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Brézin and Hikami [I2, [[3, [[4, 5] have considered a random Gaussian
Hermitian ensemble with external source,

le—% Tr(M—A)2d]\47

where M is random and A is deterministic. Notice this matrix ensemble,
which had come up in the prior literature [21], 19, [I7], ceases to be unitary
invariant. The matrix A is chosen so that the support of the equilibrium
measure has a gap, when the size of the random matrices tends to infinity.
Through a fine tuning of A, the gap can be made to close at the origin. Brézin
and Hikami propose a simple model having this feature, where the matrix A
is diagonal, with two eigenvalues a and —a of equal multiplicity. Thus, upon
letting the size of the matrix go to oo and after appropriate rescaling, they
discover a new critical distribution, specified by a kernel involving Pearcey
integrals [22] and having universality properties.

P. Zinn-Justin [24, 25] establishes the determinantal form of the correla-
tion functions for the eigenvalues of the finite model. Then extending classi-
cal connections between random matrix theory and non-intersecting random
paths, Aptekarev, Bleher and Kuijlaars in [{] give a non-intersecting Brow-
nian motion interpretation of this Gaussian ensemble with external source.
They also show that multiple orthogonal polynomials are the right tools for
studying this model and its limit (see [8, @, [0, [T])

The present paper studies the Gaussian Hermitian random matrix ensem-
ble H,, with external source A, given by the diagonal matrix (set n = ky+k2)

a
o | I®
a
A= 4 , (0.1)
O 1 ks
—a
and density
Zie—W%MQ—AM)dM. (0.2)
Given a disjoint union of intervals E := |J;_;[b2i—1,b2] C R, define the



algebra of differential operators

2r
)
Bi=)_ bf*la—bi. (0.3)
1

Consider the following probability:

1
P,.(a; E) := P( all eigenvalues € E) = Z_/ e~ TrGM2—AM) g\ r (0.4)
n JHu(E)

In [1], we have shown that for A = 0, the probability for this Gaussian
Hermitian ensemble (GUE) satisfies a fourth-order PDE, with quadratic non-
linearity (reducing to Painlevé IV in the case of one boundary point) :

(BLy+ (4n+ 682, log P,)B2, + 383 — 4B_1B, + 65y ) log Py, =0,

The first question in this paper: Does the integral [02), with A as in ({{Z1),
satisfy a PDE? Indeed, we prove:

Theorem 0.1 The log of the probability P,(a; E) satisfies a fourth-order
PDFE in a and in the endpoints by, ..., by, of the set E, with quartic non-linearity:

<F+B_1G— n F‘B_1G+) (F+B_1F— — F‘B_1F+>

. (F+G— + F—G+) (F+831F— B 1F+> —0, (0.5)
where!
Froe 2B (L B )logP, — 4k F‘—F*‘
= -1 aa —1 g 'y 1 - a— —a
k’l < k‘g
2G* = {H{F*}, —{H{.F'},,.. G—=G+) e
k‘l < k’g

Lin terms of the Wronskians {f,g}x = gX f — fXg.



with

Hf = % <BO — aﬁ — aB_l) logP,, + <BOB_1 + 4%) log P,

da
+ 4]{31 <a + @)
a

0 0
Hf = % (Bg — a% - aB_l) loglP,, — (By — 2aB_1 — 2) B_1 logP,.

(0.6)

Remark: : The change of variables a — —a, k; < ks in the definition of F'~
and GG~ act at the level of the operators. In fact, later, it will be clear that
P, (a; E) is invariant under that change of variables.

Again here we provide a natural integrable deformation of ([{I4l) (section
1). As is well known, the probability for A = 0 relates to the standard Toda
lattice and the one-component KP equation (see [I]), the spectrum of coupled
random matrices to the 2-Toda lattice and the two-component KP (see [2]),
whereas we show that the model (Il relates to the three-component KP
equation (section 2). This deformation enjoys Virasoro constraints as well
(section 3), which together with the bilinear relations arising from 3-KP leads
to the PDE of Theorem 0.1 (section 4).

The second question concerns the Pearcey distribution, which we now
explain. Following [7], consider n = 2k non-intersecting Brownian motions
on R (Dyson’s Brownian motions), all starting at the origin, such that the k
left paths end up at —a and the k right paths end up at +a at time ¢t = 1.
As observed in [7], the Karlin-McGregor formula [20] enables one to express
the transition probability in terms of the Gaussian Hermitian random matrix
probability P(a; E') with external source, as in ((L4]),

P (all 2;(t) € E) = lim /

1
— det( (t Yis l’]))1<z]<n det 1 t €Ty , 1<2/ J'<n H dl’z,

RS =




where p(t,x,y) is the Brownian transition probability

1 _(y—=)?
p(t,r,y) = VT e . (0.8)

Let now the number n = 2k of particles go to infinity, and let the points a and
—a go to £oo. This forces the left k particles to —oo at ¢t = 1 and the right &
particles to 400 at t = 1. Since the particles all leave from the origin at ¢t = 0,
it is natural to believe that for small times the equilibrium measure (mean
density of particles) is supported by one interval, and for times close to 1, the
equilibrium measure is supported by two intervals. With a precise scaling,
t = 1/2 is critical in the sense that for ¢ < 1/2, the equilibrium measure
for the particles is supported by one, and for ¢t > 1/2, it is supported by
two intervals. The Pearcey process P(s) is now defined as the motion of an
infinite number of non-intersecting Brownian paths, just after time t = 1/2,
with the precise scaling (see [7]):

