7 The extended kernels

The joint probabilities for the Dyson, Airy and Sine processes can also be
expressed in terms of the Fredholm determinant of matrix kernels, the so-
called extended Hermite, Airy and Sine kernels (considered in [6], [11] and
especially in [12] and [8]), defined for subsets E; C R,

Ktitj (z,y) = X e (x)Ktitj(%y)XE; (y) (7.1)

with Ky, being one of the following kernels

Z eik(tiitj)gonfk(x)@nfk(y)v if li > tj
Kg{t;l(%y) = =
- Z ek(tj_ti)‘:pn—k(x)%on—k(y)a if ¢; < tj s

k=—o00

o0

e—z(ti—tj)Ai(x + Z)Al(y —+ Z)dZ, if t; > tj

Kt‘?tj(x, y) = /0

S—

ez(tj_ti)Ai(gp + Z)Al(y + z)dz, if t; < tj ,

— 00

1 s
—/ ¢ ) Reosz(x — y)dz, if t; > t
0

Kitj (z,y) = " 1 [
——/ e ) eos (1 — y)dz, ift; <t
™ ™

where

ou@) = ¢ Ppy), for k>0, with p(z) = pklE

= 0, for k < 0; (7.2)

pr(x) are the normalized Hermite polynomials, and Ai(x) is the Airy function.
Now we make a few comments about these kernels:

(i) The Fredholm determinant of extended kernels. Letting x(t) de-
note either the largest eigenvalue A, (t) in the Dyson process, or the Airy
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process A(t), or the collection of S;(¢)’s in the Sine process, the probability
is now defined by (drop the superscripts in K", K4, K%)

P(z(t;) € B, 1<i<m)
= det <I - Z(Ktitj)lgi,j§m>‘
+ fj D

-1 0<r; <N
Yt ri=N

o l
1<k <m

1<j<ry

z=1
where the N-fold integral above is taken over the range

—oo<agl)§...§a,(%)<oo

R =

oo<a§m)§...§a5:f)<oo

with integrand equal to the determinant of a N x N matrix, with blocks given

by the r; X r, matrices (Ktkte( (k), ge))) L, In particular, for m = 2, we
1;1;7
have

P(l’(tl) c El,x<t2) < Eg)

SEAPICONDY /
0<r,s<N —oo < ay

<
r+s=N —oo < By <.

(Ktltl (aiv aj)) 1<ij< (Ktth (ai7 ﬁ]>> 1<i<r
SL)ST 1<5<s
(Kt2t1 (/627aj)> 1<i<s (Kt2t2<ﬁi7/8j))

1<5<r

1 1
z=1

(ii) The extended Hermite kernel tends to the extended Airy ker-
nel. Given the substitution

1<i,j<s

V2n+1+
Sy = t'—>_f/3> 5 18/3» = T | (7.3)
n n yr—v2n+1 —I—\/ﬁl/ﬁ

we have
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Proposition 7.1 The extended Hermite kernel tends to the extended Airy
kernel, when n — oo, uniformly for u,v € compact subsets C R:

logn
=0 (m)

Before proving this Proposition, we need the following estimate:

K (wy)dy) = K7 (u,0)dv

S1

Lemma 7.2 For large n > 0 and —Myn'/?logn < k < Myn'/3logn, with
fized My > 0, we have

21/4
\/_n1/6> — 12

with the following uniform bound in u € compact subsets R
logn
B <0 (27,

Proof: Here one needs the asymptotics for the Hermite polynomials when

(W+ Ai (u—k%) <1+Eu(k,n)>, (7.4)

