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0 Introduction
Classical situation: A weight and tridiagonal matrices

A single weight p(z), z € R, naturally leads to a moment matrix

mn = (Hii)oéiyifnfl = (<Zi’2jp(z)>)ogi‘j§n71 = (<Zi‘ Pj (Z)>)0gi‘j§n71’

where (f, g) = [ fg dz and where p;(z) := z/p(z). In turn, the moments lead to a sequence

of monic orthogonal polynomials

Moo "+ Hom—1 1
Pnl(z) = ! det .
b detmn Un-1,0 - Hn-1n-1 P ’
\ Hno T Un n—1 ‘ z" /
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thus satisfying

JRpk(z)m(zm(z) dz = Sieh.

Then, as is classically well known, the vector p(z) = (po(z), p1(2),p2(2),...) of polynomi-

als leads to tridiagonal matrices L, defined by zp(z) = Lp(2).

Periodic sequences of weights and (2m + 1)-band matrices

Instead of the classical situation, where pj(z) = z/p(z), we consider an “m-periodic”

We changed . ‘ . .
i sequence of weights p(z) := (p;(2));>0 on R, that is, satisfying
“m-periodic”
to math to be
consistent m _ .

o P = Pl 0.1
throughout p]( ) p)+m( ), ( )
the paper.

Please check. .
in other words,

2m

p:(pOaplv"')pm—laz’mpOa"')Zmpm—laZ pOa"'aszpm—la"')' (02)

This leads naturally to a (2m + 1)-band matrix. Indeed, to this sequence and the inner
product (f,g) = IR fg dz, we associate, by analogy, the semi-infinite “moment matrix”

My (p), where

mn(p) == (”ii(p))ogi,jgn—l = (<Zi’p)'(z)>)0§i,j§n—l’ (0.3)

the determinant

Dn(p) := detmy,(p),

and the infinite sequence of monic polynomials, where w;; = pi;(p),

Moo o Hom 1
pu(2) = et f : :
Dn(p) Hn—1,0 e Hn—1n-1 Z’n71 (04)
Uno e Hn,nfl ‘ Z‘rL /

1
= m det(zuij — Hi+1j )OSi,anfl .

The second formula for p,(z) is discussed in Lemma 2.2. Throughout the paper, the

D, (p)'s are assumed to be nonzero. Then the sequence p,,(z) gives rise to a semi-infinite
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matrix [, defined by

2™p(z) = Lp(2), (0.5)

where L is a (2m + 1)-band matrix;' this was established by us in [10], and a sketch of
the proof is given in Proposition 2.3. Moreover, F. Griinbaum and L. Haine [16] produced
a sequence of “5-step polynomials” satisfying a fourth-order differential equation and
related to the classical Krall orthonormal polynomials. As we will see, these polynomials
are very special cases of our theory. We conjecture that all sequences of polynomials
satisfying (2m+ 1)-step relations of precise form (0.5) are given by generalized periodic
sequences of weights, a slight generalization of (0.1), and limiting cases thereof (see
Definition 3.2).

In Theorems 0.1 and 0.2, we conjugate with the following matrices:

0 B 1 O
BA° +A=]0 O B2 1
0 0 0 Bs
and
1 0 0 O
Bo 1 0 O
ATB+I=|0 B 1 0 )
0 0 p; 1

where A is the semi-infinite shift matrix A := (8;j_1)i,j>0; that is, (Av)y, = vn11. Note
that in the semi-infinite case, AAT =1 #ATA.

Theorem 0.1 (Lower-upper(LU)-Darboux transforms). The LU-Darboux transform
L—A™I+—— L =A™= (BA® + A) (L —A™D)(BA® + A) ! (0.6)

LA (2m 4 1)-band matrix is a semi-infinite matrix, which is zero everywhere, except for m consecutive subdi-
agonals on either side of the main diagonal.

We split the
opposite
equation to fit
into the text
width. Please
check.
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maps L into a new (2m + 1)-band matrix [, provided

D1 (M)

Bn = _chE>§) with arbitrary ®(A) = (©,(A))n>0 € (L—A™I)"1(0,0,...).

The null space (L —A™I)"1(0,0,...) is m-dimensional with basis vectors given by

o ) = <D];(§;k)))) for1 <k <m,
n n>0
where
7 (2) == (WA — 2)p(2) = ((W*A = 2)po(2), (WA — 2)p1 (2), .. .). (0.7)

The LU-Darboux transformation L — A™I — L — A™I associated with each
Pn=—1"" forfixedl <k <m
n
induces a map on m-periodic weights,

p(z) — ™ (2), (0.8)

with p(®) leading to the (2m + 1)-band matrix L. O

Remark. Section 5 (see Theorem 5.1) contains the proof of a more general statement

involving linear combinations of @) (}).

Theorem 0.2 (Upper-lower(UL)-Darboux transforms). The UL-Darboux transform
LA™ — L—A"T:=(ATB+I)(L—A™)(ATB + 1) (0.9)
maps L into a new (2m + 1)-band matrix L, provided?

with ®(A) = (Pn(A)), o € (L—A™I) "' span(e;, ez,...,em).
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The (quasi-)null vectors ®(A\) of L—A™I depend projectively on (2m — 1)-free parameters

ag,...,dm_1,bo,...,bm_1° and are given by
Dy,
D) = ((—1)” ! E(;’)) (0.10)
n>0
where
5= (BosP1y o Bm1,2™ B0y, 2B 1,22 B, 2 Bt ) (0.11)
with?
m—1 0 (Z)
Po(z) == (aké(z— wk7\) + bkman) with b, #0,
= Zn (0.12)
pr(z) = pk—1(z) forl1<k<m-—1.

The UL-Darboux transform L — A™I — L — A™I induces a map on m-periodic sequence of

weights,
p—0
with p leading to the (2m + 1)-band matrix L. O

Corollary 0.3. An appropriate choice of ay and appropriate limits by — oo and A — 0

yield the following special Darboux transformation on the m-periodic weights:

p:(pO)pla"')'—>5: (50)51)52)"')

with new weights

po(z) == b (ck (i)ké(z) + dkpzr(nz)> with d;, 1 # 0,

pr(z) :=px-1(z) for1 <k<m-—1. O

Weights with 6-functions have been studied mainly by H. Krall and I. Scheffer [22]
and T. Koornwinder [19], at least for the standard orthogonal polynomials. For recent ex-
positions on the subject, see, for instance, G. Andrews and R. Askey [11]. Recently, they
have been studied by Griinbaum and Haine [16] and Griinbaum, Haine, and
E. Horozov [17].

3The UL-Darboux transform depends on m additional free parameters, compared to the LU transform.
4The delta-function is defined in the standard way: [ f(z)5(A — z) dz = f(A).
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An integrable flow with initial m.,

We have introduced the method of inserting the time in the context of random matrices
(see[3],[4],[25]), where it has turned out to be very useful. In order to establish the results
above, consider, as we did in [8], [7], the following initial value problem, depending on

two sequences of time parameters x = (x1,x2,...) andy = (y1,Yz,...):

aaT;:OO _ Anmoo’
am“ ‘ (0.13)
ayoo — _moo/\Tn with initial Moo (0, 0) = (<zl, Pj (Z)>)0<i j<o0?

where A is the customary (semi-infinite) shift matrix. As we establish in Section 2, im-

posing the condition
Ay = M AT™ (0.14)

on moment matrices my, leads to (2m + 1)-band matrices. This in turn suggests the

following useful reduction. Given the times x,y € C*®, we define new times x,y,t € C*,

X = (Xl)"'»melaovxm+1)"'»X2m71)07X2m+17"‘))
y= (Ul)---;Umflyo)merlw-~»Uzm71»0,92m+1»~-~)>
t=1(0,...,0,ty,0,...,0,tzm,0,...,0,t3m,0,...),
with
tkm := Xkm —Ykm fork=1,2,.... (015)

The point is that letting m., evolve according to the variables x, §, t conserves the (2m+1)-
band form of L. The solution to initial value problem (0.13) is given by the same moment

matrix my, as in (0.13),
Moo (0(z%.9,1)) = (205555, 1))t s (016)
but for weights, now depending on times X, 4, t, defined as®

- o0 o 2 [o ol Z/Zm ad .
pj(zi%, U, 1) =Xt Xr= el tn= T N g () 1(2), (0.17)
=0

5The s, 's denote the elementary Schur polynomials etz = S 0 sn(t)zn.
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in terms of the initial condition p(z). Moments (0.16) give rise to the polynomials py (z; %,
Y, 1), as in (0.4), which in turn give rise to (2m + 1)-band matrices L via z™p = Lp. Then

L satisfies the following equations® in the time parameters (x,y, t):

s =T, 1, 5= =™ 1] fori=12,..mit

i i (0.18)
oL ; .
s =L, =12

Vertex operators

In order to obtain (0.7) and (0.12) for the weights, we consider two vertex operators

naturally associated with integrable system (0.13) for (2m + 1)-band matrices,”

Xl (A) = X()\)ez(l)o {mi)\mief Z?O O‘imi/(mi’))a/(atmi) eZ?o ii)\ief lexj (Aii/i)a/(aii) ,

T AT/ (M) (0Emi) (T UM o T (ATH/02/(004) A

(0.19)

Xa(A) = x(A1)e” I i

Vertex operators (0.19) act on vectors of functions t(x,y,t) = (Tn(X,Y,t))n>0. In [9], we
showed that general linear combinations of them are the precise implementation of
Darboux transform (0.6) and (0.9) at the level of T-functions (see Theorems 4.1 and 4.2).
Then in the end, we set (%, 9, t) = (0,0, 0), which yield (0.7) and (0.12) for the new weights.

