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0 Introduction

In recent times, there has been a considerable interest in matrix Fourier-like
integrals over the classical groups O+(ℓ), O−(ℓ), Sp(ℓ), and U(ℓ) due to their con-
nection with the distribution of the length of the longest increasing sequence in
random permutations and random involutions and also with the spectrum of ran-
dom matrices. This connection first appeared in I. Gessel’s work [12], who showed
that some generating function for the distribution of the length of the longest in-
creasing sequence can be represented as a Toeplitz matrix. One of the purposes of
this paper is to show that all those expressions are unique solutions to the Painlevé
V equation, with certain initial conditions. In this work, we present both new re-
sults, concerning O(ℓ), and known ones, concerning U(ℓ); all cases are done in the
same unified way.
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Our method consists of appropriately adding one set of time variablest =
(t1, t2, . . . ) to the integrals for the real compact groups and two sets of times
(t, s) = (t1, t2, . . . , s1, s2, . . . ) for the unitary group. The point is that these new
time-dependent integrals satisfy integrable hierarchies:

(i) O±(ℓ) and Sp(ℓ) correspond to thestandard Toda lattice; the associated
moment matrices are Hänkel, whose determinants provide the Todaτ -
functions.

(ii) U(ℓ) corresponds to a very special case of thediscrete sinh-Gordon equa-
tion, leading to a new lattice, theToeplitz lattice. This lattice involves a
dual pair of infinite variablesxi and yi , themselves matrix integrals. Its
τ -functions are determinants of moment matrices, which are Toeplitz.

Both systems, the standard Toda lattice and the Toeplitz lattice, are peculiar
reductions of the 2-Toda lattice. Each reduction has a natural vertex operator, and
so a natural Virasoro algebra, a subalgebra of which annihilates theτ -functions.
Combining these equations and, in the end, evaluating the result along appropri-
ate (t, s)-loci all lead, in a unifying and quick way, to different versions of the
Painlevé V equation for the integrals. More details about the precise nature of the
Painlevé equations will be given in Propositions 3.3, 4.1, and 4.2. After this pa-
per was written, we found out that the Toeplitz lattice coincides with the so-called
Ablowitz-Ladik system; see Suris [17]. However, our approach to that system is
novel.

Let Sn be the group ofn! permutationsπn andS0
2n the subset of(2n−1)!! = (2n)!

2nn!
fixed-point free involutionsπ0 (i.e., (π0)2 = I andπ0(k) �= k for 1 ≤ k ≤ 2n).
πn refers to a permutation inSn andπ0

2n to an involution inS0
2n. Also consider

Sn,k = {words of lengthn from an alphabet ofk letters}.
An increasing subsequenceof π ∈ Sn or S0

n is a sequence 1≤ j1 < · · · < jk ≤
n such thatπ( j1) < · · · < π( jk). Define

σ(πn) = length of the longest increasing subsequence ofπn.

In the case ofSn,k, the definition ofσ is the same except that the subsequences
must be increasing, without necessarily being strictly increasing.

Notation.The expectationsEO(ℓ), EU(ℓ), . . . , refer to integration with regard to
the Haar measure, normalized so thatEO(ℓ)(1) = 1, EU(ℓ)(1) = 1, . . . , as it should.
Sometimes it will be more convenient to use integrals

∫

O(ℓ)
,
∫

U(ℓ)
, . . . , which refer

to integration with respect to the Haar measure, normalized as in Proposition 1.1
below. For U(ℓ), the two normalizations happen to agree.
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THEOREM0.1 For everyℓ ≥ 0, the generating functions below have the following
expression in terms of specific solutions of the Painlevé V equation:

(i) 2
∞
∑

n=0

x2n

(2n)!#{π0
2n ∈ S0

2n : σ(π0
2n) ≤ ℓ + 1}(0.1)

= EO(ℓ+1)−ex tr M + EO(ℓ+1)+ex tr M

= exp

(∫ x

0

f −
ℓ (u)

u
du

)

+ exp

(∫ x

0

f +
ℓ (u)

u
du

)

(ii)
∞
∑

n=0

xn

(n!)2
#{πn ∈ Sn : σ(πn) ≤ ℓ} = EU(ℓ)e

√
x tr(M+M̄)(0.2)

= exp
∫ x

0
log

(x

u

)

gℓ(u)du ,

(iii)
∞
∑

n=0

xn

n! #{πn ∈ Sn,k : σ(πn) ≤ ℓ} = EU(ℓ) det(I + M)ke−x tr M̄

= exp

(

xℓ + (ℓ + k)

∫ x

0

hℓ(u)

u
du

)

(0.3)

where fℓ, gℓ, and hℓ are unique solutions to three different versions of the Painlevé
V equation, with the initial condition indicated below; to be precise,

(i)











f ′′′ + 1

u
f ′′ + 6

u
f ′2 − 4

u2
f f ′ − 16u2 + ℓ2

u2
f ′ + 16

u
f + 2(ℓ2 − 1)

u
= 0

with f ±
ℓ (u) = u2 ± uℓ+1

ℓ! + O(uℓ+2) near u= 0 ,

(ii)













g′′ − g′2

2

(
1

g − 1
+ 1

g

)

+ g′

u
+ 2

u
g(g − 1) − ℓ2

2u2

g − 1

g
= 0

with gℓ(u) = 1 − uℓ

(ℓ!)2
+ O(uℓ+1) near u= 0 ,

(iii)



























h′′′ − h′′2

2

(
1

h′ + 1
+ 1

h′

)

+ h′′

u
+ 2(ℓ + k)

u
h′(h′ + 1)

− 1

2u2h′(h′ + 1)

(

(u − ℓ)h′ − h − ℓ
)(

(2h + u + ℓ)h′ + h + ℓ
)

= 0

with hℓ(u) = u
k − ℓ

k + ℓ
− uℓ+1

(ℓ + 1)!

(
k + ℓ − 1

ℓ

)

+ O(uℓ+2)

near u= 0 .