Cos
Cl ) 7T/
L}}Q Figure 1.
1-46 1446

z € Cy 5, as in the figure above; it is given by (see [3]):
en(2V20) = pa(2v2n)e ™
1+0(2) [[2+1 e
— i (FHAe) i)

z—1
(Z T >)1/4 Ai’(fn(Z))} . (75)
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the error term being uniform in Cj 5, for some dy > 0. This captures the case
u > 0 in the statement of Lemma 7.2. The case u < 0 would be captured
by a similar estimate valid in the region C 5. To explain formula (7.5), the
equilibrium measure for the Gaussian distribution is given by the well-known
Wigner semi-circle

Uy) = ~(1- )

g\ 2/3
= - (—771) (z/1 — 22 — arccos 2)3.

and

Setting z = 1 + x for small x > 0, one computes

ful+2) = on?3y <1+£+...>

10
and »
z+1 1 3
- =vV2nS(1 4+ =z +..).
(Z_lf(z)) N V2 nt/5( + gt + )
Defining x such that
\/2n+l+ﬁ= 2(n — k)(1+ x),

one computes, for k = Mn'/3logn and |M| < My,

o 2k+1  ku ~ Mlogn+wu 1  Mulogn
- 2n2/3 dn 4nd3 T 2n2/3 dn " Apis

x +.... (7.6)

Thus for z behaving as (7.6) and for k = Mn'/3logn, we deduce from the
formulae above

Jok(2) e = 2(n — k) x (1 + % +.. )

2k T
= o1 - (1 x )
2n°°z( 3n+ ) —1—10-1-

= Mlogn+u+ SVE
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(z—i—lfn (2 >>1/4

= V2 (n- k)1/6(1+2%93+ )

z=1+4+x

k 3
— /61 — —
V2 n (1 6n+ )(1+20x+ )

— V2l (1 + O(Mlog”)) ,

n2/3

and

1 1 k 1 Mlogn
(n — k)\/4 T4 (1 + 4n +- ) ni/4 (1 +O( n2/3 )) :
Using the asymptotics (7.5), one computes for k= Mn'/3logn and |M| < My,

ok (m+ \/_nl/ﬁ)

= enr(V2(n—k)(1+ 1))
B 1+O(ﬁ) z+1 e
= (2<n — k))1/4 { ( fn k( )) Al(fnfk(z))

- (e >)_1/4Ai'<fnk<z>>}

z=14x
14+0(2) Mlogn
= i (1 +O0(— 7 ))
M logn . Mlogn
(e ) sy )
1 Mlogn y 1 log n
- e (1 (~7 )) Ai (Mlogn+u+2n1/3+0(n2/3)>}
Ui (1 4 0(Mm))
= /12
Mlogn _ Al (Mlog n+u) Mlogn
{(1 O(——— 3 )) |:A1 (Mlogn+u) + 51/ +O( REYE )

Mlogn Al (Mlogn + u) Mlogn
o (1+O( n2/3 )) [ Inl/3 +O( n2/3 )
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21/4
= Ai(u + M logn) [14—0(

nl/12

Mlogn)]

n2/3

214 k M logn
- n1/12A1<u+m) {1+O( n2/3 )]’

ending the proof of Lemma 7.2. |

Proof of Proposition 7.1: As a first step, in a recent paper Krasikov [10]
shows the following inequality for £ > 6 and for a universal constant c,

k! ( 2k/Ak — 2 )1/2
(k/2)! \ k1/6y/8k2 — 3k + 3 '

From Stirling’s formula n! = v/27n n™e="(1 + O(1/n)), it follows that

k! 2\ 1
V(2R
2K/2(k/2)! mk k
This estimate, estimate (7.7) and formula (7.2) show that, for k£ > some fixed
ko and some constant ¢,

(7.7)

max | Hy(z)]e ™ /? < ¢
x

max |Hy,(z)|e /% <

1 &
mgx](pk(x)\ = PTTI RYT: < (7.8)

Using both estimates (7.4) and (7.8) in the last inequality, one computes for
t > s, taking into account substitution &, as in (7.3),