It is well known that the vertex operators generate Virasoro-like symmetries at
the level of the t-functions, which translate into symmetries at the level of the “wave”-
functions for band matrices. For the study of such symmetries, see [14], [15], and [1].
For an extensive exposition on Darboux transforms, see the book [23] by V. Matveev and
M. Salle.

Example 1 (Darboux transform for tridiagonal matrices). A single weight leads to a
moment matrix me, with Am, = myA and a tridiagonal matrix L; formulae (0.15) re-

duce to one set of times t :=t = (t;,t,,...). Equations (0.18) become the standard Toda

6 Note that L1/™ and L!/™ are the right mth roots and left mth roots, so that

L/m = (L1/m)" where LI/™ = A+ Y bAX,
k<0

(L™ where L/™ =c_; A7 + Z e Ak,
k>0

Li/m —

7X(A) is a diagonal matrix x(A) = diag(A°, A, A%,...).

We changed [/
to {in the
opposite
equation and
throughout
the paper.

We added "("
and ")" around
"mi"in eq.
(0.19). Please
check.

Please note
that ref. [1] is
required to be
split into [1]
and [2].
Should we
change “[1]"
into [1], [2].
Please check.
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lattice with t-functions
o (t) = detm, (p(z)ez(1>o t“"i>. (0.20)

The standard Toda lattice vertex operator, introduced by us in [6] and obtained from
(0.19),

X(t,A) = A x(A?)eZ T tAT =2 P (ATT/)2/(0t0) (0.21)
has the surprising property that, given a Toda t-vector t(t) = (1o, 1, ... ), the vector®

T(t) + cX(t, A)T(t) = (Tn(t) F A2 N L (p z[>rl]))n>0 (0.22)
is again a Toda t-vector. This precise operation can be implemented by a UL-Darboux
transform, followed by a LU-Darboux transform and a limit. Note that the UL-Darboux
transform (resp., LU-Darboux transform) amounts, for a tridiagonal matrix, to a factor-
ization of L — Al into an upper- times a lower-triangular matrix (resp., lower- times an
upper-triangular matrix), and to multiplying the factors in the opposite order. The ver-
tex operator above translates into adding a delta-function to the original weight. This

establishes a dictionary between several points of view (explained in Section 6):

L-A=L,L L/ —A=L L L —p=L"1,—L"—p:=1,1",

I
p(z) — p(z) + cd(A—z) (0.23)

7

T+ cXT

Example 2 (“Classical” polynomials satisfying (2m + 1)-step relations). Given moments
wi == (z', po(z)), associated with a single weight p, for standard orthogonal polynomials,

satisfying for fixed integer m > 1,
J |szo(z)| dz< oo, j>-m+1,
R

we define in Section 7 new monic polynomials ﬁg ) (z), defined by a new moment matrix

M, Which coincides with the old moment matrix m,, = (1i4j)i,j>0 associated with the

8 For o € C, define [of = (/1,02 /2,03 /3,...) € C®.
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standard orthogonal polynomials, except for the first column. The 553 ) (z), defined by

(det mn)pV (2)

m—1
Z wordm-k—1 +co 381 W - 1
k=0
m—1
Z w-kdm-k-1—C1 Uz us - z
k=0
m—1
Z Mok dm—k—1 + 2lc2 H3 Ha e z?
k=0
=det| ,
Z Hm—k—1 dm—k—l + (71)11171 (m - 1)!Cm—1 Hm Hm+1 - mel
k=0
m—1
Z B kdm—k—1 Wmt1 Mmi2 -0 2™
k=0
m—1
Z ankdmfkfl Hn+1 Hn+2 T z"
k=0

satisfy (2m + 1)-step relations, that is,
z™pW(z) = LpW(z) with a (2m + 1)-band matrix L.

It remains an interesting open question to find out whether such polynomials satisfy

differential equations; on such matters, see Section 7.

1 Borel decomposition and the 2-Toda lattice

In [8], [7], we considered the following differential equations for the bi-infinite or semi-

infinite matrix my,:

=A"mg, aaT:OO =—MA™, n=1,2..., (1.1)
n

0Meyy
0Xn

where the matrix A = (8;j_1)i,jez is the shift matrix; then (1.1) has the following solu-

tions in terms of some initial condition m (0, 0):
Mo (6, 4) = =7 A me, (0,0)e =7 v AT (1.2)

In this general setup, the matrix m., is a general matrix and thus not necessarily gener-

ated by weights p.
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Consider the Borel decomposition m,, = Sfl S, for

S1 €G. = {lower—triangular invertible matrices, with 1’s on the diagonal},

S € G, = {upper-triangular invertible matrices }
with corresponding Lie algebras g_, g ; then setting £; := S; AS™ 1,

3S,'S, 0S,
0Xn 0Xn
S AT Sy~ SIATS — L] — (E1) + (LD, g +as.

0My 651

—S,leg +g;
0Xn

S S, =S S, = s 1+

The uniqueness of the decomposition g_ + g, leads to

0S;
axn

0S3

1 n
S (Ll )*‘ ax

25,1 = (L))

Similarly setting £, = S,ATS, !, we find

9S;
dyn !

0S;

—S7 =)
(2)’ ay

35, t= —(L£2)+.

This leads to the 2-Toda equations for S;, S, and £, L,:

N N dS
axi‘lz = (Ll ):Fsl 2 aylnz (LZ) 81)2, (13)
oL; n oL; n .

. [(LT)+, L], Sun =[(L3)-,Li], i=1,2,.... (1.4)

By 2-Toda theory (see [7]) the problem is solved in terms of a sequence of tau-functions
Tn(x,y) = det mn (X, y) (1.5)
with m, (x,y) defined in the bi-infinite case (n € Z)
Ma (%, Y) 7= (i (%, Y)) o<t j<n1
and in the semi-infinite case (n > 0)

mn(x,Y) == (i (%, Y)t)o<i,j<n-1 with 1o = 1. (1.6)
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The two pairs of wave-functions ¥ = (¥;,¥;) and ¥* = (¥;,¥;) defined by®

Yi(zx,y) = eX0 %S ix(2),  Wi(zx,y)=e L % (ST)lx(z D),

0 1 0o s (1.7)
Ya(zx,y) = eX1 ViE TSox(z),  Wi(zmxy)=e I Vi (S])x(zh)
satisfy
LWy =2¥, LWy =z MW, L]Wi=2zW; L)W =z 1V,
and
0 n 0 * n Tw*
VY= (Ll )+‘yi, 7“’1 = _((Ll )+) ‘yi»
0Xn OXn
5 5 (1.8)
— Y = (L)Y, = (L)) Ty,
dun (L3)-Yi, dun i ((L3)-) ¥i

In [24], with a slight notational modification (see [3]), the wave-functions have

the t-function representation,

Ta(x—[z71], 0 L Lt
‘PI(Z;X,y) — (WeZl i z ) R
n\Ay nez

Y, (z;x,y) = Tt (Y~ [F) 5o yiz
y Ny Tn(X,y) TLEZ)

B (1.9)
Wi(gry) = (LY et
HE T (,) e

Tni1(X,Y)

Yi(zx,y) = <Tn(X)y u [Z*])ef r Uizizn> ,
nez

with the following bilinear identities satisfied for the wave- and adjoint wave-functions

Y and ¥*, for all m,n € Z (bi-infinite) and m,n > 0 (semi-infinite) and x,y,x’,y’ € C*:

dz dz
Yin(z;x,u)¥e (zx/, ’—zﬁ; Yor (z;%, 95, (zx',y) ——. 1.10
§ W Vi@ W) g = V)Y X )5 (110
9 In this section,
x(z) = diag(...,z ! 20,2 . .) in the bi-infinite case,

—=diag(z®,2!,...) in the semi-infinite case.
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The t-functions!? satisfy the following bilinear identities:

fl; T = [, y) Tt () + [271],y el (emxd=l gnom=t g
Z=00

. (1.11)
:jg Tt (%Y — [2])Tm (<, y’ + [g])eZ 1 Wimv0z " pnom=l gy
z=0
they characterize the 2-Toda lattice t-functions. Note that (1.7) and (1.9) yield
(SZ)OZdiag<""/TTL-F1()(’y))"'> ::h(x’y)' (1.12)
Tn(X»U)

In [24], facts (1.7)—(1.12) above are shown for the bi-infinite case; they can be carefully
specialized to the semi-infinite case, upon settingt_; =0fori=1,2,....

Consider the usual inner product (,) and an infinite sequence of weights p(z) =
(Po(2), p1(2),...). The moment matrix my = My (p(z)) now depends on p(z). The following

proposition plays an important role in this paper.