That the orthogonal matrix integrals (i) satisfy Painlevé V is new. The identity
(i) involving orthogonal matrix integrals and random involutions is due to Rains
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[16]. That the U(ℓ)-integral (ii) satisfies Painlevé was first established by Hisakado
[13], using our methods (see [1]), and then reestablished by Tracy and Widom [18],
using methods of functional analysis. The identity between random permutations
and unitary matrix integrals via Toeplitz determinants goes back to Gessel [12].
Similarly, the U(ℓ)-integral (iii) was first established by Tracy and Widom [19],
again using methods of functional analysis. The relation of the combinatorics to
integrals over the groups was extensively studied by Diaconis and Shahshahani
[11], Rains [16], and Baik and Rains [8]; see also Johansson [14], Baik, Deift, and
Johansson [7], Aldous and Diaconis [5], and Tracy and Widom [18, 19].

Our methods have the benefit of providing a unifying (and also quick) way of
establishing these results as well as new and known ones. The relationship with
integrable systems can be summarized by Theorems 0.2 and 0.3:

THEOREM 0.2 Define the integrals

(i) I ±
ℓ (x) =

∫

O±(ℓ)

ex tr M d M and (ii) Iℓ(x, y) =
∫

U(ℓ)

etr(x M−yM̄) d M .

The expressions1

(i) qℓ(x) = loge±
ℓ

I ±
ℓ+2

I ±
ℓ

with e+
ℓ = 2

[ℓ + 2]even
and e−ℓ = 2

[ℓ + 1]even
,

(ii) qℓ(x, y) = log
Iℓ+1

Iℓ
,

satisfy, respectively,

(i)
1

4

τ2qℓ

τx2
= −eqℓ−qℓ−1 + eqℓ+1−qℓ (standard Toda lattice)

(ii)
τ2qℓ

τxτy
= eqℓ−qℓ−1 − eqℓ+1−qℓ (discrete sinh-Gordon equation) .

Remark.Note that if the lattice is 2-periodic, i.e.,qℓ = qℓ+2k, then (ii) becomes
the sinh-Gordon equation forr = qℓ − qℓ−1:

τ2r

τxτy
= 4 sinhr .

Define the following probability measure on the unitary group U(n),

Pt,s
U(n)(M ∈ d M) := τn(t, s)−1e

∑∞
1 Tr(ti M i −si M̄ i ) d M ,

andh = diag(h0, h1, . . . ), hn = τn+1/τn, with

τn(t, s) :=
∫

U(n)

e
∑∞

1 Tr(ti M i −si M̄ i ) d M .

1In this statement, we use the following notation:[n]even := max{evenx such thatx ≤ n}.
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Also, let p(1)

i (t, s; z) andp(2)

i (t, s; z) be bi-orthogonal monic polynomials inz,
depending ont ands, satisfying〈p(1)

i (t, s; z), p(2)

j (t, s; z)〉t,s = δi j hi with regard
to the inner product

〈 f (z), g(z)〉t,s :=
∮

S1

dz

2π i z
f (z)g(z−1)e

∑∞
1 (ti zi −si z−i ) , t, s ∈ C

∞ .

The statement of Theorem 0.3 contains the elementary Schur polynomial2 pn,
defined bye

∑∞
1 ti zi :=

∑

i≥0 pi (t1, t2, . . . )zi and applied to the spectrumxk = ei θk

of the unitary matrixM ∈ U (n).

THEOREM 0.3 Consider the following variables, expressed in terms of the expec-
tation for the distribution above or expressed in terms of the bi-orthogonal polyno-
mials evaluated at z= 0:

xn(t, s) := Et,s
U(n) pn

(

− Tr M, −1

2
Tr M2, −1

3
Tr M3, . . .

)

= pn(−τ̃t)τn(t, s)

τn(t, s)
= p(1)

n (t, s; 0) ,

yn(t, s) := Et,s
U(n) pn

(

− Tr M̄, −1

2
Tr M̄2,−1

3
Tr M̄3, . . .

)

= pn(τ̃s)τn(t, s)

τn(t, s)
= p(2)

n (t, s; 0) .

The xn and yn satisfy the following integrable Hamiltonian system:

τxn

τti
= (1 − xnyn)

τ H (1)

i

τyn
,

τyn

τti
= −(1 − xnyn)

τ H (1)

i

τxn
,

τxn

τsi
= (1 − xnyn)

τ H (2)

i

τyn
,

τyn

τsi
= −(1 − xnyn)

τ H (2)

i

τxn
,

(Toeplitz lattice)

with initial condition xn(0, 0) = yn(0, 0) = 0 for n ≥ 1 and boundary condition
x0(t, s) = y0(t, s) = 1. The traces

H (k)

i = −1

i
Tr L i

k , i = 1, 2, 3, . . . , k = 1, 2 ,

of the matrices Li below are integrals in involution with regard to the symplectic
structure

ω :=
∞
∑

1

dxk ∧ dyk

1 − xkyk
,

2The Schur polynomial should not be confused with the bi-orthogonal polynomialsp(k)
i (t, s; z).
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where L1 and L2 are given by the“ rank 2” semi-infinite matrices

h−1L1h :=










−x1y0 1 − x1y1 0 0 · · ·
−x2y0 −x2y1 1 − x2y2 0 · · ·
−x3y0 −x3y1 −x3y2 1 − x3y3 · · ·
−x4y0 −x4y1 −x4y2 −x4y3 · · ·

...
...

...
...

. . .










and

L2 :=










−x0y1 −x0y2 −x0y3 −x0y4 · · ·
1 − x1y1 −x1y2 −x1y3 −x1y4 · · ·

0 1− x2y2 −x2y3 −x2y4 · · ·
0 0 1 − x3y3 −x3y4 · · ·
...

...
...

...
. . .










.

Moreover, the precise“ rank2” structure of L1 and L2 is preserved by the equations

τL i

τtn
=

[

(Ln
1)+, L i

]

and
τL i

τsn
=

[

(Ln
2)−, L i

]

, i = 1, 2, n = 1, 2, . . .