‘Kt,Hs’"(x, y)dy‘
S1

[Mn!/3logn) 1/4 2
_ 173 —— ) Ai(v +
;:0 e Al(u + n1/3) 1(v nl/g) n'/12 )\ /ap1/s
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= ——E_(t—s) u _v
< nl/3 n—k(V2 1 n—k(V2 1
< ;e on_r(V2n + +\/§n1/6)90 #(V2n + +\/§n1/6)
[Mn'/3logn] 1/4
——k _(t—s 2 : k
- Y et >WA1 <u+m) (1+ Eu(k,n))
k=0
ol/4 k dv
—n1/12A1 (v + _n1/3) (14 Ey(k,n)) Tonils
[Mn1/31ogn] 1/4
__k (t—8)2 . k . k dU
)1 — (14 Eu(k,n)) (14 E’U<k7n)))
< ‘ Z ¢ i),
k=[Mn1/3logn]+1
u v dv
(V2 1+ ——)pon_r(vV2 1
%) k( n + +\/§nl/6)90 k( n+ +\/§n1/6) \/§n1/6

’ 1 logn dv
—- /3 -
+ (]\/[n log n) ROYE (14 0(1)) /e

nl/6
n—1—[Mn'/3logn]

i 2 —nomgg) 1 y o (logn)?
S W C Z e nl/3 ml/ﬁ + c M n1/2 (1+O(1))

m=0

(7.9)

where ¢’ is determined by the maximum of the Airy function Ai(z) on the
semi-infinite interval (0, 00).

Setting ' = n — 1 — [Mn'?logn|, the sum in the last expression is
estimated as follows

n/

1 1 _(n_m) t—s
nl/
\/in/ﬁ Z m1/66 '

m=1

/-1 n’
1 —(n—m) t—s 1 ,(n,m)tfis
V2n1/6 (Ze it /176 Z € nt/

0 )4

W
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_ \/_1 1 |:€7(nf€+1);17/53 B ef(nﬂ);;/g
nl/6q _, Ve
WY (e (n—n') 75 _e—(n—e+1);;§>}
~ \/_1 / nl/3 [e,(nfeﬂ);;/g _67(n+1);;;3
2nt/6t — s

4¢71/6 (e_(n_n/ K (%) — e~ (DT )]

Picking ¢ = O(n/2), all terms above tend to 0 exponentially fast, except the
term (%), which requires some attention. Choosing n’ = n—[Mn'/3logn]—1,
so that n —n/ = O(n'/?logn), the coefficient of that term is O(n=M(=%)),
Therefore that term gets small, when n — oo and ¢ = O(n/2),

1 n1/3

\/2n1/6 (1/6

The proof is ended by observing that the second term in the first difference
of (7.9) is a Riemann sum converging to the extended Airy kernel, i.e.,

O (n’M(t’s)) — 0.

[Mn'/3logn] 1/4 \ 2
(t—s) k k (2 > dv
e (=9 A u+ —=)Ai
kzzo ( 1/3) ( 71,1/3) nt/12 \/§n1/6
o M1
- dv/ e Ai(u + 2)Ai(v + 2)dz + O (#)
0 n

This establishes the convergence for t > s.
For t < s, one computes, again using the estimates (7.4) of Lemma 7.2
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and (7.8),

‘Ki’"(fm y)dy
[Mont/3logn] X
+ Y e anCA (u -
k=0
<

[Mon'/3 logn]

_k_(s—t 21/4 . k
- Y eant )n1/12A1 u——7 ) L+ E(kn))

1/4 \ 2
S (5 ) e
/3 nl/3 nl/12 ﬁnl/ﬁ

)SOnJrk( \% 2n _'_ +

) ok (V2n 1 4 )