Proposition 1.1. The solution to the equations

d
— AMm.,, a“J“ - moATY, n=1,2,..., (1.13)
n

0Myo
0xn

with initial condition
Meo (p(Z;O, 0)) = (<Ziy Pj (Z)>)0§i,j§oo’
is given by

Mmoo = ((2%05(z%,1))); 5500 (1.14)

where the weights p;(z;x,y) evolve in terms of the initial condition p(z;0,0) = (po(2),

p1(z),...) as follows:!!

pi(zx,y) = €1 X 3 s(—y)pjre(2). (1.15)
=0

10The first contour runs clockwise about a small neighborhood of z = oo, while the second runs counter-
clockwise about z = 0.
11 The elementary Schur polynomials are defined in footnote 4; also, 3s; /(9xx) = Si_x.
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Proof. Indeed, one checks that, from (1.15),

0p;

ﬁ :kaj(Z;X,y),

ap- 0o, i ad

WL =—eX X N s 1 (—Y)pie(z) = —pis(mX, ),

from which it follows that

0
M
0
Yk

wi (p(zx,y)) = a%k@, 0; (%)) = (275, 0j (%, 1)) = wisx,j (P(z%, 1)),

Wi (P(Z§X,U)) = ayik@i, pj(z: X,U)> = *<7~i» pj+k(Z§X»U)> = *Hi,j+k(p(7~;x»y)),

which is equivalent to (1.13). Here is an alternative way of checking this fact. Since,

from (1.14),

(Ao (p(z%,v))) 5 = (25, pi(z%, 1))

and
(Moo (p(z %, DA )5 = (2, pix(zix, 1)),
one checks
00 n . _ o0 Tn
el A <Zl»pj(2§0»0)>o<i ,j<oo © Rrued
= Z Sk(x)/\ <Z pJ(Z 0 0)>0<1 j<oo ZSK ATe
k=0 =0
%0 L (1.16)
= Z sk(X)<Zl+ ,pj+g(Z;O,0)>0<i,j<w8e(—y)
k=0 a
= <ezl Xz i Zsz Y)pj+e(z;0 0)>
0<i, j<oo
= <zl,p, %Y >O§i,j<oo' u

2 Reductions of the 2-Toda lattice
Reduction from 2-Toda to (2m + 1)-band matrices

i x,1U,1t x
For convenience, we define new vectors x,y,t € C*, based on the vectors x,y € C*,
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X = (Xl»--~,mela0»Xm+1»~-~,X2m71»0)X2m+1>-~-)»

g = (yla"'aym—lvoamerlv"'vyZm—l)anZerl)---))

with
tm = Xxm — Ykm fork:1,2,.... (2.1)

Notice in this section that £; and L, are bi-infinite. In the next section, we specialize
this to the semi-infinite case.

Recall from Section 1 that

Mo =S7'S2, L1 =S1AS]Y, Ly =S;ATS, Y
and

T, = detm,.

Proposition 2.1. Whenever t,(x,y) # 0 for all n € Z, the following three statements are
equivalent:

1) A™me = M AT™;

(ii) L = L7, in which case L]" is a (2m + 1)-band matrix;

(iii) L1, L2, My, and T, are functions of only %, §, and t.

Also, (i) or (ii) of Proposition 2.1 are invariant manifolds of the vector fields
Moo /(0%n) = Ao, Moo /(OYn) = —M AT, n=1,2,.... O

Proof. Indeed, by the invertibility of S; and S, under the proviso above, and remembering

the splitting m,, = S; 'S, we have that Proposition 2.1(i) holds if and only if
LI =SIA™S ! = SIA™ M S, = Sime AT™S, ! = SoATMS T = L (2.2)

Also, note that Proposition 2.1(i) is equivalent to

] 0

aka aykn

O:/\kmmmmw/\Tkm—( )moo, k=1,2,....

This is also tantamount to Proposition 2.1(iii) because the invariance of m. under
0/0xkm + 0/0yxm implies the invariance of £;, £, and 7T,,. From solution (1.2), if Propo-
sition 2.1(i) holds at (x,y) = (0,0), it holds for all (x,y); and thus, by (2.2), if Proposi-
tion 2.1(ii) holds at (0, 0), it also holds for all (x,y). [
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From Proposition 2.1, it follows that the Toda vector fields respect the band struc-
ture of L := L]" = L', that is, it is an invariant manifold of the flow. Therefore the Toda

theory can be recast purely in terms of the (2m + 1)-band matrix of the form

L= Z Al

o
_ a_m+1(—1) (10(—1) (11(—1) 1 (23)
a-m(0) - a-1(0) ao(0) -+ am-1(0) 1
o

with a; being diagonal matrices and a,, = I. The vector fields below involve the ith
powers L/™ = L1 and LY™ = L} of the right mth roots L}/™ = £, and left mth roots
L1/™ = £, respectively; see also footnote 6.

The m-reduced Toda lattice vector fields on L are as follows:

) A— oL o . .

o [(Ll/m)+,L], Sy [(LY™) 1] fori=1,2,...,m{4,

oL : .

St [(LY4,L], i=1,2,.... (2.4)

Then L can be expressed in terms of a string of tT-functions

Tn = Tn (X, U, 1), (2.5)

which in the semi-infinite case take on a very concrete form.

Reduction from bi-infinite to semi-infinite 2-Toda

In this section, we focus on the Borel decomposition of Section 1, specifically for semi-
infinite matrices my = (Wj)i, j>0, Where it is unique. Remember the decomposition my, =
S, 'S,, where S; is lower triangular with 1's on the diagonal and where S, is upper
triangular with h,, = det(my1)/ det(m,) on the diagonal, by (1.12). Let h denote such a
diagonal matrix. For any matrix my, define §(m, ) := S; and h(m., ) := h as functions of

the matrix m,. Following [8], we write the Borel decomposition as follows:

Mo = 57755 = (8(Mao)) "h(me) (8(mI)) " . (2.6)

(o¢]
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It leads naturally to vectors of monic biorthogonal polynomials

pM (2) = 8(mao)x(2) = S1x(2)  and  p@ (2) = 8(mL)x(z) =h(S]) 'x(2.

Upon introducing a formal inner product ( , )o, where (y',z/)y = i, the polynomials

pM (z) and p® (z) enjoy the following orthogonality property, using (2.6):

(P, p? Yo)i 20 = Sim(h(S3) )" = 8(Ma)me8(ml) = h. (2.8)

Letting the semi-infinite matrix m., evolve according to the differential equations (1.1),

namely,

0 0
Moo = A"Me, Moo =—mA™™, n=12...,
Oxn O0Yyn

we show in [8] that the wave-functions ¥; and ¥} have the representation in terms of

the biorthogonal polynomials constructed from m, (x,y) in (2.7),

k k
Wy (zx,y) = e= = pW) (z;x,y) = = *¥="S;x(2), (2.9)

Y3 (zx,y) = e = yszkhflp(z) (z7hx,y) = e = yszk(Szfl)Tx(zfl), (2.10)

with the p,, ‘s being expressed in terms of 1-functions 1, of 2-Toda:

-1 —1
1) zx, :ZnTTL(Xf[Z ]ay)) (2) zx, :ZnTn(X)y+[Z ]) 211
Pn’ (z%,9) Ty 0 Pe (zx,v) Ty (2.11)
and
Th(x,y) =detmn(x,y) and h, = 1Y) (2.12)

Ta(x,y)

In [7], we show the following matrix representation for the biorthogonal polynomials,

which then leads, using (2.7), to a representation of the lower-triangular matrices §(my, )
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and §(mJ):
Hoo Hon—1 1
PV (zx,y) = b det : : : ) (2.13)
Tn(x,y) Hn10 “ Hnolnoi -1
tn o o Pnon—1 zn
Hoo ' Hn-10 1
Sy e p— E nl (2.14)
Tn(X, ) Hom-1 * Hnoino1 -1
Ho n s Hn—1mn z"

Assume now that the moments p;; are given by weights p(z) = (po(2), p1(2),-..);
then

Tn(X,U) = det (<Zi> pj (Z;Xay)>)0§i,j§n71 = Dn(p(xvy))a

where p;(z;x,y) is given by (1.15); that is,
pi(zix,y) =eXr 5 Y se(—y)pje(2).
=0

Lemma 2.2. In the context of Proposition 1.1, the polynomials above have the following

alternative representation in terms of the entries i; = (z', pj(z;x,y)) of m:

det ((zi, (A —2z)p; (Z§X»U)>)0§i, ji<n—1

) (r —
P (A,X,y) - i
n det ({2, 0 (%, U))) o<t jen1 (2.15)
_ det(Api; — Hit1,j)o<i,j<n—1
Tn(X)y) ’
. B det ((z*, Ap; (%, 1) — pj+1 (Z;va)>)0§i,jgn71
Pn ()\,X,y) - d i .
et ((z4 05 (%, U))) o<t jen—1 (2.16)

_ det(Apij — Ki,j+1)o<i, j<n—1
Tn(x,V) '
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Proof. The proof follows from representation (2.11) of pi representations (1.5) and

(1.6) of T, representation (1.15) of p;, and from the identities
M (x = V1, 0) = A oy (zx — 3 ))

)\<Z ,GZI Xi— 1/ Z pJ+e >

e i

(A —2)pj(zx,9))

= 7\Hij (x,Y) — Kiv1,(x,Y)

and

Aij (6 y + A1) = M2 0y (% y + AH]))

—=A <zi, eXi” xiz! Z se(—y— [A_l])pj+g(z;0,0)>

=0
— <zi, e X xiz' i (As¢(—y) —s¢—1 (—y))pj+g(z;0,0)>
=0
= Auij (%, ¥) — mij+1 (%, Y),
which are based on the following identity:

AY sa(—y—P)" = Ao~ X (Wit /)t
0

= Z (Asn(—y) — sn-1(—y))z". [ |
0
Corollary 2.3. Given weights pg, p1,. .., Pn—1, the following identity holds:
(2% p0(2) -+ (2% pn1(2)) 1
det ((zi,(7\—z)pj(z)>)0§ingnf1 = det : : :
(z%p0(2)) -+ (2" pnaa(z)) | A"

O

Proof. From Lemma 2.2, it follows that pg) has two alternative expressions (2.13) and
(2.15). Equating the two leads to the identity above. [ |



Band Matrix 19

Remark. Formula (2.15) and hence (2.13) just depend on the first formula of (2.11) and
T, = det(iij)o<i, j<n_1 With pij(x,y) = (2}, ex xiz! p;(y,1)). The y-dependence is unimpor-

tant.