2 1 1
n=2%k=—, +a=+—, zir w3z tr-+tz* forz—0. (0.9)
24 z2 2

Even though the pathwise interpretation of P(t) is unclear and still deserves
investigation, it is natural to define the probability

2
n=-g
A

1
P(Pt)NE =0):= 111%193[1/22 (all xj(§ +t2*) ¢ 2E; 1 <5 < n)

Brézin and Hikami [T2, I3, T4}, [T5] for the Pearcey kernel and Tracy-Widom
[23] for the extended kernels show that this limit exists and equals a Fredholm
determinant:

P(P(t)NE =0)=det (I — Kix,),
where K;(z,y) is the Pearcey kernel, defined as follows:

p()q"(y) — p'(2)d'(y) + p"(x)q(y) — tp(x)q(y)

K =
t(xv y) T —y
= [ bt 2ty + 21 (0.10)
0
where (note w = /%)

1 & u4 tu
p(z) = gy N e~ T2 Ty

]_ u4 tu2 w © u4 it
q(y) = 5 XeT_T+“ydu =Im [%/0 due™ 172" (e — 7MY



satisfy the differential equations
p" —tp) —ap=0and ¢" —t¢ +yqg=0.

The contour X is given by the ingoing rays from +ooe’™* to 0 and the
outgoing rays from 0 to +ooe /4, i.e., X stands for the contour

NS
0
/N
The second result of this paper? is to give a PDE for the Pearcey distribution
below in terms of the parameter ¢ appearing in the kernel ((LI0). Since this

Pearcey distribution with the parameter ¢ can also be interpreted as the
transition probability for the Pearcey process, we prove:

o
Theorem 0.2 For compact E = J;_,[x2i—1, 2] and B; =5 " x?“ai_ ,

Q(t;xy,...,x9) = logP(P(t) NE = @) = logdet (I — Kyxg) (0.11)

satisfies a 4th order and 3rd degree PDE, which can be written as a Wron-
skian®:

18369 9 1 8@ 2 2 aQ —
{iﬁ + (B0 =280 + p{Ba B, BW} -

The proof of this statement, based on taking a limit on the PDE of
Theorem 0.1 will be given in section 5.

1 An integrable deformation of Gaussian ran-
dom ensemble with external source

Consider an ensemble of n x n Hermitian matrices with an external source,
given by a diagonal matrix

A = diag(ay, ..., a,)

2Tracy and Widom show in [23] the existence of a large system of PDE’s involving a
large system of auxiliary variables for Q and also for the joint probabilities at different
times.

3given that {f,g}x = X f.g— f.Xg.



and a general potential V' (z), with density

1
Po(M € [M, M +dM]) = ——e” Tr(VIMD=AM) g pf.

n

For the disjoint union of intervals E = (Ji_, [bai—1, b], the following proba-
bility can be transformed by the Harrish-Chandra-Itzykson-Zuber formula,
with D = diag(Aq, ..., \n),

P,(spectrum M C E) = — o= Tr(V(M)=AM) g7 1
= — Ai()\) e—V(/\i)d)\i/ T AUDU™ 77
Zn J e 1:[ U(n)

1 N det[e®™];<; <
- A2 V(Xi) ) <i,j<n
(A)He d\; A, A ()

1 p— . a; . n
= ﬁ o An()\) det [6 V(X)+ ZAJ]lﬁi,an H d\;.
1

n

(1.1)

In the following Proposition, we consider a general situation, of which (LTI)

with A = diag(a,...,a,—a,...,—a) is a special case, by setting pt = e
and ¢~ = e **. Consider the Vandermonde determinant of the variables
Tiyeo oy Thys Y1,y - - Yky, Namely

Ap(x,y) = An(T1, oo o Thyy Yy - o s Yk )- (1.2)

Then we have

Proposition 1.1 Given an arbitrary potential V(z) and arbitrary functions
0T (z) and ¢~ (z), define (n = k1 + k)

(P12 spn) = e (pF(2), 207 (2), .., NPT (2),
0 (2), 207 (2), .., 27 (2)

we have



1 n
1| Ba(@)det(pi(z)isiyen ] [ =
n. Jen 1
1 k‘l k?2
= / An(z,y) Ak, (2) Ak, (y) H ot (xi)e” " da H ¢ (yi)e”
kilks! Jgn ) |
(/ zi+j—1¢+<z)€—V(2))
E é § ; éill +hky—1
= det

( [E Zi+j—1gp—(z)6—wz>)

Proof: On the one hand, using

det (a2k>1<2k<ndet 1<zk<n Z det aw(] bjo(j ))1<z]<n’
CTGSTL

and distributing the integration over the different columns, one computes

[ At det(pitecisen [

VRS
=
N&.
+
<.
N
AS)
+
&
I
<
O
QU
N
~__

= nldet

On the other hand, one computes

[ A det(pepcisen [ [ a2

(1.4)



geSy =1 1
= Z(_l)a/ A (20*1(1)7" azafl(n))sz(Zz)Hdzz
o " i=1 1
= S [ s [
o " i=1
ko
= n!/ n(z,y) 1_[1'Z Lot ( V(wl)dxlHyf_lap_(y,-)e_v(yi)dy,-
mn 1
" - gy T (1)
_ : + Npo—Vi(xs ) — (0 \No—V(¥s )
- W/];*n An(x7y>Ak1(x)Ak2(y)];[go (xl>€ dxll;[(p (yl)e v dyza

where A, (z,y) is defined in ([CF). In the last identity, one uses twice the
following general identity for a skew-symmetric function F(zy,...,z;) and a
general measure p(dx),

k
/Rk F(xy, ..., x5)Ak(x) H pu(da;)