(2-Toda lattice)

Remark.The first equation in the hierarchy above, corresponding to the Hamilto-
nians

H (1)

1 = − Tr L1 =
∞
∑

0

xi+1yi , H (2)

1 = − Tr L2 =
∞
∑

0

xi yi+1 ,

reads

τxn

τt1
= xn+1(1 − xnyn) ,

τyn

τt1
= −yn−1(1 − xnyn) ,

τxn

τs1
= xn−1(1 − xnyn) ,

τyn

τs1
= −yn+1(1 − xnyn) .

Here we outline the ideas and the results in the paper. Throughout, consider a
weightρ(x)dx on an intervalF ⊂ R satisfying3

(0.4) −ρ ′(x)

ρ(x)
=

∑

i≥0 bi xi

∑

i≥0 ai xi
= g(x)

f (x)
with ρ(x) decaying rapidly atτF .

We now define two time-dependent inner products, one given by a weightρ(x)dx
on the real lineR and another given by a contour integration about the unit circle

3Decaying rapidly meansρ(x) f (x) = 0 at finite boundary points ofF , or ρ(x) f (x)xk → 0
whenx → {an infinite boundary point} for all k = 0, 1, 2, . . . .
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S1 ⊂ C,

(0.5)











〈 f (x), g(x)〉t :=
∫

R

f (x)g(x)e
∑∞

1 ti xi
ρ(x)dx , t ∈ C

∞

〈 f (z), g(z)〉t,s :=
∮

S1

dz

2π i z
f (z)g(z−1)e

∑∞
1 (ti zi −si z−i ) , t, s ∈ C

∞ .

These inner products lead to Hänkel and Toeplitz moment matrices, respectively,
{

mn(t) :=
(

〈xi , x j 〉t

)

0≤i, j ≤n−1 (Hänkel)

mn(t, s) :=
(

〈zi , z j 〉t,s
)

0≤i, j ≤n−1 (Toeplitz).

The determinantsτn of themn’s have different representations: On the one hand,
as multiple integrals, involving Vandermonde’s
n(z), and on the other hand, as
inductive expressions in terms ofτn−1 involving a vertex operator,4

(0.6) X12(t, s; u, v) = �⊤e
∑∞

1 (ti ui −si v
i )e−

∑∞
1 ( u−i

i
τ

τti
− v−i

i
τ

τsi
)
χ(uv) ,

to be explained in (0.7). Theτn(t) andτn(t, s) are, respectively, solutions to the
standard Toda lattice, and the so-called Toeplitz lattice, both reductions of the semi-
infinite 2D Toda lattice:5

(0.7) In = n! detτn = n! detmn =
























∫

Rn

2

n

n
∏

k=1

e
∑∞

i =1 ti zi
kρ(zk)dzk =

∫

R

duρ(u)

(

X12

(
s + t

2
,

s − t

2
; u, u

)

I

)

n

(standard Todaτ -functions)
∮

(S1)n
|
n|2

n
∏

k=1

e
∑∞

1 (ti zi
k−si z

−i
k ) dzk

2π i zk
=

∫

S1

du

2π iu

(

X12(t, s; u, u−1)I
)

n

(2-Todaτ -functions)

whereτn(t) andτn(t, s) satisfy the following differential equations (the second one
is new)























τ4

τt4
1

logτn + 6

(
τ2

τt2
1

logτn

)2

+ 3
τ2

τt2
2

logτn − 4
τ2

τt1τt3
logτn = 0

(KP equation)

τ2

τs2τt1
logτn = −2

τ

τs1
log

τn

τn−1
· τ2

τs1τt1
logτn − τ3

τs2
1τt1

logτn

(2-Toda equation).

4Forv = (v0, v1, . . . )⊤, (�v)n = vn+1, (�⊤v)n = vn−1 andχ(z) := (1, z, z2, . . . ).
5The expressionX12(

s+t
2 , s−t

2 ; u, u) is actually independent ofs! The expressions in (0.7) are

inductive inn because of the presence of the downward shift�⊤ in X12.
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The unique factorization of the time-dependent semi-infinite moment matricesm∞
(defined just under (0.5)) into lower- times upper-triangular matrices

(0.8)

{

m∞(t) = S(t)−1S⊤−1(t)

m∞(t, s) = S1(t, s)−1S2(t, s)

leads to matricesS(t), S1(t, s), andS2(t, s) of the form

S(t) =
∑

i≤0

ai �
i , S1(t, s) =

∑

i≤0

bi �
i , S2(t, s) =

∑

i≥0

b′
i �

i ,

with b0 = I andai , bi , b′
i diagonal matrices. By “dressing up” the shift� (defined

in footnote 4), they evolve according to the following integrable systems:








L(t) = S(t)�S−1(t) : symmetric and tridiagonal (Toda lattice)
{

L1(t, s) = S1(t, s)�S−1
1 (t, s)

L2(t, s) = S2(t, s)�⊤S−1
2 (t, s)

(Toeplitz lattice).

As already pointed out in (0.7), that expression involves the following reduction of
the 2-Toda vertex operatorX12:

(0.9)









X12

(
s + t

2
,

s − t

2
; u, u

)

=: X(t; u) = �⊤χ(u2)e
∑∞

1 ti ui
e−2

∑∞
1

u−i
i

τ
τti

X12(t, s; u, u−1) = �⊤e
∑∞

1 (ti ui −si u−i )e−
∑∞

1 ( u−i
i

τ
τti

− ui
i

τ
τsi

)
.

Each of these vertex operators leads to Virasoro algebrasJ(2)
m andV(2)

m of central
chargec = 1 andc = 0, respectively, defined by









τ

τu
um+1 f (u)X(t, u)ρ(u) =

[

J(2)
m (t), X(t, u)ρ(u)

]

τ

τu
um+1X12(t, s; u, u−1)

u
=

[

V(2)
m (t, s),

X12(t, s; u, u−1)

u

]

,

and having the explicit expressions (see notation (0.4)).