\/§ 1/6 \/_nl/ﬁ

k=0
v k dv
—n1/12 Ai <U — m) (1 + E(k,n)) \/§n1/6
[Mn1/31ogn) 1/4
k(1 )2 k k dv
+ Z el ni/6 Al( 1/3)A1( 1/3) NG

k=0
‘1 — (14 Ey(k,n)) (1 + Ey(k, n))‘

/" (logn)2 - ——k _(s—t)
M= (1 o(1)) + Z e w/
k=[Mn1/3logn]+1

)‘;On-i-k( Vv 2n + 1 +

IN

v dv
\/_ 1/6 \/§n1/6 \/§n1/6

< d'U /2 - e_m(s_t) IIM (10g ) 1 1
~ \/2n1/6 ¢ Z (n+ k)1/6 - /2 (1+o0(1))

@n—f—k( \% 2n + +

)

k=[Mn'/3logn]+1

dv 2, —M(s—t)—1/6 - — 173 (s—t) (logn)?
S ﬂn1/6 (Cln ( ) / Ze nl/3 //M 1/2 (1+ (1)> )
m=1
(7.10)

The rest of the proof goes the same way as before, ending the proof of Propo-
sition 7.1. [
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(iii) The extended Hermite kernel tends to the extended Sine ker-
nel.
Given the substitution

S ; w2t m2s ™
= = —) St —, Tt —, =
2 on on V2n Y

TV
, 7.11
= (711)
we have:

Proposition 7.3 The extended Hermite kernel tends to the extended Sine
kernel, when n — oo, uniformly for u,v € compact subsets C R:

2
Kyl @y)dy) — e IR (u, v)dv.
Sa
Sketch of Proof: From [13], p198, it follows that for |z| < M,

1

V!
9k/2(J; /2) Il /4

km x3
cos(zvV2k+1 — —) + ———
( ( 2) 6v2k+1

- ()" (e ) o)

Using the substitution Sy as in (7.11), one computes for ¢ > s,

n—1
x2(t—s) T 2(t—s) k ™ ™
KM, y)dyy —e 2 —— ez =n (—) < )dv
o (@ Y)dy V2n k;l ok V2n vk V2n

_$2/2Hk (1‘)

sin(zv2k+1 — ]%T) + O(k1)>

() (32
= () + (1), (7.12)
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where a > 0 is the minimal integer above which Krasikov’s estimate (7.8)
holds. But then expression (I) tends to 0 exponentially, when n tends to oo,
and (II) is estimated as follows:

¢
c“r 1 d'r
) < E < 0/,
I = V2n, f= kY6 = \/2n

which tends to 0 for £,n — oo such that ¢°//n'/2 — (0. Then the sum
appearing at the first line of (7.12) can be estimated as follows:

TP St G T < U ) ( T >
e 27— e 2 np| ——=|yr|—=]dv
Van k;zf—:f—l V2n Van

I
ml
3
n
o7
\Cﬁ/
ML
S
a
SIS
-
N
> 3
N———
~
~
[\

dv

[COS(W(’LL—U) §+%> + cos(w(uij)\/ S—l—% — mr%) + O(%)

1
/ dx eﬂ2(2*1) (t—s)
L/n 2\/E

1
|:COS(7T(U—U)\/§) + cos(m(utv)vx — nrz) + O(ﬁ> + O(

B l/ R
T W\/Z

)| o

-

n

{cos (2(u —v)) + cos (2(u+v) — n2?/7) + O(%) + O(%)] dv (*)
— %eﬂf(t"’) /7T dz e7 ) cog (2(u—v))dv = e’g(t’s)KES(u, v)

when ¢ and n tend to co. The integral involving the second cosine in the
expression (*) above is an oscillatory integral and thus tends to zero faster
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than any power of n by the Riemann-Lebesgue Lemma. The case t < s
proceeds along similar lines, establishing Proposition 7.3. |