€Sk i=1
k
_ / ST (1) P, ) [ 2k e
R o€Sy =1
k1
_ / S ) (o), o gr) [ 2 ()
R O'ESk =1
k
- k!/ F(zy,...,xx) Hmﬁ_l,u(dmi).
R i=1
This ends the proof of Proposition 1.1. [ |

9



Add extra variables in the exponentials, one set for each Vandermonde
determinant:

t:(tl,tg,...), 82(81,82,...), u:(ul,u2,...) and ﬁ

Then, setting (n = ki + ko),
2 [ee)
z . o . i _ oz B22—5"% 4 5
V(Z) = ? +Zt,~zz, g0+(z) = 6az+6z2_21 SiZz , © (Z) =e Bz2 =307 u; ’
1

Proposition 1.1 implies

Tklkz(ta S, U; ﬁ; E) = det My ko (ta S, U; /6; E)

1 k1 ko
- = Y tixt P tiyt
k! /En An(x,y)He JHe ’
=1 j=1
ki 2 , .
—_J ) N0 ot
Agy () [J e Foeatte 20 s,
j=1

2

ko Y2 ‘
<Ak2(y)He‘TJ‘“w‘ﬁy§e‘zl “Z’y;‘dyj> , (1.5)

j=1
where
(M:;(t73§6aE)) 1<i<k
t . E — _ 0<j<ky+ky—1 ’
mk17k2( ’S’u”67 ) (/’LZ](t7u7/87 E)) 1<i< ko
0<j<hki+hy—1
with
E
iy 22 o)
pi;(tw; B, E) = /zZ+J_le_7_“2_ﬁz2ezl (=)= (1.6)
E

10



In particular, by (IL3)), the integral in (CT]) has the following determinan-
tal representation in terms of moments:
1 n
A, () det [6_V()\j)+ai)\j]1§i,j§n H dN;

=

= det (1.7)

1<i< ko
0<j <k +hy—1
and so . s
P, (spec M ¢ B) = Dkl 515 0i ) (1.8)
Tk1ko (tv S, U; 6; R) t=s=u=F=0
Remark: The integral enjoys the obvious duality:
Ty, ki kg, t t, s u, a —a, [ +—— —[. (1.9)

2 Integrable deformations and 3-component
KP

Theorem 2.1 (Adler-van Moerbeke [B]) Given the functions 7,, ,, as in
(I3), the wave matriz

1+ 2)+ 3)+
\117(”11)7”2 \I]£L1):I:1,n2 \Ilng),ngztl
+ . . 1+ 2)+ 3)+
Wnl,n2(>‘7t7 Svu) T \:[11(’Ll)$1,n2 \Ilgbl)ﬁm \D1(11)$1,n2:|:1
1)+ 2)+ 3)+
\11511),712421 \Ilgzl)j:l,ng:':l \Ilng),ng
with functions
Tt A w)
vhE (At = \E(ritng) 3T A Tnl,nz( 15
A 5) ‘ ot 4)
i Tny o (L, At ,
POE (At s,u) = AFmeEEen o ;< 8(4:[8 u)] w)
ni,n2\ly 9
i Tnyno (Ls S, At
WO (ts) = ATt T Tlbo TR (2.1)

Ty mo (T, S, 1)

11



satisfies the bilinear identity
% W]:;kz()\;t7s7u)wﬁ_ (A;tlvs/vul)—rd)‘ = 0 (22)

1,2

for all integers ky, ko, 1,02 > 0 and t,s,u,t', s u' € C®.

Proof: The moments, as defined in ([CH), satisfy

a“iij o+
8—%—/%,]'%
o out
—‘7 — _’u;:-k‘,j7 —]:0
sy, Ouy,
Opti; Opti; _
o Ju, ~ Hiks 29
and in matrix notation
om om om
% = ooooATk e _Ak 00,00 0 = _Ak so,00s (2.4
8tk m ’ ’ &S’k = o 8uk +m o ( )
where
01 0 0
0 0 1 0 A O o0 0
— 0 0 0 1 - -
A 000 0 A <OO>’A+ (OA)’

Thus the moment matrix satisfies
moo,oo(ta S, u) = e ETO(SICAE_FU}CA{?)mOOpO(O’ O’ 0)62?0 tkATk’

which implies the bilinear identity ([Z2). The details of proof can be found
in [5]. n

12



Corollary 2.2 Given the above T-functions T, (t, s, u), they satisfy the bi-
linear identities

0= § ax T (s g, (¢80
—l—%d)\ Vl_kl_zeZ(Si_SQ)AiTklﬂ,kz (t,s =[N u) Toy—ne, (8" +[ATH] L)
+7{d>\ Aok =2 (wi—u)N o (t,s,u—[A7") 7 (F, 80/ +[ATH])