3 From m-periodic weight sequences to (2m + 1)-band matrices
Given the m-periodic sequence of weights

p= (p]))ZO - (PO» P1y.-+y pnfl)z'mp()’ cee az’mpmfl)zfzmp()) cee )Z’zmpmflv- . ')) (31)
consider the initial value problem

d
— AMmy,, a“y*‘” = —moeAT™  with initial me (0,0) = ((zi, p;))o<t, j<o0
mn

0Myo
0xn

(3.2)
and the associated 2-Toda lattice equations

o
0Xn

oL _

= [(L{L)-F)Li]) ayn

[(e3)-.24]. (3.3)
In Proposition 1.1, we gave the solution to initial value problem (3.2) in general,
whereas in Theorem 3.1, we give the solution for m-periodic sequences of weights. This

extra structure is important when we deal with Darboux transforms.

Theorem 3.1. Given initial m-periodic weights (3.1), the systems of differential equa-

tions (3.2) have the solutions with regard to the time parameters (%, 3, t), introduced in
(2.1),

Moo (0(z%,5, 1) = ((25,05(5%,5,1)) o< o0 (3.4)
where
o0 - o0 s 4 ad
0 (5%, U, 1) = eXn M= el =T N g (—)p;(2) (3.5)
=0

is an m-periodic sequence of weights. Then the polynomials pg) , with ;= py(p(z; X,

7,t)) and tn (X, 5, t) = det m, (p(z;%, 5, t)),
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oo o0 Hon-1 1
P\ (z%,0,t) = % det . . E
Tn (X’y’t) Hn—-10 -+ Hn—-1n-1 zn!
\ Hno T Hn n—1 ‘ z"
_ det(zpij — Mitij)o<ij<n
™ (%0, 1) ’

give rise to matrices L = LT, defined by z™p®) = Lp(") such that L = L™ is a (2m + 1)-
band matrix. The matrix £, satisfies (3.3) and the (2m + 1)-band matrix L satisfies m-
reduced Toda lattice (2.4). O

Proof. Since

p]’+km:2kmpj» j,k:0,1,2,...,

we have

0= (z",2"™p; — pjrm)
= < l+km) p)> - <Zia pj+km>
= Hitkm,j — Hi,j+km

- (/\kmmDQ — moo/\Tkm)..

ij?

and so m,, satisfies Proposition 2.1(i) at (x,y) = (0,0) and hence for all (x,y). Therefore
by Proposition 2.1, L := L is a (2m + 1)-band matrix.

From Proposition 1.1, we know that the expression below for m., is a solution
of initial value problem (3.2). The proof of (3.4) follows the lines of calculation (1.16).

From there one computes

Mo (p(z%,Y))
— eI A m (p(z,0,0))e” Z7T unAT"

e O xa AT o (. R Yem AR = T P g ATT
=el1 <z,p](z,0,0)>0§iyj<ooe 1 e L1

Z Z p) zZ, 0 0 ZS yma*UZm»"')/\TmreiZ?ogrATr
0

o] 0 00 — Tr
<Z 1+n Zsr(ym»UZm»"')pj+Tm(Z;O»O)> 6721 oA
0 0

0<i,j<oo
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00
OOI-T'E . Yy g ATT
= <eZl xrz Zl) Sr(—9m>—y2m»---)Zrmpj(2»0,0)> € Zl v
0 0<i, j<oo
- <Zi, L1 Xrzl oL i xem 2 M o= TR viem= M (70, 0)> e LA
0<i, j<oo
N o0 = T [ee] I km o0 =~ Tr
- <Zl) ezl xrz ezkzl ez pi (Z;Ov0)>0<i j<oo e_ZI yr/\
00 < v 0o 3 km _
= <Zl, el1 X1zl oY ¥l tkmz 0; (Z;0,0)> E Se(—y)/\w
0<i, j<o0o

which establishes (3.4). The rest follows from (2.13) (see the last remark of Section 2)

and Lemma 2.2. [ |

In the following, we show that m-periodic sequences of weights lead to (2m+1)-
band matrices, using a direct proof, thus without invoking the matrices £; and L, of

2-Toda theory, as in Theorem 3.1. Furthermore, we show that the polynomials pg)

are
“orthogonal” in the sense of (3.7). Consider the slightly more general definition of m-

periodic sequences (in comparison to (0.1)) as follows.

Definition 3.2. Generalized m-periodic sequences of weights p; satisfy the following con-
dition: forj =0,1,2,...,

z™p; € span{po,...,pm+;}  and

] (3.6)
z2™p;(2) = ¢, m+iPm+j(z) + -+ with ¢j m+j #0.
Proposition 3.3. Given a sequence of weights po(z), p1(z),..., the monic polynomials
Po(2),p1(2),...,p;(z),... of degree 0,1,2,..., defined by
(ri(2),p5(2)) =0, 0<j<i—1, (3.7)
are given by the same formula, as in Theorem 3.1, namely,
Hoo "+ Hom—1 1
) . .
Pn(z) = det (3.8)
detmn Un—1,0 Hn—1,n—1 zn!
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with pi; = (24, p;j(z)), mn = det(pwij)o<i,j<n_1. Moreover, if the p; are generalized m-

periodic, then polynomials (3.7) satisfy a (2m + 1)-step relation; that is, for p(z) =

(Po(2),P1(2), ... )T>

2™p(z) = Lp(2) (3.9)

defines a (2m + 1)-band matrix L, with m bands above and below the diagonal. O

Proof. For 0 < k < n — 1, the following inner product of p,(z), given by the right-hand

side of (3.8), with py(z) automatically vanishes:

(det mn)(Pn(2), P (2)) = det ((Wio, M1, - -+, Hik, -+ Hiyn—1, Hik>i:0 ,,,,, n) =0.

Furthermore, orthogonality relation (3.7) determines the monic py, s uniquely. To prove
the second assertion, that L is a (2m + 1)-band matrix, we proceed as follows. Since

2™pi(z) = ¥ ™ ¢ip0(2),7 =0,1,..., we have

m+j
0= <zi,zmpj - Z CijT(Z)> foralli,j > 0,
=0

m+j

= <Zi+mv p)> - Z C]'T<Z‘i) pT(Z)>
=0
m-+j
= Hm+i,j — Z CjrHir,
r=0

implying that, for all j > 0,

Hmj Ho,r
m+j
Hm+1,5 ) Hir
. = § Cjr .
. r=0 .
Hm+n,j Wn,r

Therefore by (3.8) the following determinant vanishes for arbitrary n > 0, as long as

n—1>m-+j:
Moo -+ Hon-1 Hmj
det [ : : : = (2™pn(2), 0i(2))

\Hn,o 0 Mnn-—1 ‘ Hm+n,j/

0=

Dn(p)
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for all j such that 0 <j <n —m — 1. This implies that

z™pn(z) € {polynomials q(z) | (q(z),p;j(z)) =0for0<j<n—m-—1}
— span {pn m(2), P ms1 (., )
= Span {pnfm(z)’pnferl (Z)> s )pn+m(z)};

the latter identity is valid because z™p,, (z) has degree n+ m. Therefore L defined by (3.9)
is a (2m + 1)-band as claimed, ending the proof of Proposition 3.3. [ |

Remark. A generalized m-periodic sequence of weights can be transformed in an m-
periodic sequence of weights via an invertible lower-triangular transformation of the
pi in the sequence p(z) = (p;j(z));>0; the new sequence of weights thus obtained become

m-periodic; that is,
2™p; = 2" Py (3.10)

Such a transformation leaves associated polynomials (3.8) unaffected, as is seen from
column operations in the defining ratio of determinants in (3.8). These polynomials then
lead to (2m + 1)-band matrices L, which are thus unaffected by the lower-triangular

operations of the p;.

4 Darboux transformations on (2m + 1)-band matrices

The vertex operators X;(A) := Xi(X,, t;A), introduced in Section 0 (see [9]), play a central
role in this work:'?

X1 (A) 1= x(A)eZi” tmid™ o m IR0/ (m)2/(0tme) oL 77 Xid o= X0 (AT/1)2/(0%)

Xp(A) = x(A1)em Zi7 Emid™ eI PP /(mi))d/(0tmi) oL 1% Uit o TP (ATT/D2/(001) A

)

(4.1)

for example, X, (A) acts on the vector 1(x, y, t) as follows:

(X2 (N)T(%,0,1)), = e I A IR U N (kg — Y B ),

125 (7) is a diagonal matrix x(A) = diag(A®, Al A%,...)

We added "("
and ")" around
"mi" in eq.
(4.1). Please
check.
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where

Al A—(m—1) A—(m+1)
g—A 1= ——... - -,
Yy [ ] <y1 1’ yYm—1 m_1 )Ovmerl m+1 ) )a

B ATm }\me
t— = (0,...,O,tm— = .0,...,0,tam — ,0,...,0,...).
m m
The following two theorems were established in [9] and are applied in Section 5
to the concrete T, 's given by t,, = det m,,(p), with the p, s as in (3.5).

Theorem 4.1 (LU-Darboux transform). Given the Toda lattice on semi-infinite (2m+1)-

band matrices, each vector ®(A) in the m-dimensional null space, that is,'?

e (L(t) —A™) "' (0,0,...),

LT Y (@ ()T
T’ T

satisfies, as a function of X, y, t, the equations

LO =A™,
o) . o) . D .