(iv) Convergence of Fredholm determinants and their derivatives.
Here we give a schematic argument, based on the customary formula log det (I —
K) =Trlog(I — K), where K is a kernel restricted to a disjoint union of in-
tervals £ and where K 4+ 0K tends to K. Then, from

det(I — K —60K) = det(I — K)det(I — (I — K) '§K)
= det({ — K) (1 —Tr(I — K)"'0K + o(6K)), (7.13)

one sees that det(/ — K — §K) tends to det(/ — K), when 6K tends to 0.
Also, given py, ..., ps, the endpoint of the set F, (see [7, 15])

0
o logdet(I — K) = (—1)"'K(I — K) " (pr, i),

w_»

where here means ‘kernel of”, evaluated at (pg, px) and so

0
—logdet({ — (K + 0K
oy 0B det(I — (I + 8K))

= (D" NE +6K)(I — K — 6K) " (pr, pr)
= (=1 [K(I — K)™(px, 1)

+(6K(I-K) "+ K(I-K)"6K(I—K)™") (pr pr) + 0o(6K)

= ilogdet(] - K)+ O(K).
Ipr,
Since by Propositions 7.1 and 7.3 the extended Hermite kernel converges to
the extended Airy and Sine kernels, this argument shows the convergence
of the corresponding Fredholm determinants and their first derivative with
respect to the end points of E. In a similar fashion one proves the result for
higher derivatives.

(v) An a priori asymptotic expansion for the joint Airy probability.
The proof of Theorem 1.6 in section 6 was based on an a priori asymptotic
expansion for the ratio below in 1/t for large t = t5 — t;. This can be found
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in Widom’s paper [18] and proceeds as follows:

P(A(t) <u,A(ty) <v) det (I - (Kzi‘tj)lg,jsz)
P(A(t) u)P(A(t2) <v)  get <I - K{‘t> det (1 - K{‘t>
_ i 0 K
= det (] (IC21 0 ))
= det (I — IC121C21)
. fi(uav)
= 1+Z s (7.14)
i>1
where
—1
Kl? = (I_X[u,oo)(x)K(S%<x7y)X[upo)(y)) X[u,oo)(-r)K(ft(xuy)X[v,oo)(y)
—1
Kot = (I = Xooo) (@) K50 (2, ) X(o,00) (¥))  Xfosoo) () K70 (2, 1) Xuso0) (1),

with
Kgo(z,y) = / Ai(z + 2)Ai(y + 2)dz
0
Kio(r.y) = / e " Ai(z + 2)Ai(y + z)dz = O(1/t)
0

0

Két(m,y) = —/ e Ai(z + 2)Ai(y + 2)dz = O(1/t).

8 Appendix: remark about the “non-explo-
sion” conjecture

To discuss the conjecture (1.21), consider the Dyson Brownian motion (A;(t)
.-+, A\n(t)) and the corresponding Ornstein-Uhlenbeck process on the matrix
B. Then, using the change of variables
B;
(1—-¢2)/2

and further My — M := My—cM; in the Ms-integrals below and noting that
max(spec M;) < —z and max(spec M) > a imply max(spec (My — c¢M;) >

M; =
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a + cz, we have for the conditional probability, the following inequality:

P (M(t) = a | A(0) < —2)

/ dMle_é(l—g)Ter/ dMQQ_%TY(Mz—ch)Q
max(spec Mi)<—z max(Spec Mz)>a
/ dMle—é(l—@)Terz/ dM26—%TY(M2—cM1)2
max(spec Mip)<—z MacHn,
/ dM, e~ z(1=¢) T My / dM =3 TrM?
max(Spec M)<—z max(spec M)>a+cz

/ dM, e~z(1-e)Tr M} / dM ez TrM*
max(spec M)<—z McHn,

= P(A\(t) > a+c2),

IN

implying
lim P (A, (t) > a ’ An(0) < —2) =0,

Z—00

and a fortiori,

lim P (A (t) > x4 2 | Ay(0) < —2) = 0.

Z—00

It is unclear why the limit (6.5) remains valid when n — oo, using the Airy
scaling (1.4).
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