(2.5)

Upon specializing, these identities imply PDE’s expressed in terms of Hirota’s
symbol *, for j =1,2,...:

2
3 2
Si(O0) Ty 41k © Tii—1ks = Thuky 577 108 Thiks (2.6)
8810%‘4.1
~ 2
2
Sj(as)Tkl—l,kz O Tki+1,k2 Tika Dy AL log Tkikas (27)
8t188j+1
yielding
2
0 longl,kz Thy+1,k2 Tk —1,ko
0t0s, 2 (2:8)
1051 Tk ko
_o
9 1 Tki+lks _ Ot28s1 log Tk1,ko 99
ot 08 o 02 1 ( : )
1 Tkl—l,kz —6t1881 Ong‘Lk‘z
62
9 1 Tki+lks _ 9t19s2 log Thy k2 210
" 9s, 08 = (2.10)
S1 Th1—1,ks Bt 957 log Tk, ks

Proof: The bilinear identity (22) yields nine identities, which are all equiv-
alent, upon relabeling indices, to the tau-function bilinear identity (ZH).

4Given a polynomial p(t1,ts,...), define the customary Hirota symbol p(d;)f o g :=

p(%, %, COfE+y)gt — y)‘ . For later use, the s,’s are the elementary Schur poly-

nomials =7 2" = > iz si(t)z" and set s¢(9) := Sg(aitl, %6%27 S

13



Introducing standard shifts in the residue formulae

t — t—a t'—t+a
s — s—b §+—ss+0b

u — u—c ur—u-+c,

and using Taylor’s theorem, identity (£.H) is equivalent to

o0
0% (ak 52 +bk 5tk 5)
E Sty +ts—y —kprj—1(—2a)8; () e Atk D our Terts © Thiks

7=0

E A\ (ak 52 b 5tk 52)
+ Sky 51+1+J( Qb)SJ (a ) ! Otk sk a kT —1,85 © Thy+1,ko
7=0

E : 5\ (ak 52 +b 52tk 52
+ Sko 52+1+J( QC)SJ (a ) ! Ot ok auk Tl1,62—1 © Thky,ko+1 = = 0.
7=0

(2.11)

Taylor expanding in a, b, c and setting in equation (ZII) all a;, b;,¢; = 0,
except a;41, and also setting {1 = ky + 2, {5 = ko, equation (ZZIT]) becomes

82
8818t]‘+1

and so the coefficient of a;,; must vanish identically, yielding equation (28),
setting k; — k1 — 1. Setting in equation [ZTIT) all a;, b;, ¢; = 0, except b;41,
and {1 = ki, {3 = ko, the coefficient of b, in equation (ZITI) yields equation
@0). Specializing equatlon @38) to j = 0 and 1 respectively yields (since
s1(t) = t; implies s;(9,) = also sp = 1):

Aj+1 <_2Sj(at>7—k1+27k2 O Thyky T Thki+1,ks © Tk1+17k2) + O( ]—l—l) 07

8t7

2
0 longl,kz  Thi41,k2 Th1—1,ko

2
8151831 Tlﬁ,kz

and

o lo 1 0 d
T S I _— . 9 '
8818t2 € Tk ko T]glkz 8t1 k1+1,k2 k1—1,ka k1+1,ko 8t1 k1—1,ko

Upon dividing the second equation by the first, we find equation (Z9) and
similarly equation (22I0) follows from equation (Z1). u

14



3 Virasoro constraints for the integrable de-
formations

Given the Heisenberg and Virasoro operators, for m > —1, k> 0:

0
Jg?k(t) = % + (—m)t_m + k‘(SQm
1% @) = 1 > 8—2+2Zzt + )it
™.k 2\ & 81&1815) - 8tl+m !
i+j=m i>1 i+j=—m
m+1. [ 0 k(k+1)
+ (k + T) (% + (= m)t_m) + Tdmo,

we now state:
Theorem 3.1 The integral Ty, (t, s, u; B; E), as defined in (1) satisfies

BmTkl,kz = V]:ri’kzﬂfl’kz fOT m Z —1, (31)

where B,, and V,, are differential operators:

Z bm+1 fOT E = U ng 1, bgl]

and

(9, ) — (m+ DI, L (@)

Vfékz = +Jm k1( S) + aJSL?l-l,kl( ) (1 - 2/6)Jm+2 kl( S)

+Jmk2( u) — a’Jm—I—lkg( )+(1+2/6)Jm+2k2( u) |

We state the following lemmas:
Lemma 3.2 (Adler-van Moerbeke [B]) Given

V' with —E/IV/ g _ ZO Bz

p=e
P f Zo o2t

15



the integrand

dl,( ﬁ ( 2 t:”kp xk)d:ck)

satisfies the following variational formula:

d o0
Ed[n(xi = x; +ef(xi)x m+1) . - Z (Ozg Jm—i—fn Be J m+£+1 n) dI.
=0 =0
(3.2)
The contribution coming from [} dz; is given by
> ot +m+ 1)1, dl,. (3.3)
=0
Lemma 3.3 Setting
iy ke _
dl, = An(z,y) H 21 i) H et til;
ey ey
k1
(Am He E +‘”J+6:”Je 27 S””Jdg:)
7j=1
i v 2 1
(Akz(y)H em 2 Wi e 2 “Z’y;‘dyj>
j=1
The following variational formula holds for m > —1:
d T = x; + ezt ko k
—dlI, ! ! - = V+*(dl,). 3.4
(D e - vt (3.4)