= (1V/m) @ = (LY™) o =(1YH,® 4.2
04 (L/m), @, ov; (L) o, Otim (L) (4.2)

for i = 1,2,... should not be multiples of m for the x; and y; equations. Each ®(}A)
determines an LU-Darboux transform, depending projectively on the (m—1)-parameters

ai, namely,

L—A™— L =A™= (BA? + A)(L =A™ (BA® + A) !

with
(Dn—H ()\)
_ : 4.3
Pr DA’ (4.3)
it acts on T as
m—1
~_ _ k
T T=10 = (aX; (w*A))T
k=0

Defining e; := (0,...,0, ,0,...) € R*, as before, we have the following theo-

1
\.//
rem. t

13 The symbol w is a primitive mth root of unity.

(4.4)
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Theorem 4.2 (UL-Darboux transform). Given the Toda lattice on semi-infinite (2m+1)-
band matrices, the space (L — A™I)~! span{eg, e1,...,en} is 2m-dimensional and thus

depends projectively on (2m — 1)-free parameters; that is,
AT Y (aXy (WFA) + el timA T XG (wkA) )T
T T
€ (L(t) — ?\ml)f1 span{eg,e1,...,em).

D) =

The vector ®(A), as a function of X, §, t, satisfies (4.2) and determines a UL-Darboux
transform, with the same 3 as (4.3) (but depending projectively on (2m — 1)-free param-

eters):
LA™ — L—A":= (A B+ DL —A"D)A B+ 1)

it induces a map on T:

—

e
T—T=A(10)=A"" (arX; (WRA) + breZ T EmA T X, (W) O
k=0

5 Proofs of Theorems 0.1 and 0.2: Induced Darboux maps on m-periodic weights

In order to prove Theorems 0.1 and 0.2, we apply Theorems 4.1 and 4.2 to the T-functions

given by

with
I 00 g v §00 ftm _
Pj (Z;X,y,t) = eZl T eZ(:l tem ZSZ(*U)F’HE(Z), (5.1)

as in (3.5), where the initial condition p(z) = (p;j(z))j>0 forms an m-periodic sequence
of weights. We now perform Darboux transformations on L(X,§,t), which satisfies m-
reduced Toda lattice (2.4). Then in the end, put x = § = t = 0. Theorems 5.1 and 5.2 are

the precise analogues of Theorems 4.1 and 4.2.



There is a
missing right
delimiter in
eq. (5.6).
Please check.
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Theorem 5.1 (LU-Darboux). The Darboux transform for a semi-infinite (2m + 1)-band

matrix, generated by the m-periodic sequences of weights p(z; %, g, t) above,
L—A™— L—A™ = (BA® + A) (L —A™D(BA? + A) T, (5.2)
defines a new (2m + 1)-band matrix L, provided

®n+l (}\)
On(A)

_ Sy arXy (WA D (p(z%,7,t))

Bn = - (Dn(?\)

Case 1. For the special choice

(D(k) (}\) = Qg

n

with arbitrary, but fixed, 1 < k < n, the Darboux transformation maps t, (X, g, t) = Dn(p)

into a D, associated with a new m-periodic sequence of weights:

D (p(2:%,G,t)) — Dy = D (p(z,%,5,1)) O (A)

~ (5.4)
= @D (WA — 2)p(z%, 1, 1)).
Case 2. A general linear combination
m—1 k T
X A)Dn %Y, t
0, () = k0 KW NDn (p(E%, 6, 1) (5.5)
Du(p(z%,9,1)
leads to the map
(%Y, 1) = Dn(p(z%,U,t) — Tn(X, U, 1)
= Dn(p(Zv)zvg){))(D‘(rl() (?\)
m—1
_ 5.6
= akDﬂ(((’Uk)\ - Z)p(Z,i,Q,t)) ( )
k=0
= (~1)"det ((2',80), (2,B1), -+ (2 5n))
where
m—1
po == @d(z — wkA),
Z 7

pe:=pe—1(z%x,y,t) fort>1,
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and

dy = akez?il Bm AT 300 xi(w AT

Remark. Forthe general case (Case 2), (5.6) is the determinant a ((n+1) x (n+1))-matrix,
instead of n x n. Therefore, to the best of our knowledge, this T-function is not generated
in the usual way, as a determinant of the n x n upper left-hand corner of the moment
matrix. If all but one of the ayx s vanish, as in Case 1, then the t-functions are generated
in the usual way, as appears immediately from the second identity of (5.4). In the next

statement, this problem is absent.

Theorem 5.2 (UL - Darboux). The Darboux transform for a semi-infinite (2m + 1)-band

matrix, arising from m-periodic weights p(z;%, U, t),
LA™ — L—A"T = (AT + (L —A"D)(ATB+1)7}, (5.8)

maps L into a new (2m + 1)-band matrix L, provided (with D(p) := (Do (p), D1 (p),...))

’ Pul) (5.9)
0. = (o (@FK1(@) +bee> T (0FN)D (), '
a(A) = .
D(p)
It acts on T, (X, T, t) = Dn(p(z; %, 4, t)) as follows:
Tn == Dn(p(z,i,g,{)) — Tn
=Dn1(p(z:%,0,1)Pn1(A)
= (_1)n71 det (<Zia 50>) <Zi) 51 >a s <Zia 5n_1>>0Si§TL71
with
m—1 _ _ -
~ - — - ~ t
o= o558 = 3 (@0l - o)+ B IR S ),
k=0 —A (5.10)
pe=pe1(z%,y,t) fort>1,
where
A = apeX i B(@NT YR T jmek Z bjel izo D1 (@A) ik,
j=0
(5.11)

If Em,l # 0, then the pg, p1,... form a generalized m-periodic sequence. O
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Remark. Although the new sequence p(z; %, §, t) is generalized m-periodic in the sense of
(3.6),it does not lead to a solution m,, of the differential equations (3.2); in other words,
it only satisfies (3.5) in the x and t variables, but not in the y variable. Of course, the
matrix [ remains a (2m+ 1)-band matrix, since it is effectively constructed from the new
polynomials p,(z;%,, t), defined by (3.8) with the new p’s; see the remark at the end of
Section 3.

Corollary 5.3. An appropriate choice of a, and appropriate limits by — co and A — 0 in

Theorem 5.2 yield the following Darboux transformation on the weights p(z; %;§; ):

p:(pO)pl)pZ)"-)'—>5:(50»51’52)"')>

where

Pe = pe-1(z%, 4, 1) (5.12)
O

Before proving Theorems 5.1 and 5.2 and Corollary 5.3, we need the following crucial

lemma.

Lemma 5.4. The following two identities hold for the m-periodic sequences of weights
of (5.1):
Xy (A)Dy(p) = eZ 5 EmA eI XA D (A — 2)p)
— X P tmAT T ii?\i(il)n (56.13)

x det ((z,8(z—A)), (z*, po), - . ., (2, pn*1>)0§i<n’

A1l {imh““xz (A)Dn(p)

— Xt Qi)\i(_l)nfl

(5.14)
m—1 —
) AT ) .
x det <<Zl,w>,<Z1,po),...,...<Zl,pn_2>> ,
AT —z 0<i<n-1
with all the p;’s in the determinants above evaluated at X, y, t according to (5.1). O

Proof. Here we use the first solution m, of (3.4) (and its calculation in the proof of
Theorem 3.1), and in the second equality, we use the familiar formula e~ - w1

Using X (A), defined in (4.1), one computes
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X1 (A\)Dn (p(%%,1, 1))

= AT 021 TemA M X XA o= T (AT /(0m)3/ (0Tim) o= E(ATH/)3/(9%4)
« det { (<Zi, 0; (Z;Oyo)o)ez %rz" 53 2 {L’mz(nl>>

X efz?o yTATT}

0<i,j<oo

0<i,j<n—1
— AN el 2 tem A T A

X e X1 yr/\ﬂ}

0<i,j<n—1

— eIt AT I XD (A= 2)p(z%, 5, 1)),

upon bringing A™ in the (n x n)-determinant, and using again the first expression (3.4)

t),

29

for m.,. But using (1.5) and (1.14), we compute, where in this calculation p; := p;i (X, 9,
D (A~ 2)p) = det ({2, (A~ D)o}y, (25, (A~ 2)n-1))gicn s
=det ((z',po), ..., (z', Pn_1), 7\i)0<i<n, using Corollary 2.3,
= (—1)™det ((z',8(z— A)), (", po), - - ., (2", pn,1>)0§i§n,
using the -function property, thus establishing identity (5.13).
For future use, we need the easy identities
. . 1 1/m
e (@ /(m) | J/m) ER (@™ ) _ ( ) , (5.15)
1—am
and summing in the exponential over i's, not multiples of m, one finds
We changed |,
oo)(. (at/i) to 4 in‘the
o M S g I (@ /(im) cquation
(1 _ am)l/m
N 1-a
1—a™
— 1—a™ —1+1/m
=g (1 a")
m—1
=) d(1—am)ttm (5.16)

Notice that, for any moment matrix m,, defined by m-periodic weights,

" ATNYY L Higen _ i Pien
o0 A ij An ) )\TL )
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in particular, using the periodicity of the sequence p; = p;(z;0,0,0), we have

(= (5)7), = %) - (2 () o)

Combining these two facts, we find

/\T T /\T m ) z m 0;
I A I Y (. f((=z )T 5.17
() ((5)7)), ()% 617
i8]
Now using X3 (A), defined in (4.1), and using (3.4) for m,, one computes
A—leZ?il tim)\imxz (?\)Dn(p(z,i,g,f))
AL L GiA o P/ (rm)3/(3Erm) o X0 (AT/1)3/(3u1)
% det {<Zi, p] (Z, 0) O, O)eZ?ozl {rmz"mez )Zrzr> efz grAT"}
0<i,j<oo 0<i,j<n—1
=Al"mel ‘J”‘idet{<zi, pj (20,0, 0)eX 7 V()N oZ 7 trma"" Xk "fZT>
0<i, j<oo

Sy V/TAT/N =% yr/\“}
0<i,j<n—1

><o‘let{<zi eZ P Timz ™ ez’ Pi(%0,0,0) >

’ my 1/m
1_ z 0<1i, j<oo
< (?\> )

mo1 (AT)'I

0 )\ e*Z?OQrATr

)

— ?\lfnez lji7\i

m—1 pj+r(Z; 0,0, O)

} , using (5.15) and (5.16),
0<i,j<n—1

X {<ZiL el i trmz"™ o Re2” ZT:O AT >
y my 1/m my 1-1/m .
REN R GEA

A A

X e & UfAT'} , using (5.17),
0<i,j<n—1

—1 _
:}\l—nez N det{<Zi,eZ?oir"‘ZrmeZ %ez" Z:Lo AT rijrT(Z;O,O,O)

)\m,Zm

Xezyr/\Tr}

0<i,j<n—1

>0§i,j<oo
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m—1 Am—1-7

:}\ezgi}\i det{<li, rp)+r( z,X g {)> }
=0 0<i,j<n—1

m—1 R
- i )\mflf‘r . t _
— )\ez UiA (_1)n71 det <<Z‘L’ AmpT_(Z,XﬂJ > <Z p X Q»t)>)

r=0

Zm

-~)<Z’i)pn 2( th)>) .