J(2)
m (t) :=

∑

i≥0

(

ai
β
J

(2)

i+m(t) − bi
β
J

(1)

i+m+1(t)
)∣
∣
β=2 ,

V(2)
m (t, s) := β

J
(2)
m (t) − β

J
(2)
−m(−s)

− m
(

θ β
J

(1)
m (t) + (1 − θ) β

J
(1)
−m(−s)

)∣
∣
β=1 ,

(0.10)

in terms of generatorsβJ(2)
m defined in (A.3) below and arbitraryθ .

The point is that a big subalgebra ofJ(2)
m ’s and a small one ofV(2)

m ’s annihilate
τn(t) andτn(t, s), respectively, for appropriateθ and for alln ≥ 0,

{

J(2)
m τn(t) = 0 for m ≥ −1

V(2)
m τn(t, s) = 0 for m = −1, 0, 1 (SL(2, Z)-algebra).
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To summarize, we have that combining these equations and restricting to the three
different lociL below always leads to Painlevé V:







KP(τn) = 0,

J(2)
m τn(t) = 0,

for m = −1, 0







∣
∣
∣
∣
∣
∣
L=

{

t1 = x , all other
ti = 0

}

=⇒
{

PainlevéV for

O±(n)-integral











2-Toda PDE
V(2)

m τn(t, s) = 0 ,

for m = −1, 0, 1
Toeplitz relation











∣
∣
∣
∣
∣
∣
∣
∣

L =
{

t1, s1 �= 0 , all other
ti , si = 0

}

or

L =
{

all i ti = −k(−1)i ,

si = 0 excepts1 = x

}

⇒
{

PainlevéV for

U(n)-integral.

1 Integrals over Classical Groups and Combinatorics

This section contains a number of useful facts about integrals over groups, its
relation with combinatorics, and finally the behavior of some of the integrals near
x = 0.

The situation is quite different depending on whether one integrates over the
real(O±, Sp(ℓ)) or the complex(U(ℓ)). The real group integrals involve the Jacobi
weight,

(1.1) ραβ(z)dz := (1 − z)α(1 + z)β dz for α, β = ±1

2

and the Chebyshev polynomialsTn(z), defined by Tn(cosθ) := cosnθ . In par-
ticular, we haveT1(z) = z. We now have the following theorem (see Johansson
[14]):

PROPOSITION1.1 (Weyl) Defining

g(z) := 2
∞
∑

1

ti Ti (z) ,

the following holds:
∫

U(n)

e
∑∞

1 tr(ti M i −si M̄ i )d M = 1

n!

∫

(S1)n

|
n(z)|2
n
∏

k=1

e
∑∞

1 (ti zi
k−si z

−i
k ) dzk

2π i zk

∫

O(2n+1)+

e
∑∞

1 ti tr M i
d M = e

∑∞
1 ti

∫

[−1,1]n


n(z)
2

n
∏

k=1

eg(zk)ρ( 1
2 ,− 1

2 )(zk)dzk

∫

O(2n+1)−

e
∑∞

1 ti tr M i
d M = e

∑∞
1 (−1)i ti

∫

[−1,1]n


n(z)
2

n
∏

k=1

eg(zk)ρ(− 1
2 , 1

2 )(zk)dzk
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∫

O(2n)+

e
∑∞

1 ti tr M i
d M =

∫

[−1,1]n


n(z)
2

n
∏

k=1

eg(zk)ρ(− 1
2 ,− 1

2 )(zk)dzk

∫

O(2n)−

e
∑∞

1 ti tr M i
d M = e

∑∞
1 2t2i

∫

[−1,1]n−1


n−1(z)
2

n−1
∏

k=1

eg(zk)ρ( 1
2 , 1

2 )(zk)dzk

∫

Sp(n)

e
∑∞

1 ti tr M i
d M =

∫

[−1,1]n


n(z)
2

n
∏

k=1

eg(zk)ρ( 1
2 , 1

2 )(zk)dzk .(1.2)

With this normalization, we have(see AppendixC)
∫

U(n)

d M = 1 ,

∫

O(2n+1)±

d M = 2n2
n
∏

j =1

j ! ( j − 1
2)Ŵ

2( j − 1
2)

(n + j − 1)! ,

∫

O(2n)+

d M = 2n(n−1)

n
∏

j =1

j ! Ŵ2( j − 1
2)

(n + j − 2)! ,

∫

O(2n)−

d M = 2n(n−1)

n−1
∏

j =1

j ! Ŵ2( j + 1
2)

(n + j − 1)! .

Letting ι ∈ Sn denote the permutationk → n + 1 − k, we also state:

PROPOSITION1.2 The combinatorial quantities that follow have an expression in
terms of integrals over groups:

∑

n≥0

x2n

(n!)2
#{π ∈ Sn : σn(π) ≤ ℓ} = EU(ℓ)e

x tr(M+M̄) ,

∑

n≥0

x2n

(2n)! #

{

π ∈ S4n : π2 = 1, (πι)2 = 1,

π(y) �= y, ιy, σ4n(π) ≤ 2ℓ

}

= EU(ℓ)e
x tr(M+M̄) ,

2
∑

n≥0

x2n

(2n)! #

{

π ∈ S2n : π2 = 1,

π(y) �= y, σ2n(π) ≤ ℓ

}

= EO−(ℓ)e
x tr M + EO+(ℓ)e

x tr M ,

∑

n≥0

xn

n! #{π ∈ Sn : π2 = 1, σn(π) ≤ ℓ} = ex EO−(ℓ+1)e
x tr M ,

∑

n≥0

xn

n! #{π ∈ Sn : (ιπ)2 = 1, σn(π) ≤ ℓ} = ex EO−(ℓ+1)e
x tr M ,
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∑

n≥0

x2n

(2n)! #

{

π ∈ S2n : (πι)2 = 1,

π(y) �= ιy, σ2n(π) ≤ 2ℓ

}

= EO−(2ℓ+2)e
x tr M ,

∑

n≥0

x2n

(n!)2
#{π ∈ S2n : πι = ιπ, σ2n(π) ≤ 2ℓ} = E2

U(ℓ)e
x tr(M+M̄) ,

∑

n≥0

x2n

(n!)2
#

{

π ∈ S2n : πι = ιπ,

σ2n(π) ≤ 2ℓ + 1

}

= EU(ℓ)e
x tr(M+M̄)

· EU(ℓ+1)e
x tr(M+M̄) ,

∑

n≥0

xn

n! #{π ∈ Sn,k : σn(π) ≤ ℓ} = EU(ℓ) det(I + M)kex tr M̄ .