Proof: The variational formula (B4) is an immediate consequence of applying
the variational formula (B2) separately to the three factors of dI,, and in
addition applying formula (B3]) to the first factor, to account for the fact
that H;“:l dx; Hfil dy; is missing from the first factor. ]

Proof of Theorem 3.1: Formula (BJ]) follows immediately from formula (B3,
by taking into account the variation of JF under the change of coordinates. m

16



Using the identity, valid when acting on 74,1, (t, s, u; 5; E),
0 0 0

ot,  0s, Ou,’

one obtains by explicit computation for m > —1,

(9, ) — (m+ DI, L (@) )
Vi = & I (=) + al g (=) + (1= 28)T0 55, (—9)
_'_“]]m k)g(_ ) - aJm—i—l kg( ) (1 +26>Jm+2 k‘g( U) )

—EZ 82+82+82 —I—Zz’t~a+z’s-a+zu8
N 2 —— 815@815] 882‘85’)' 8u28uj Zath Z&SH_m ZauHm

itj= i>1
0 0 0
‘|‘(k‘1 + k‘g) (W + ( )t_m) — k‘l (E + (—m)s_m) — ]{52 (M + (—m)u_m)
1
‘l'(k% + kiky + k%)(smo + a(kl - k2)5m+1,0 + %(—t_m + S_m + u_m)

+al— 0 + 0 + (m+1)(s —u )
a75m+2 08ms1 OUmqr e e

0 0
2 _
* /6 (aum+2 8Sm—|—2)

The following identities, valid when acting on 7y, (¢, s, u; 3; ), will also
be used:

o _ _1(o , @ o _ _1(o , 0
a—sl——§<a—tl+%> a—sz——§<%+%>
o _ _1(90 _ 2 o 1[0 8
dur 2 <8t1 aa> dus 2 <8t2 ag)
Corollary 3.4 The tau-function T = Ty, ,(t, s, u; 8; E) satisfies the follow-
ing differential identities, with By, = >3 bI"+! 6?) '

17



0
—B_lT = (0—151 — 2/6 )

—Z + 18; 0 + iu, 0 T
8t2 1 081 "Ou;_y

1>2
+a(l€2 - ]{71)7' + (1{3181 + kQUl — (]{71 + kz)tl)T

—I—1 0 + 18; 4 + tuy 4 T
2 815@ 1 ZaSZ‘ 1 Zﬁuz 1

‘l‘;(kl k’g)T + = ((k’l + k’g)tl — k‘lsl k’gul)’T

—<BO—CL£)T = 8—7——(1472+]{?2+]{?1]{32)

da Oto
—25% - ; ( 6at +zszaa +zulaii) T
% (Bo—a%—%)T = 5—2+1(k§+k§+k1k2)7
+ﬁ— Z ( vl ZSZE?&Z- + zulaim) T
(3.5)

Corollary 3.5 On the locus L = {t = s = u = 0,8 = 0}, the function
f =10g T,k (t, s, u; B; E) satisfies the following differential identities:

0

a—tj; = —B_if +a(k — k)

of 1 0 a

951 5(3—1—%)“5(’@—’“)
of 0

o <—Bo+a%)f+k§+k1k2+k§

18



0 1 0 0 1
af = 3 (BO —a=— — —) f— i(k% + k3 + kiko) (3.6)

0sy Ja  Of
02 f 0
20151851 N B_l <% B B_l) f B 2k1
02 f 0,0 of
28t1882 = ( 86 BO + 1) B_lf — 2% — 2&(]{31 — k’g)
02 f 0 0

2 —(By—a—+aB_1)f —B_1(Bo—1)f — 2a(k1—k2) (3.7

Bla0s, 5g Bo —az ) f 1(Bo—1)f — 2a(k1—k2) (3.7)
Proof: Upon dividing equations (BH) by 7 and restricting to the locus L,
equations (B) follow immediately. The essence of deriving (B) is that the
Virasoro operators V,, and the boundary operators B,, commute. To derive,
say, the first equation in the list (B1), rewrite the two first equations of (B3]
as

B.f = g—t{w(kz—h)wl(f)%
1 0 0
5(8_1—%)f = 0—i+ —a(ky — ko) + La(f) + Lo

where L; are linear operators vanishing on £ and the /¢; are functions vanish-
ing on £. This yields:

Y
~ (5 +950) B,

.0 _ 0
+—= Z ( B +28i85i_1 + qu; ) (—B_lf)‘ﬁ

Ou;—

(& - 2ﬁaa)f+a(kz k) 2

0 0
351 Z( +zszaSZ 1 +w’0uz 1) f 8318t1f+ 1

1>2

(1{3181 + k2u1 — (1{31 + kQ)tl)
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The other identities (B7) can be obtained in a similar way. u

4 A PDE for the Gaussian ensemble with ex-
ternal source

Proof of Theorem 0.1: First observe that, with n = ky + ko,

P, (a; E) = i/ e~ T3 AN g Tiakall 5,05 01 B)
Zn S, B Thiks (t; 8, u; B3 R)

An explicit computation over the whole range yields:

Th1 ks (t, S, U, ﬁ? R)

t=s=u=0£=0

t=s=u=(=0

1
= — | A A o+,
kllkg!/Rn (e, ( (@ He dx)
CH
(Akz( )He_%_ayidyi>

=1

2
— Ck1k2ak1k2€(kl+k2)a /2'

This is obtained from the representation (LX) in terms of moments, which

themselves are Gaussian integrals,as shown in Appendix 1. From this for-
mula, it follows that

supe 0 2 + /{?1/{?2 log a—+ Ckle,

log Thk1ko (t7 S, Uy 67 R)

where ¢, i, and Cy, i, are constants depending on ki, ko only. It follows that

log P, (a; E) = log Tk,x,(0,0,0;0; E) — — kiksloga — Ciyp,  (4.1)

Thus we need to concentrate on 7y, (t, s, u; 3; E), which, by Theorem 2.1,
satisfies the bilinear identity (22) and thus the identities (229) and (ZI0) of
Corollary 2.2:

32
0 Th1+1,k2 Ot20s1 108 Ty
— log atbrz s
Oty 7 Thy 1,k 51957 108 Thy ks
o L,
Thy+1,ks 911050 108 Tkiks

8Tlo - = _ﬁ7 (4.2)

1 k1—1,ko Dt1051 0L Tk ko
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whereas the first two Virasoro equations (B.0)) yield, specializing to the locus
L={t=s=u=0,8=0} and the indices k; £ 1, ko,

0
—log Toatlke —B_ylog Thtlks | 9q
Oty Tkl—l,kg Thi—1,ko
0 1 0 T
log Jatlks - _ <6_1 - —) log 2tk (4.3)
081 Tkl—l,k‘z aa Tk‘l—l,k‘z

From these three equations, the expression log '“”1 *2 can be eliminated, by
k1

first subtracting the first equations in ({L2) and @3]) and then the second
equations in ({2) and (3)). Subsequently one eliminates log Tzﬁizz from
1~ LR2

the equations thus obtained, yielding

_ ooT _ ooT

0 91205, 108 Tkiks 961050 108 Thiks

B_, — % — 1 —2a | =B_; — 1 —a
91105, 108 Tkiks 961051 108 Thiks

or equivalently

9? 92
<8t2651_2 8t1652) 10g Tk, 1, 0 <6t2851 2aatlas ) 108 Ty ke
B_, 71 " | =0.
5,057 108 Tkyks —at1881 08 Th1 ko
(4.4)

Using the Virasoro relations (B.1), one obtains along the locus £ = {t = s =
u=0,8=0}:

2

. +
48t1081 lOg Thkiky —- F
0? 0? 0
2 <8t2881 - 28t1852) longle - - 28— % ]'Og Tk1k2
o o .
2 (8152851 — 2a8t1881) logmey = H, (4.5)
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where, using the identity (1), along the locus £ ={t =s=u= 0,5 = 0},

0 0
F’Jr = 2871(%—371) 10g7’k1k2 —4I€1 = 2371(%—871)10gpn —4]{31
Hf = 0 B—ag—aB log T, k, + | BoB —|—42 log Ty ky + 2a(k1 — k2)
1 = 80, 0 da g Thky ko 0~ —1 da 2 Tk ko 1 2
= 2 (By—a —aB i ) 1ogPy + (BoBy + 42 ) 10g P, + daky +4k1k2
da Oa da
L 0 0
Hy = %0 Bo—aa— —aB_1 | log Tk k, + (2aB_1—Bo+2) B_110g Tk, k, + 2a(ky +k2)
a
0 0
= BO — A= — CLB 10an + (20,3,1 —BO +2) B,lloan,
da Oa

confirming ([L6). Notice that the expressions above do not contain partials
in 3, except for the [-partial appearing in the second expression of ().

Putting these expressions () into () yields

1 1
1 FT = Hf ZF* —<HS, =F"
{ aﬁ og Tklkg ) }Bl { 1> 9 }Bl { 2 9 }6/6a
= G7 (4.6)

and by involution a — —a, 6 — —0, ki «— ko:

1 1
— log T ,F— — {H7,-F~ — < Hy,—F~
{ Lo 8 Thk: } { 172 } { 272 }_a/aa

= G~ (4.7)

where

F-=F+) o H=H
k1 < ko k1 < ko

Remember the change of variables a — —a, § — —f3, k; «— ks acts on the

operators, since Tk, , is invariant under this change; see ([LH).

Equations ({26) and (1) yield a linear system of equations in
8log Tkiko and 82 810g Tk1ko

505 195
from which
B alOng1k2 o G FT+GTF~
93 —F- (B Ft)+ FH(B_F)
B log Tk, G (Boal )+ G (B F7)
-Lop - —F~(B_,F)+ Ft(B_,F)
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Subtracting the second equation from B_; of the first equation yields the
following;:

(F*BAG+ F BLG")(F'BF~ — F B F*)

_ (F+G— + F—G+) (F+B‘i P F B 1F+> —0,

establishing Theorem 0.1. ]

5 A PDE for the Pearcey transition proba-
bility

From the Karlin-McGregor formula for non-intersecting Brownian motions
x;(t), we have:

| , given x;(0) =
P (all xl(t) ek 1<1<n given :13,(1) =6 )