0<i<n-1
The second from the last expression is a consequence of (3.4) and (3.5), according to
the argument in the proof of Theorem 3.1 and the linearity of (3.5) with respect to the
measures p = (po, p1,-- . ), while the last line is obtained by replacing the jth column C;

by C; —ACj-1, 2 <j < n, in the previous determinant and using the following identity:

1 m—1

mz e )Y

=0 =0

A }\mflfr

Pi+m—1 — AT P51
)\m_zm

Pj+r—1
Am _ Zm

z™pj—1 —AMpj
}\m_Zm

= —Pj-1. L

Proof of Theorem 5.1. From Theorem 4.1 (map (4.
follows that

4)) and from (5.13) of Lemma 5.4 it

Dn(p) — Ta

arX; (wk?\)Dn(p)

X2 T A T3 %@ N g D ((wMA — 2)p)

-
I
[}

e
L

dx Dy ((w A —2)p)

=~
Il
=}

Z det ({25, 8(z — W), (28, p0), -, (25, Pn1)) gin-

The expression on the right-hand side of the third identity establishes the second identity
(5.6), whereas the last identity establishes the third (5.6), ending the proof of Case 1.

Setting all but one ax = 0 establishes (5.4) in Case 1. [ |

Proof of Theorem 5.2. According to Theorem 4.2 and Lemma 5.4, UL-Darboux transform

(5.8) with B, given in (5.9) acts on t,(z;%, Y, t) := Dn(p(z;%, U, t)) as follows:

We could not
run in “with
dy asin (5.11)
and ... "in
the following
equation to
avoid the over
full. Please
check.
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T — Tn = (AT1TO))

m—1
B ( > (ak/\”Xl(w“A) + b A eI o “m”"‘xz(wkM)T>

k=0 n

= (71)n71 det <<Zl) i aké(zi ka)>» <Zia p0>v ) <Zi) pn2>>

k=0
m—1 m—1
(wk}\)mfr
+( )n 1 det <<Zl, b]i wpr y
k=0 =0

<Zi’ p0>v ey <Zi) pn2>>
0<i<n—1

with dy as in (5.11) and b), = byeZ 1 J(@"N)"

= (—1)" ! det <<zi,z axd(z — wA)+ Z e <Zbkw >pr>,
k=0

<Z’ia p0>) N} <Z'i) pn2>>
0<i<n-—1

= (71)T1.71 det (<Zia50>) <Zi)51>a T <Zi’5n_l>)0§i§nfl )

using the new p; defined in (5.10).
Finally, using the 6-function property in the second identity, and using px = px_1
for k not a multiple of m, we prove that the following new sequence is generalized m-

periodic:

g (akz W) + bk}\m(_m)\;mpk(z))
m mZ_ (aké(l — wk}\) + Bkni)k(z)\)m> + mZ_ kak(z)
k=0 o k=0
2)+ ) bi1pk(2)
k=1

€ span{pog, ..., pm} with the condition that gm,l #0,

2™Px = 2™PKk_1 = Pk—1+m = Pk+m, for k > 1, not a multiple of m,

establishing Theorem 5.2. [ |

Remark. As already pointed out in the remark following the statement of Theorem 5.2,
although the sequence p(x, 3, t) is generalized m-periodic in the sense of Definition 3.2,

it is not m-periodic in the sense of (0.1) and it only leads to a solution my, of (3.2) in the
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x and t variables, but not in §j. However, since the matrix Lis computed from the new
polynomials py, (z %, , t) (defined in Theorem 3.1) by z™p = Lp and since establishing the
form of p,, only depended on the x-dependence of T through p(k, §, t), it is indeed defined

by m-periodic weights.

Proof of Corollary 5.3. The proof follows at once from Theorem 5.2 by letting A — 0,
letting by — oo, and by picking appropriate ay. |

Proofs of Theorems 0.1, 0.2, and Corollary 0.3. The proofs follow from setting (x,y,t) =
(0,0,0) in Theorems 5.1, 5.2, and Corollary 5.3. [ |

6 Example 1: Darboux transform for tridiagonal matrices

In this section, we specialize to the case m = 1, which leads naturally to orthogonal
polynomials, to three-step relations, and so to semi-infinite tridiagonal matrices L. The
LU-Darboux transform on such matrices consists of decomposing the matrices L — Al as
a product of lower- and upper-triangular matrices and multiplying them in the opposite
order. The UL-Darboux goes the other way around. Unlike the case of bi-infinite matrices,
the LU-Darboux map for the semi-infinite case is a unique operation, of course depending
on the parameter A, whereas the UL-Darboux depends on a free parameter o, besides A.

What is the effect of this operation on weights? Theorems 5.1 and 5.2 show that
the LU-Darboux has the effect of multiplying the weight p(z) with A — z and the UL-
Darboux divides the weight by A—z, augmented by a delta-function (¢/A)5(z—A) involving
the free parameter o.

In [9], we show that, upon letting the tridiagonal, bi-infinite matrices flow accord-
ing to the standard Toda lattice, the LU- or UL-Darboux transforms act on the eigen-
vectors as discrete Wronskians and on the t-functions as vertex operators especially
tailored to the Toda lattice. Both transforms depend on one free (projective) parameter.
The reduction to the semi-infinite case cuts out this freedom for the LU-transform, but
not for the UL-transform.

This vertex operators technology can be used very efficiently to get the results,
after setting t = 0;in fact one, can establish a dictionary between the three points of view:
weights, vertex operators,and Darboux transforms,as summarized in (0.23); the point of
the dictionary is contained in the subsequent theorems and corollaries. The relationship
rests on an elementary addition formula; namely, the sum of moment determinants D,
and D,,_; with regard to specific weights is again a moment determinant D,,, but with

respect to a new weight:

We put end of
proof box
here. Please
check.
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Dy (p) + cDn—1((A —2)*p(2)) = Dn(p(z) + cd(A — 2));

this fact is not surprising, in view of the fact that if the T = (tn)n>0 is a vector of

1-functions for the standard Toda lattice, then the expressions
T(t) + cX(t, A)T(t)

form a Toda t-vector as well, where X(t,A) is the standard Toda vertex operator, defined
in (0.21), and acting on 7 as in (0.22).
An arbitrary weight p(z) on R yields a 1-periodic sequence (p(z),zp(z), z?p(z), .. .)

and a moment matrix m., satisfying Am,, = m, AT (the Hinkel matrix). Also,

mn(p) = (Ki15(P))oci jen_1»  Pn(p) =detmn(p) with uy(p) :J 2°p(2) dz,

) (6.1)

with Do = 1. Orthogonality relations (3.7) lead to monic orthogonal polynomials in z of

degree n,

Ho(p) tn-1(p) 1
1 : : : : N s
pn(2) mdet (o) o a(p) | 21 with (pi,pjp) = dihi.
\ tn(p) Hon—1(p) \ z" /

(6.2)

In turn, the semi-infinite vector of polynomials p = (pn(z))n>o0 leads to a semi-infinite

tridiagonal matrix L, defined by

by 1
zp=Lp withL=|q b, . |. (6.3)

Theorem 6.1. (i) Given the weight p(z) and A € C, the eigenvector of L, corresponding to

the eigenvalue A,

(©n(N) s = (PrN) s = (D“(O‘_Z)p(z))) e (L—AI)7'(0,0,0,...), (6.4)
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specifies a unique LU-Borel factorization

1 0 Bo 1
L-Al=L L, =& 1 . 0 B1 -,
with
@nyr (A
Bn = —q*):z?s) R S Y (6.5)

The LU-Darboux transform

L-A=L. L —L-A=L 1_ (6.6)
induces the following map on weights p(z):

p(z) — p(z)(A —2). (6.7)

(ii) The 2-dimensional eigenspace, corresponding to the eigenvalue A and with a

different boundary condition at n = 0, is given by

Da((h - 29(2) + D (22 )

Dx(p) (6.8)

> 9

(‘Dn(?‘))nzo =

e (L—AD)"!(1,0,0,...).
It specifies a o-dependent family of UL-Borel factorizations,

xX_1 1 1 0
L-A=L/l"=[0 a - ||Bo 1 |, (6.9)

with the same $,, and «,_; as in (6.5), but with ®,, defined by (6.8). This defines UL-
Darboux transforms
L-A=L/L" — L' —A=L"L1}, (6.10)

inducing the following map on weights p(z):