The first identity goes back to Gessel [12] and in this precise form to Rains [16].
The third, seventh, and eight equalities between the combinatorics and the integral
expression above are due to Rains [16], the next ones are due to Baik and Rains
[8], and the last one is due to Tracy and Widom [19].

We now state the following elementary lemma:

LEMMA 1.3

e
x2
2 =

∞
∑

n=0

x2n

(2n)! #
{

π ∈ S2n : π2 = 1, fixed-point free
}

=
∞
∑

n=0

x2n

(2n)!
(2n)!
2nn! ,

e
x2
2 +x =

∞
∑

n=0

xn

(n)! #
{

π ∈ Sn : π2 = 1
}

=
∞
∑

n=0

xn

(n)!
∑

0≤m≤[ n
2 ]

(

n
2m

)
(2m)!
2mm! .

We now estimate the following integrals over O(ℓ + 1) and U(ℓ) nearx = 0.
In all cases, one notices a big gap in the expansion, roughly speaking, of the order
ℓ. This would be hard to obtain at the level of the integrals, but easy to obtain via
combinatorics.

PROPOSITION1.4 The following estimates hold near x= 0:

EO±(ℓ+1)e
x Tr M = exp

(
x2

2
± xℓ+1

(ℓ + 1)! + O(xℓ+2)

)

,

EO+(ℓ+1)e
x Tr M + EO−(ℓ+1)e

x Tr M = 2 exp

(
x2

2
+ O(xℓ+2)

)

.(1.3)

PROOF: From the second relation in Lemma 1.3, it follows that

#{π ∈ Sn : π2 = 1, σn(π) ≤ ℓ}

=









#{π ∈ Sn : π2 = 1} =
∑

0≤m≤[n/2]

(
n

2m

)
(2m)!
2mm! for n ≤ ℓ

#{π ∈ Sℓ+1 : π2 = 1} − 1 for n = ℓ + 1 .
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Hence we have from the fourth identity of Proposition 1.2 and from Lemma 1.3

ex EO−(ℓ+1)e
x tr M =

∑

n≥0

xn

n! #
{

π ∈ Sn : π2 = 1, σn(π) ≤ ℓ
}

= exp

(
x2

2
+ x − xℓ+1

(ℓ + 1)! + O(xℓ+2)

)

,

and so

(1.4) EO−(ℓ+1)e
x tr M d M = exp

(
x2

2
− xℓ+1

(ℓ + 1)! + O(xℓ+2)

)

.

But for 2n ≤ ℓ + 1,

#
{

π ∈ S2n : π2 = 1, σ2n(π) ≤ ℓ + 1, fixed-point free
}

=
{

π ∈ S2n : π2 = 1, fixed-point free
}

= (2n)!
2nn! ,

and so, from the third identity of Proposition 1.2,

EO−(ℓ+1)e
x tr M + EO+(ℓ+1)e

x tr M

= 2
∞
∑

n=0

x2n

(2n)!#
{

π ∈ S2n : π2 = 1, σ2n(π) ≤ ℓ + 1, fixed-point free
}

= 2 exp

(
x2

2
+ O(xℓ+2)

)

,

which establishes the second relation (1.3). Combining this formula with (1.4)
leads to the following estimate nearx = 0:

EO+(ℓ+1)e
x tr M = exp

(
x2

2
+ xℓ+1

(ℓ + 1)! + O(xℓ+2)

)

,

which establishes the first relation (1.3). �

PROPOSITION1.5 The following estimates hold near x= 0:

EU(ℓ)e
√

x tr(M+M̄)d M = exp

(

x − xℓ+1

((ℓ + 1)!)2
+ O(xℓ+2)

)

,

EU(ℓ) det(I + M)ke−x tr M̄d M = exp

(

kx − xℓ+1

(ℓ + 1)!

(
k + ℓ

ℓ + 1

)

+ O(xℓ+2)

)

.
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PROOF: Using the first identity of Proposition 1.2, we have

Iℓ := EU(ℓ)e
√

x tr(M+M̄) d M

=
∞
∑

0

xn

(n!)2
#
{

π ∈ Sn : σn(π) ≤ ℓ
}

=
ℓ

∑

0

xn

n! + xℓ+1

(ℓ + 1)!2 ((ℓ + 1)! − 1) + O(xℓ+2)

= exp

(

x − xℓ+1

(ℓ + 1)!2 + O(xℓ+2)

)

.

Since the number of (increasing) sequences

ℓ+1
︷ ︸︸ ︷

(1, 1, . . . , 2, 2, 2, . . . , k, k, k)

of lengthℓ + 1 and consisting ofk symbols is given by
(k+ℓ

ℓ+1

)

, one computes for
Sℓ,k ={words of lengthℓ from an alphabet ofk letters}:

#
{

π ∈ Sn,k : σn(π) ≤ ℓ
}

= kn for n ≤ ℓ ,

#
{

π ∈ Sℓ+1,k : σℓ+1(π) ≤ ℓ
}

= kℓ+1 −
(

k + ℓ

ℓ + 1

)

for n = ℓ + 1 .

Therefore, using the last identity of Proposition 1.2, one finds

Iℓ := EU(ℓ) det(I + M)ke−x tr M̄ d M0

=
∞
∑

0

xn

n! #
{

π ∈ Sn,k : σn(π) ≤ ℓ
}

=
ℓ

∑

0

xn

n! kn + xℓ+1

(ℓ + 1)!

(

kℓ+1 −
(

k + ℓ

ℓ + 1

))

+ O(xℓ+2)

= exp

(

kx − xℓ+1

(ℓ + 1)!