1 n
= /En 7 det(p(t; vi, ) )1<ij<n det(p(1 — t; i, 00) ) 1< jr<n H da;

for the Brownian motion kernel

1 _(y—=)?

p(taxay) = \/—7_(_7 € ¢

Aptekarev, Bleher and Kuijlaars introduce in [7] a change of variables trans-

forming the Brownian motion problem into the Gaussian random ensemble

with external source. For E := J;_,[bs_1, bs;], we have, using this change of

variables,

t(1—1t)
2

t1—1)
B

/ /
T; = X; and y; =y

in equality =,

P3 (all z;(t) € )
all z;(0) =0
= P | allz;(t) € E| kleft paths end up at —a at time ¢t = 1,
k right paths end up at +a at time t =1
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= lim

51,...,5k—>—a
Oks1s---, 00k — @

1
/n Z_ det(p(ta 7i>$j))1§i,j§n det(p(]- t Xy 7 1<z’j’<n Hdzz

1 +2a:v B 2ay;
:Z_n Ay < He <1>1d1’>< He UJldy,

En

1 u 2t .
7 o An(x/, y/) (Ak(x ) _—-l-(l\/_ )

(sonTle v
(mﬁ D

with P, of Theorem 0.1, using ([L1]) and (C3)), with & = k; = ky. Setting

=4 / and PO

By = ka“ 5 Be= Z et O a0 (5.2)

1

Il

(5.1)

we find

PE(t; by, ... by) = P, (aeg by bgreh(t)) =Po(w;v1,. ., 02)| -
u:beh(t)

(5.3)
From Theorem 0.1, it follows that P, (u;vy,...,vs,.) satisfies the non-linear
equation ([ILH), with a and all b;’s replaced by u and v; respectively. In order
to find the equation for IP’Oi“(t; bi, ..., b ), one needs to compute the partial
derivatives in t; and b; in terms of partials in u and v;, appearing in equation
([@X) and use the relationship (B3)). To be precise, compute

(%) (Bo)’ (B-1) Py® with i +j + £ <4 and i,j,0 >0, (5.4)

24
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yielding a system of 34 linear equations in 34 unknowns

which one solves. Notice, one always writes (By)?(B_1)" in that order, using
the commutation relation [B_y, By] = B_;. For instance,

(BaYBgt = "O(BL)Pu,  (Bo)Pp® = (Bo)'Pu j=1,....4.

B (S 0k B,

828&5 — (g'(t)u% + h'(t)z%‘o) (g’(t)u% + h’(t)l’S’o) 2

The partials (2H) thus obtained are now being substituted into the 4th order
equation (L), with a and b; replaced by u and v;, and thus the B; by Z’S’j,
yielding a new 4th order equation involving the partials (B4).

Let now the number of particles n go to infinity, together with the corre-
sponding scaling (see [d, 23])

2 1 1
n=2%k=—-, fa=+—, b=x2 t=—+s2", forz—0. (56)
24 22 2

It is convenient to replace the £ in (B6]) by the variable £, which one keeps
in the computation as a variable. The scaling combined with the change of
variables (.3]) leads to the following expressions u and v; in terms of z:

2

24

B o) 2t sf 1 + 522
u = aed =a = 1 =
,/ 52,24

25
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So, the question now is to estimate:

(F+B_1G— + F‘B_1G+)(F+B_1F‘ - F—B_1F+)
—(FtG+FGY)(FYB2, P~ - F B2, FY) N 58
Vi — X 2v/2
Vi
nr— =

For this, we need to compute the expressions F*, B_F* B? ,F* G* and
B_,G* appearing in (E8) in terms of

Q.(s;x1,...,x2;)
a\/_ 3 + 522 /2
= logPy.4 5 Lo
— S8z / _ 8224 /i . 8224
= Q(s;21,...,72,) +O(z (5.9)
with
Q(s;21, ..., 29) =logdet (I — Ksx,e), (5.10)
as shown in [23]. Without taking a limit on Q,(s;x1,...,z2.) yet, one com-
putes
€ 4 8@2
o= AT 422821Qz+ =B 1oy +0(z)
Lz e _ 1 e o 0Q, es_, 0Q.
Vo T BLQ: + 2Bl — g B, +0G)
3 1 € 0Q. &s 0Q)
2 € _ = 3 s 3
BoF = g BL,Q: + 525195 16:0 195 TOW
GE — BSle 4 — _1QZ
_1 90 0Q-
~ 13850 [(3_1 98 )(B2,Q.) +32B,82,Q. — (B2,Q. + 64s) B2, s
22Q
2 z
~64B2,Q: + 16755 ] +0(;)
1 . 3¢
PG = g Bt g TELECE
1 an 4 3 2 3 aQZ
teio7 [—(8_1 5s ) (B11Q:) = 32B0BZ,Q: + (B%,Q + 64s) B

Q-

3
+32B2,Q. — 168153

] +o<z—16). (5.11)
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The formulae needed to obtain the expansions above for G¢ and B_;G¢ are
given in Appendix 2. From the expressions above one readily deduces

2(B_1%%)(B%,Q.)

FtB_,G~ + F-B_,G" = _M—\fu ~32(By — 252 — 1)B%,Q. +o<$)
+(B2 2822) (B2, Q.) — 16B_1 5%

FYB_\F~ —F B F* = s% + 0(2—14)
2(B_15%%)(B%,Q.)