0(z) — (;’(_Z)Z + %m - z)>. (6.11)
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Proof. These statements follow immediately from setting m = 1 in Theorems 0.1 and 0.2.
[

Corollary 6.2. Consider the map L — L”, defined by a UL-Darboux transform followed
by a LU-transform,

L-A=L;L.— L -A=LL;+— L —p=L'"L1T, —L"—p=L 1",
where the parameter of the first UL-Darboux map is given by

cp
o=—";
p—A’

then, upon taking the limit © — A, the map above induces a map of weights,
p(z) — p(z) + cd(A —z). O

Corollary 6.3. Concatenating m LU-Darboux transforms with parameter p; and n UL-
Darboux transforms with n; parameters converging to A; (n; +---+n, =n) induces the

following map of weights:

[Tz~ ) Sy ()
p(z) — | =t——0p(2) + oy | = d(z—M) |-
<H1(z—)\k)“k ]; ]; "\ 0z
Upon picking the p; appropriately, the fraction in front of p(z) in the formula above
disappears. O

These statements are established by letting the moment matrix m,, flow accord-
ing to (1.1) and then letting the associated tridiagonal matrix L flow according to the
standard Toda lattice

oL

E:[(L“)+,L], n=12.... (6.12)

(Remember (L™), denotes the strictly upper-triangular part of L™.) In the 3-reduction of
2-Toda, only one set of times t = t = (t;,ts,...) of (2.1) remains. The (x, 7, t) evolution

(3.5) of the weight p(z) reduces to the simple formula
pe(z) = eZ 7 1= p(2),

which was shown in a direct way in [6], for instance; in other terms, the Toda vector fields

(6.12) linearize at the level of the weight p(z). The deformations p.(z) of p(z) enable one
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to define t-dependent moments py(p+(z)), associated moment matrices m,(p:+(z)), and

t-dependent monic orthogonal polynomials p,,(z;t) of degree n, with [2-norms

_ Tn+l (t)

OB (6.13)

ha (8) 1= JRpﬁu, 2)p(t, 2) dz

The entries of the t-dependent L-matrix are expressed in terms of the t-functions

Dy (pt) = detmu(pe) = Tn(t), (6.14)
as follows:
0 Tk+1 Tk—1Tk+1
b =-—1 d =" 6.15
k= gy log an ak—1 = (6.15)

Setting m = 1 in the vertex operators X, (t,A) and X3 (t,A) of (4.1) leads to
X1(HA) == xA)X(t,A)  and  Xp(t,A) :=xAHX(—t, M)A, (6.16)
They are generating functions of symmetries of the standard Toda lattice and act on

T-vectors (see [9]). The vertex operator X(t,A), defined in (0.21), is obtained from X; (t,A)
and X (t, M) as follows:

1 i -1
(em e (b)) X (1,N)
= (6.17)
_ /\71)((7\2)62 tixiefzz(r"/i)a/(ati).

- )

X(t, )\) = limuﬂ)\

it has the surprising property (in view of the nonlinearity of the problem) that, given a

vector T = (1o, T1,...) of Toda t-functions, the new vector (see (0.22))

T+ X(t,A)T (6.18)

is a new vector of Toda t-functions. For connections with vertex operator algebras,
see [18].

The following statements, Theorem 6.4 and Corollary 6.5, are completely parallel
with Theorem 6.1 and Corollary 6.2. They provide a dictionary between the three points

of view.
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Theorem 6.4. (i) The eigenvector!?

Xl (t, )\)T(t)

DO(t,A) = @
_ LY At Dn((A —2)pi(2)) 6.19
- ¢ ( D (pe) )n>0 ( )
e (L(t) = A1) '(0,0,0,...)

induces a LU-Borel factorization, as in (6.5), with

On = 6t log @41 (t,A) — A
and
o (DTH»I(t»)\) _ 0 Tn .
Bn = ot N on log — O, (t,A) |; (6.20)

the LU-Darboux transform L(t) — A — L(t) — A with new entries b, and d, is given by
(6.6) in terms of the new t-function

T— T=10 =X (t,A)T(t). (6.21)

(ii) The eigenvectors

ot = L (01 (6, A) + eX BN Xy (1, A))T(t)
RS T(t)
ezt D (A= 2)p1(2)) + D (it( i) (6.22)
Dn(pt)
n>0
(L—AD)71(1,0,0,...)

induce a UL-factorization with « and { as in (6.20), but with ®(t,z) defined in (6.22);
it defines a UL-Darboux transform L(t) — A — L’(t) — A, as in (6.10), with new entries b/,

and a;, given by (6.15) in terms of the new t-function

T T = AT A = A (cr X1 (4 A) + eZ tAX, (t,)\))T(t). (6.23)
0

14This is defined with asymptotics @ (t,A) = eX HA AN (1 + O(A~1)).
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Corollary 6.5. Consider the map L(t) — L”(t), defined by a UL-Darboux transform fol-
lowed by a LU-transform, as in Corollary 6.2, with that same choice of ¢. It induces map
(6.18) at the level of Toda T-vectors,

Di(pe) = D (pe(2) + ce=1 “='8(A — 2)) = (1 + cX(t,A))Dn (), (6.24)

where X(t,A) is Toda lattice vertex operator (6.17). O

Instead of using Theorems 0.1 and 0.2 to establish those results, one can prove
them directly, using the formulae in Proposition 6.6 below. In this way, classical formulae

have a natural t-function counterpart.

Proposition 6.6. Given the weights p((z), the moments pi(p:(z)), and the t-functions *

Tn(t) :== Dy (pt), we have the following expressions for!®

e the monic orthogonal polynomials:

oo o w1
1 :
A A A P
e
= Dn((u_z)pt(z))
Dn(pe(2))
L Ul O )
Tn(t) )

15 Remember that [of := (o, o /2,08 /3,...).

Shouldn't we
delete “below”
in “in Proposi-
tion 6.6 below
. ". Please
check.
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e the Christoffel-Darboux kernels (for hi, see (6.13)):

0 1 v vt
1 pw W - Ha
1
> hj_l(t)‘pj(u;t)pj(v;t)z—iD ( )det UoW Mzt Hngn
0<j<n n+1(Pt .
u™ pn Hng1l o Hon

Dn((u—2)(v —2)pi(2))

Dnr1(pt)
A N e e e A )
B (u\)) Tn+1 (tv p) ’

e the addition formula:

Dn(p(2) + 8(u—2)) = Dn(pe) +ceX ' Dy (1 — 2)2p4(2))
= (1 + cX(t,u))Dn(pt). =

This last identity hinges on the addition formula. For a (n X n)-moment matrix

my, the following identity holds:

det (mn(p) + cxn (1) ® xn(u)) = detmy (p) + cdetmy_;1 ((z — u)?p(2)),

where
xn (W) ® xn(v) = (ui"j)ogi,ign'

7 Example 2: “Classical” polynomials satisfying (2m + 1)-step relations

A very natural set of “classical” examples is to start from a weight for the standard
orthogonal polynomials, thus corresponding to a tridiagonal matrix £; = L,. Then we
perform two consecutive Darboux transforms on the (2m+ 1)-diagonal matrix L = L]" =
L. This has the effect of mapping a 1-periodic sequence of weights to a generalized
m-periodic sequence of weights, thus leading to (2m + 1)-band matrices. Therefore one
is lead to a sequence of (2m + 1)-step polynomials ﬁg) derived from the “standard” ones;
they satisfy (2m+ 1)-step relations, that is, zmpt) =15\, with (2m+1)-diagonal L, but

not 3-step relations.
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For a general m-periodic weight sequence, for appropriate choices of 3 and B,

and setting A = 0 in (5.2) and (5.8), the compound map

1

LoD =(BA% + A)L(BA® + A) e L= (ATR+ DI(ATE+1)" (7.1)

induces, according to Theorems 0.1, 0.2, and Corollary 0.3, the following compound map

of weights (assuming d.,_; # 0):

m—1
~ = z
P p:(ZpO)ZpI)ZpZ)“') >p_< § (Cké(k)(l)+dkz:l(_l)>,lpo,lp1,...>.
0

A particularly interesting case is to start with weights having the form py(z) =

z*po(z), where po(z) is subjected to the following condition:
J |Zpo(z)|dz <00, j=-m+1.
R

Then the polynomials pg ) are orthogonal with respect to the weight po(z) and the map

above becomes

p=( ipO(Z))og«Koo P

= (50)51»52)"-)
m—1 d

= ( Z (Cké(k) (2) + po(z)mz_f_l),zpo,zzpo,..). (7.2)
k=0

From the general theory, this new sequence is generalized m-periodic with minimal
period m. One checks by hand, using z™6(®) (z) =0 for 0 < k < m — 1, that

m—1
zZ™py = (ckzmé(k) (z) + dm—k—12™ *po(2))
k=0
m—1
= dm—k—12™ *po(2)
k=0
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The new moments ﬁi]- = <zi,§j (z)) become

m—1 m—1
Hio = <Zi,5o> = Z Wi kdm k-1 + Z (—1)kk!ck6ﬂ<,
k=0 k=0

My = <Zi>gi> =(z',2po) = miy; forj>1,

~(1
thus defining monic polynomials ﬁi) (2),

(det Tﬁn)]%

=det

(1)

m—1

k=0

n (2)

m—1

Z Hokdm_x—1 +c¢Co

=o

K
m

Hi—kdm—k—1 —C1
0

.