(
k + ℓ

ℓ + 1

)

+ O(xℓ+2)

)

.

�
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2 2-Toda Lattice and Reductions (Hänkel and Toeplitz)

2.1 2-Toda on Moment Matrices and Identities forτ -Functions

2-Todaτ -functionsτn(t, s), n ∈ Z, depend on two sets of time variablest, s ∈
C∞ and are defined by the following bilinear identities for allm, n ∈ Z:

(2.1)
∮

z=∞
τn

(

t − [z−1], s
)

τm+1
(

t ′ + [z−1], s′)e
∑∞

1 (ti −t ′i )z
i
zn−m−1 dz =

∮

z=0
τn+1

(

t, s − [z]
)

τm

(

t ′, s′ + [z]
)

e
∑∞

1 (si −s′
i )z

−i
zn−m−1 dz,

or, specified in terms of the Hirota symbol,6 by

(2.2)
∞
∑

j =0

pm−n+ j (−2a)pj (τ̃t)e
∑∞

1

(

ak
τ

τtk
+bk

τ
τsk

)

τm+1 ◦ τn =

∞
∑

j =0

p−m+n+ j (−2b)pj (τ̃s)e
∑∞

1

(

ak
τ

τtk
+bk

τ
τsk

)

τm ◦ τn+1 .

For the semi-infinite case, the same definitions hold but forn, m ≥ 0.

THEOREM 2.1 2-Todaτ -functions satisfy the following:

(i) theKP-hierarchyin t and s separately, of which the first equation reads

(
τ

τt1

)4

logτ + 6

(
(

τ

τt1

)2

logτ

)2

+ 3

(
τ

τt2

)2

logτ − 4
τ2

τt1τt3
logτ = 0 ,

(ii) an identity involving t and s and nearest neighborsτn−1 andτn,

τ2

τs1τt1
logτn = −τn−1τn+1

τ 2
n

,

(iii) a (new) identity involving t and s and nearest neighborsτn−1 andτn,

(2.3)
τ2

τs2τt1
logτn = −2

τ

τs1
log

τn

τn−1
· τ2

τs1τt1
logτn − τ3

τs2
1τt1

logτn .

The proof of this theorem will be given later in this section.

6For the customary Hirota symbol,p(τt ) f ◦ g := p
(

τ
τy

)

f (t + y)g(t − y)
∣
∣
y=0.
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The “wave vectors” defined in terms ofτn(t, s),7

�1(t, s, z) =
(

τn(t − [z−1], s)

τn(t, s)
e
∑∞

1 ti zi
zn

)

n∈Z

=: e
∑∞

1 ti zi
S1χ(z) ,(2.4)

�∗
2(t, s, z) =

(
τn(t, s + [z])

τn+1(t, s)
e−

∑∞
1 si z−i

z−n

)

n∈Z

=: e−
∑∞

1 si z−i
(S−1

2 )⊤χ(z−1) ,

specify lower- and upper-triangular wave matricesS1 andS2, respectively. They,
in turn, define a pair of matricesL1 andL2,

L1 := S1�S−1
1 =

∑

−∞<i≤0

a(1)

i �i + � ,

L2 := S2�
⊤S−1

2 =
∑

−1≤i<∞
a(2)

i �i ,
(2.5)

where� = (δj −i,1)i, j ∈Z anda(1)

i anda(2)

i are diagonal matrices depending ont =
(t1, t2, . . . ) ands = (s1, s2, . . . ). Then

(2.6) z�1 = L1�1 and z−1�∗
2 = L⊤

2 �∗
2 ,

and the matricesL i satisfy the 2-Toda lattice equations

τL i

τtn
=

[(

Ln
1

)

+, L i

]

and
τL i

τsn
=

[(

Ln
2

)

,
L i

]

(2.7)

i = 1, 2 andn = 1, 2, . . . ,

with �1 and�∗
2 satisfying the following differential equations:

τ�1

τtn
= (Ln

1)+�1 ,
τ�1

τsn
= (Ln

2)−�1 ,

τ�∗
2

τtn
= −((Ln

1)+)⊤�∗
2 ,

τ�∗
2

τsn
= −((Ln

2)−)⊤�∗
2 .

For future use, define the diagonal matrix as

(2.8) h := (. . . , h−1, h0, h1, . . . ) wherehk(t, s) := τk+1(t, s)

τk(t, s)
.

7We have

χ(z) =
(

. . . , z−1, 1, z1, . . .
)

in the bi-infinite case

=
(

1, z, z2, . . .
)

in the semi-infinite case.

Also, �−1 should always be interpreted as�⊤ in the semi-infinite case.
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In [4] we have shown thatLk
1 has the following expression in terms ofτ -functions:8

Lk
1 =

∞
∑

ℓ=0

diag

(

pℓ(τ̃t)τn+k−ℓ+1 ◦ τn

τn+k−ℓ+1τn

)

n∈Z

�k−ℓ ,

hL⊤k
2 h−1 =

∞
∑

ℓ=0

diag

(

pℓ(−τ̃s)τn+k−ℓ+1 ◦ τn

τn+k−ℓ+1τn

)

n∈Z

�k−ℓ .

(2.9)

There is a general involution in the equation, which we shall frequently use,
namely,t ←→ −s, L1 ←→ hL⊤

2 h−1.
Finally, we define the 2-Toda vertex operator, which is the generating function

for the algebra of symmetries acting onτ -functions (it will play a role later!),

(2.10) X12(t, s; u, v) = �−1e
∑∞

1 (ti ui −si v
i )e−

∑∞
1

(
u−i

i
τ

τti
− v−i

i
τ

τsi

)

χ(uv) ,

leading to a Virasoro algebra (see Appendix A) withβ = 1 and thus with central
chargec = −2,

τ

τu
uk+1

X12(t, s; u, v) =
[
β
J

(2)

k (t)
∣
∣
β=1, X12(t, s; u, v)

]

,

uk
X12(t, s; u, v) =

[
β
J

(1)

k (t)
∣
∣
β=1, X12(t, s; u, v)

]

,(2.11)

with generators (int), explicitly given by (A.3). Similarly, the involutionu ↔ v,
t ↔ −s, leads to the same Virasoro algebra ins with same central charge.