FYG- +F Gt = —@ —32(By — 254 — 2)B2,Q. + O(Zig)

+(B2,29:)(B2,Q.) —16%9=

P ot — 3% oLy

Using this expressions, one easily deduces for small z,

; { (F*B’,lG* n F*B’,lG*) (F*B,lF* - F*B’,lF*) }
N — - - 3 - = -B w — Y2 %+SZ2
(FrG+FG¥)(FPB2, P — F B2, F") :qu_f—4
% q-5%%2

27 1 2Q 2Q
- {3 2 9Q-
+E871 Os {B—lQZ’B—l Os }371
€ . 1
= o7 ( the same expression for Q(s;z1,...,22,) ) + O(ﬁ)’

using (B210) in the last equality. Taking the limit when z — 0 yields equation
(@) of Theorem 0.2. n

6 Appendix 1

Setting
PN 22 0z
Mi+j_1(:ta) = ’uz:l;(t’ S’u;ﬁ’R)‘tZSZUZQZO - / ZH_]_le_T:t dZ7
R
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one computes’:

Lemma 6.1

0<i<k,—1
0<j<n-1
Thiko (t, S, u; B, R) ‘t:s:u:ﬁzo = det
(Hi+j(—a)) 0<i<rs -
0<j<n-1
(k1 +ko)
= ck1k2ak1kze%a2.
with
. ki—1 ko—1
1 °2 . .
ks = (=22 2m) " TT A Tt

0 0
Proof: By explicit integration, one computes

tola) = V2m e and pi(£a) = V2r (:I:di) 7.
a

Define the Hermite polynomials (except for a minor change of variables)

2 (d\ 2 d
pi(a) :=e (@) e?2 = <%+a) pi—1(a).

The following holds:
poi(a) = even polynomial, poi+1(a) = odd polynomial of a,

which is used in equality = below, and

Pran(a) = P + Bi(a)p" ™ + Ba(a)p" P + ... + Bups,

SRemember n = kq + ko.

28



where p,i") = (d%)n pr. and where 3;(a) are polynomials in a, independent of

k; this feature is used in equality = below. Then we compute:

Thkyko (t, S, U; 57 R) ‘t:s:u:ﬁzo

(pl—‘,-]) 0Sl_§k1—1
(vV2m)" #det 0sisn-t
frd T e
((_1)i+jp2 )Ogigkz,l
0<j<n-1
ka(ko—1) na® (pH_j) 8%32121:11
= (m)n(— ) 2 e 2 det
(1 piss) veimns
0<j<n-1

i <ky—1
j<n-—-1
((aj_l)(’)) 0<i<hk —1

2 1<j<n
*ok na®
= Cpk.e 2 det

—1\ (¢
(@) yzzsos
SJ=n
(aijaj_l) 1<i<k
2 1<j<n
na®
= Ck k€ 2 det
(Oéija]_”kl) ki+1<i<n
1<j<n
na? N N
. ne o o(i)—1 o(i)—i+k
= Ciyky€ 2 E (=1) H (i a”) H Qio(pya” DR
0ESRH 1<i<ky k1+1<i<n
_ oy 17 Sr @) (k)2
= Ckiks€ (_ ) a (a ) 2710
1<i<n

. / (liQer)azaklké

- Cklkze

Y

where the a;; are coefficients, some of which vanish. Indeed, each of the
blocks in the matrix above is upper-triangular. To evaluate ¢, , observe,
upon completing the squares in the exponentials and setting z; — z; —

29



a, y; — y; + a in the integral,

Tk ko (ta S, U; /67 R)

t=s=u=(=0

1
= W/Rk » Ak1+k2($ay <Ak1 He 2+ax3dz>

This integral equals

2 .
elk1tka)a’/2 ((—2a)*"* ¢y, oo, + lower order terms in a)

k-1 ko—1
e(k1tkz)a’ /2 ((—2a)k1k2(2ﬂ)k1;k2 H J! H j!'+ lower order terms in a)
0 0

The result in the first part of this proof implies the absence of the lower
terms and thus Lemma 6.1. [ ]

7 Appendix 2

In order to compute the asymptotics (1) for the expression G¢ and B_1G*,
as defined in ([L6]), one needs the following asymptotics:

F° = —;4 4; B2Q:+ o B 18£Z+0(z)
%Bfllﬁ - _16123 B2,Q. + 65232—1839Z_€§S8318§sz+0(z)
BLF = 3214 BL.Q: + 3262333165:_%33*165%+0(1)
%%Fs - 162232’165?9Z+O(§)
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< 1 oQ € 0%Q 1 1
B HE — _ 2 z _ _ z = 2 R -
B Hy 16243_1 0s 16238 17952 + 822303_1Q +O(z)

1 . 0Q. ¢ o, 0°Q. 1
32z3(

1
p— —_— 3 —_—
6425 1 9s 64247 71 g2 Bo+1)B-,Q- + O(z2)

1 . € 9 1
%Hz = @3_1Qz+0(;)
L R P R U )
da 2 84771 9s 16231 9s2 1622 9s3

1
_432—1)Qz+0(;)
2 5 € 3 1
B_1H; = @B,le+O(;)

1 5 0Q, ¢ 282Qz_ 1(6_3
3225 1 9s 6424 1 Hs2 6423 0s3

1
—4B2,)B 1@ + O(5)
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