U2k dm—k—1 +2lca

i
o

Z Hm—k—1 dm—x-1 +(71)m71 (m - 1)!Cm—1

m—1
E um—kdm—k—l
k=0

m—1
E Un—kdm—x—1
k=0

which satisfy (2m + 1)-step relations

2mpW (z) =

LpW (z) witha (2m + 1)-band matrix L.

H1

W2

W3

Hm

Hm+1

Hn+1

H2

U3

Wq

Hm+1

Hm 2

Un2

Because of the fact that very special cases of these polynomials have appeared in [16]

on pentadiagonal matrices, obtained by taking squares of the classical tridiagonal ma-

trices for the Laguerre and Jacobi polynomials, we show how our polynomials can be

specialized to those cases. Henceforth, for notational convenience, we replace ™ by " in

map (7.2).

Example. 5-step Laguerre polynomials. Darboux transforms for L = £? and weight
Po(z) = z%e *Ijp o) (2z) for o > 0. Setting m = 2 in (7.2), we find the map

p = (po(2),2p0(2),2%p0(2),...) —— P = (Po(2), P1(2), P2(2),.-.),
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with

Po(z) =T(e0)(cd(z) +dd'(z)) + (b + ,:) po(z) with b #£0,

pi(z) =z'po(z) =2z e I o) (z), 12>1,

obtained from (7.2), by setting, for homogeneity considerations and without loss of gen-

erality,
co = cl(w), c; = dl'(x), dg = e, d; =b.

The moments (z', pj(z)) for the original sequence are given by the following ex-
pressions:

iy = (z',p5) = (21,7 po) =T(ax+1+j+1),

with polynomials'6

ol (x+1)! (x+2)! 1

(x+1)! (x+2)! (x+3)! z

O 1 (x+2)! (x+3)! (x+4)! z?
P (8= ot (x+3)  (a+4)! (a+5)! 23
(c+n)! (x+n+1)! (x+n+2) - z"

n
= Z <n> (e +n)i(—1)z" Y
i—o \'
the latter are, as expected, the Laguerre polynomials orthogonal with regard to the weight
Po (Z) .

The Darboux transformed moments [i;; = (z', pj(z)) are given by the expressions

flio = (2", po) = eM(a+1) + bl (a+ i+ 1) + (81,0 ¢ — 811 d)T(e),

iy = (zi,5j> = (zi,szo> =lMa+i+j+1) forj>1,

16 Define ol :=T(cx+ 1), (o)o =1, and («); = x(ox—1)---(ox—j +1).
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from which one computes the Darboux transformed monic polynomials

(det i, )Pl (2)

n

(x—1)le+ b+ (x—1)lc (x4 1)! (x4 2)! 1

ale+ (e+1)b—(ax—1)ld (x4 2)! (oc+ 3)! z
(x+1)le+ (x+2)b (x+3)! (x+4)! z? (7.4)

B (x+2)le + (a+3)!b (x+4)! (a+5)! 23

(x+n—-1)le+ (x+n)lb  (x+n+1)! (x+n+2)! --- 2z"

The appendix to this paper gives the first four 5-step Laguerre polynomials.
The classical Laguerre polynomials are evidently special cases of the following

Darboux transformed polynomials ﬁg) 's:

P (2) =PV (2)le—a—e—0b-1-

It is interesting that, in an effort to find bispectral problems, Griinbaum and
Haine [16] obtained special cases of these polynomials. Their method was to perform two
explicit Darboux transforms on the explicit square L = £? of the 3-step relation L for
the Laguerre polynomials. They found, by computation, a new matrix L and polynomials
p(z), which coincide with ours, by setting ¢ = d = 0,e/b = «/r in (7.4), and hence r # 0.
They show that they are related to Laguerre by means of a differential equation. Indeed,

given the differential equation for the Laguerre polynomials,

az

B=—zo
Zazz

+(z—a— 1)% with Bpn(z) = npn(2),

and the operators

P:B+g+r and Q:B—£+r+l,
0z 0z

they show that the pg) 's and f)g) 's are related by the following differential equations:

Ppa(2) = (M4 1)Pn(z) and  Qpa(z) = (n+1+ 1)pa(2).
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Example. 5-step Jacobi polynomials. Darboux transform for L = £2 and Jacobi weight!”
po(z) = (2 —2)*zPI)y 9 (z), for « > —1 and B > 0. Here the map is given by p — p with

- , b .

Po(z) =v(cd(z) + dd'(z)) + po(z) et~ with e # 0,

pi(z) = zipo(z) =(2—- Z)“ZB“I[OQ] (z) fori>1, (7.5)
with

oarpr T+ DI(B+1)
v=2 Mot B +2)

As in the previous example, the adjustments of constants were made for homogeneity
reasons.

The moments for the original sequence are given by

— gatBrititl (B +1i+])!

o= {(z' P — forj>1
ki = (2',05) (+p+itj+ny )=
and the Jacobi polynomials by
pi (2)
_ 1
" detmy
al2fratlp) alghtat2(p D). 2P et (B 42)) 1
(B+o+1)! (B+oa+2)! (B+oa+3)!
ol2P T2 (g1l al2P Tt (B 421 ol2P Tt (B4 3))
Broat2)! (Btota)! Brota! z
ol2P T3 (o)) al2B T ete (33 ol2P x5 (3 gy 2
x det T (Broat3) T (Brata)l T (Broats)!l oz
“!2[3+Dc+ﬂ+l(ﬁ+n)! “!2[3+cx+n+2(ﬁ+n+l)! a12(5+c(+n+3(|3+n+2)! Zn
(B+a+n+1)! (B+oa+n+2)! (B+a+n+3)!
1 o At
= e 2" (k) (a4 B+ 1+ KB +n)nxz"
™ k=0

The Darboux transformed moments are given by

(z',pg) = 20 FBFiH B ((e +¢dio) + (b — ddiy)

at+p+i+1
(x+p+1+ 1) )

2(B+1)

<Zi,5j> — 20c+[3+i+j+1 O('(B +1+J)' fOI'j > 1,
(x+B+i+j+1)!
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and the new polynomials ﬁg ) by

~(1
Py
1
det m,,
wi2P ot pescr DBL AT w12Bx+2 (5 1)1 w128+ 043 (3 o)1 )
B+oa+1)! B+o+2)! (B+a+3)! :
azzf-”“"”(B+1)1(e+7(5+3(gﬂ(f’)’d) ) w1aB a3 (g g wi2BH ot (g gy
(B+o+2)! (B+o+3)! (B+ot+a)! z
x det iz TS (prres PPEET at12B a4 (g ya) w125 (5 ), 2
Broata)l Broata)! (BT a+5)! Tz
“!26+“+“+1(ﬁ+“)z(c+wj a12B ot nA2p 0 1) 2Bt nd8 (g0 gg) n
Broatn+1! Broatrnt2)! Brotn+a)! Tz

Again in [16], Grinbaum and Haine considered special cases of these polynomi-

als. Namely, the Jacobi polynomials satisfy a differential equation,

Bp) =n(n+oa+p+1)pld,

involving the differential operator

B —2(22)<aaz) + ((oc+[3+2)z—2([5+1))%.

Defining

and Q:B—I—(Z—Z)i

P:B—(Z—2)3+T Y

Fr+at B+,
0z

they show that the pg) and ﬁg)’s, forc =0,d =0, e/b = /23, and hence r # 0, are
related by the following differential equations:

(1) _

Pp!! (n? + (o + B)n + 1)y,

QP =M%+ (a+B+2n+oa+p+1+1)plh.

This paper shows that these polynomials have a determinantal representation in
terms of moments, defined with respect to periodic sequences of weights. Moreover, the
vertex operator technology enables one to consider general (2m + 1)-band matrices. It
remains an interesting open question to investigate the differential equations satisfied

by the general (2m + 1)-step Laguerre or Jacobi polynomials.

171t is more convenient to base the Jacobi weight on [0, 2] rather than on [—1, 1].

We had to
reduce the
font sizes and
the spaces
between the
columns of
the opposite
equation to fit
into the text
width. Please
check.
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The first few 5-step Laguerre polynomials are given by the following polynomials, which,

for convenience of notation, we did not make monic (set & = a):

P
Py

EX

=(1)

and so on.

(z) = (e+c+ab)z—ae+d—a’b—ab,
(z) = (2e + d + ac + 2c + ab)z?

— (4ae + 6e + a®c + 5ac + 6¢ + 2a’b +4ab)z
+ (a+2)(2ae — ad — 3d + a®b + ab),

(z) = (6e + 2ad + 6d + a’c + 5ac + 6¢ + 2ab)z®

— (18ae +48e + 3a%d + 21ad + 36d + 2a®c + 18a’c

+52ac +48c + 6a”b + 18ab)z?

+ (a+3)(18ae + 24e + a®c + 9a’c + 26ac + 24c + 6ab + 12ab)z
—(a+2)(a+3)(6ae—a*d— 7ad — 12d + 2a*b + 2ab),

(z) = (24e +3a%d + 21ad + 36d + a®c + 9a’c + 26ac + 24c + 6ab)z*

— (96ae + 360e + 8ad + 96a®d + 376ad + 480d + 3a*c
+42a3c + 213a®c + 462ac + 360c + 24a*b + 96ab)z?
+3(a +4)(48ae + 120e + 2a®d + 24a*d + 94ad + 120d + a’*c
+14a3c + 71a’c + 154ac + 120c + 12a*b + 36ab)z?
—(a+3)(a+4)(96ae + 120e + a*c + 14a®c + 71a’c + 154ac
+120c + 24a®b + 48ab)z
+(a+2)(a+3)(a+4)(24ae —a®*d — 12a*d — 47ad — 60d + 6a®b + 6ab),
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