PROPOSITION2.2

(

Lk
1

)

n,n
= pk(τ̃t)τn+1 ◦ τn

τn+1τn
= τ

τtk
log

τn+1

τn
,

(

hL⊤k
2 h−1

)

n,n
= pk(−τ̃s)τn+1 ◦ τn

τn+1τn
= − τ

τsk
log

τn+1

τn
,

(2.12)

and

(

Lk
1

)

n,n+1 = pk−1(τ̃t)τn+2 ◦ τn

τn+2τn
=

τ2 logτn+1
τs1τtk

τ2 logτn+1
τs1τt1

,

(

hL⊤k
2 h−1

)

n,n+1 = pk−1(−τ̃s)τn+2 ◦ τn

τn+2τn
=

τ2 logτn+1
τt1τsk

τ2 logτn+1
τs1τt1

.

(2.13)

PROOF: Relations (2.12) follow from (2.7) and a standard argument; see [4,
theorem 0.1, formula (0.15)].

8pℓ(τ̃) f ◦ g refers to the Hirota operation, defined before. Here thepℓ are the elementary Schur

polynomialse
∑∞

1 ti zi :=
∑

i≥0 pi (t)z
i . Also pℓ(τ̃t ) := pℓ

(
τ

τt1
, 1

2
τ

τt2
, 1

3
τ

τt3
, . . .

)

and pℓ(−τ̃s) =
pℓ

(

− τ
τs1

,−1
2

τ
τs2

,−1
3

τ
τs3

, . . .
)

.
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To prove (2.13), setm = n + 1 and allbk andak = 0 except for oneaj +1 in the
Hirota bilinear relation (2.2). The first nonzero term in the sum on the left-hand
side of that relation, which is also the only one containingaj +1 linearly, reads

(2.14) pj +1(−2a)pj (τ̃t)e
aj +1

τ
τtj +1 τn+2 ◦ τn + · · · =

− 2aj +1 pj (τ̃t)τn+2 ◦ τn + O
(

a2
j +1

)

,

whereas the right-hand side equals

(2.15) p0(0)p1(τ̃s)e
aj +1

τ
τtj +1 τn+1 ◦ τn+1 =

τ

τs1

(

1 + aj +1
τ

τtj +1
+ · · ·

)

τn+1 ◦ τn+1 .

Comparing the coefficients ofaj +1 in (2.14) and (2.15) yields

−2pj (τ̃t)τn+2 ◦ τn = τ2

τs1τtj +1
τn+1 ◦ τn+1 .

In particular, we have

(2.16)
pk−1(τ̃t)τn+2 ◦ τn

τ 2
n+1

= − τ2

τs1τtk
logτn+1 ,

and so, fork = 1,

(2.17)
τnτn+2

τ 2
n+1

= − τ2

τs1τt1
logτn+1 .

Dividing (2.16) and (2.17) leads to the first equality in (2.13), since according to
(2.9), the(n, n + 1)-entry ofLk

1 is precisely given by (2.16). The similar result for
Lk

2 is given by the involution

t ←→ −s and L1 ←→ hL⊤
2 h−1 .

�

LEMMA 2.3 The first upper subdiagonal of L2
1 and hL⊤2

2 h−1 reads

(

L2
1

)

n,n+1 = τ

τt1
log

τn+2

τn
=

τ2

τs1τt2
logτn+1

τ2

τs1τt1
logτn+1

(2.18)

= τ

τt1
log

(
(

τn+1

τn

)2
τ2

τs1τt1
logτn+1

)

,

(

hL⊤2
2 h−1

)

n,n+1 = − τ

τs1
log

τn+2

τn
=

τ2

τt1τs2
logτn+1

τ2

τt1τs1
logτn+1

= − τ

τs1
log

(
(

τn+1

τn

)2
τ2

τs1τt1
logτn+1

)

.
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PROOF: From Proposition 2.2(k = 2), we have the first two identities in
(2.18); it also follows from these identities that

τ2 logτn+1

τs1τt2

= τ2 logτn+1

τs1τt1

τ

τt1
log

τn+2

τn

= τ2 logτn+1

τs1τt1

(
τ

τt1
log

τn+2

τn+1
+ τ

τt1
log

τn+1

τn

)

= τ2 logτn+1

τs1τt1

·
(

τ

τt1
log

(

−τn+1

τn

τ2

τs1τt1
logτn+1

)

+ τ

τt1
log

τn+1

τn

)

using (3.17)

= τ2 logτn+1

τs1τt1

(

2
τ

τt1
log

τn+1

τn
+ τ

τt1
log

(
τ2

τs1τt1
logτn+1

))

= 2
τ

τt1
log

τn+1

τn

τ2

τs1τt1
logτn+1 + τ

τt1

(
τ2

τs1τt1
logτn+1

)

,

which establishes the first equation (2.18). The second equation (2.18) is simply
the dual of the first one byti �→ −si . �

PROOF OFTHEOREM 2.1: The first statement concerning the KP hierarchy is
standard. The proof of the second identity follows immediately from (2.16) for
k = 1, and the third identity from the last identity in the proof of Lemma 2.3 and
the duality. �

A prominent example of the semi-infinite 2-Toda lattice is given by an (arbi-
trary) (t, s)-dependent semi-infinite matrix

(2.19) m∞(t, s) = (µi j (t, s))0≤i, j <∞ with mn(t, s) = (µi j (t, s))0≤i, j ≤n−1 ,

evolving according to the equations

(2.20)
τm∞
τtk

= �km∞ and
τm∞
τsk

= −m∞(�⊤)k .

According to [2], the formal solution to this problem is given by

(2.21) m∞(t, s) = e
∑∞

1 ti �i
m∞(0, 0)e−

∑∞
1 si �

⊤i = S−1
1 (t, s)S2(t, s) ,

where the associated unique factorization into lower- times upper-triangular ma-
trices actually lead to the wave matricesS1 andS2, as defined in the general Toda
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theory (2.4). The expression (2.21) contains the matrix of Schur polynomials9

e
∑∞

1 ti �i =
∞
∑

0

�i pi (t) =
(

pj −i (t)
)

1≤i<∞
1≤ j <∞

,

of which a truncated version is given by the followingn × ∞ submatrixpi (t):

En(t) =










1 p1(t) p2(t) . . . pn−1(t) pn(t) . . .

0 1 p1(t) . . . pn−2(t) pn−1(t) . . .
...

...
...

. . .
...

... · · ·
0 0 0 . . . p1(t) p2(t) . . .

0 0 0 . . . 1 p1(t) . . .










=
(

pj −i (t)
)

1≤i≤n
1≤ j <∞

.(2.22)

So, for a semi-infinite initial conditionm∞(0, 0), the τ -functions of the 2-Toda
problem are given by

(2.23) τn(t, s) := detmn(t, s) = det
(

En(t) m∞(0, 0) E⊤
n (−s)

)

.

Incidentally, the wave vectors�1 and�∗
2 define monic polynomialsp(1)(x) and

p(2)(y),

�1 := e
∑

tkzk
p(1)(z) = e

∑

tkzk
S1χ(z) ,

�∗
2 := e−

∑

skz−k
h−1 p(2)(z−1) = e−

∑

skz−k
(S−1

2 )⊤χ(z−1) ,
(2.24)

which arebi-orthogonalwith regard to the original matrixm∞; that is, for allt, s,

(2.25) 〈p(1)
n , p(2)

m 〉 = δn,mhn for the inner product defined by〈xi , y j 〉 := µi j

with hn as in (2.8).

PROPOSITION2.4 Given the semi-infinite initial condition m∞(0, 0), the2-Toda
τ -function has the following expansion in Schur polynomials,10

(2.26) τn(t, s) =
∑

λ,ν

λ̂1,ν̂1≤n

det(mλ,ν)sλ(t)sν(−s) for n > 0 ,

where the sum is taken over all Young diagramsλ andν, with first columnŝλ1 and
ν̂1 ≤ n and where

(2.27) mλ,ν := (µλi −i+n,νj − j +n)1≤i, j ≤n .

9The Schur polynomialspi , defined bye
∑∞

1 ti zi =
∑∞

0 pk(t)zk and pk(t) = 0 for k < 0 are

not to be confused with the bi-orthogonal polynomialsp(k)
i , k = 1, 2.

10For a given Young diagramλ1 ≥ · · · ≥ λn, definesλ(t) = det(pλi −i+ j (t))1≤i, j ≤n.
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PROOF: Note that every increasing sequence 1≤ k1 < · · · < kn < ∞ can be
mapped into a Young diagramλ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0 by settingkj = j +λn+1− j .
Relabeling the indicesi, j with 1 ≤ i, j ≤ n, by setting j ′ := n − j + 1, i ′ :=
n − i + 1, we have 1≤ i ′, j ′ ≤ n, kj − i = λj ′ − j ′ + i ′, andki − 1 = λi ′ − i ′ + n.
The same can be done for the sequence 1≤ ℓ1 < · · · < ℓn < ∞, leading to the
Young diagramν, using the same relabeling. Applying the Cauchy-Binet formula
twice, expression (2.23) leads to

τn(t, s)

= det
(

En(t)m∞(0, 0)E⊤
n (−s)

)

=
∑

1≤k1<···<kn<∞
det

(

pkj −i (t)
)

1≤i, j ≤n
det

(

(m∞(0, 0)E⊤
n (−s))ki ,ℓ

)

1≤i,ℓ≤n

=
∑

1≤k1<···<kn<∞
det

(

pkj −i (t)
)

1≤i, j ≤n
det

(

(µki −1, j −1) 1≤i≤n
1≤ j <∞

(pi− j (−s))1≤i<∞
1≤ j ≤n

)

=
∑

1≤k1<···<kn<∞
det

(

pkj −i (t)
)

1≤i, j ≤n

∑

1≤ℓ1<···<ℓn<∞
det

(

µki −1,ℓj −1
)

1≤i, j ≤n
det

(

pℓi − j (−s)
)

1≤i, j ≤n

=
∑

λ
λ̂1≤n

det
(

pλj ′− j ′+i ′(t)
)

1≤i ′, j ′≤n

∑

ν
ν̂1≤n

det
(

µλi ′−i ′+n,νj ′− j ′+n
)

1≤i ′, j ′≤n
det

(

pνi ′−i ′+ j ′(−s)
)

1≤i ′, j ′≤n

=
∑

λ,ν

λ̂1,ν̂1≤n

det(µλ,ν)sλ(t)sν(−s) .

�

2.2 Reduction to Hänkel Matrices: The Standard Toda Lattice and a
Virasoro Algebra of Constraints

In the notation of (2.7), consider the locus of(L1, L2)’s such thatL1 = L2.
This means the matrixL1 = L2 is tridiagonal. From equations (2.7), it follows that
along that locus,

τ(L1 − L2)

τtn
= 0 ,

τ(L1 − L2)

τsn
= 0 .

We now define new variablest ′
n ands′

n by

(2.28) t ′
n = tn − sn and s′

n = tn + sn ,
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and thus

(2.29)
τ

τt ′
n

= 1

2

(
τ

τtn
− τ

τsn

)

,
τ

τs′
n

= 1

2

(
τ

τtn
+ τ

τsn

)

.

Then

(2.30)
τL i

τs′
n

= 1

2

(
τ

τtn
+ τ

τsn

)

L i = [(Ln
1)+ + (Ln

2)−, L i ] = [Ln
i , L i ] = 0

and

τL i

τt ′
n

= 1

2

(
τ

τtn
− τ

τsn

)

L i = 1

2
[(Ln

1)+ − (Ln
2)− + Ln

i , L i ]

= [(Ln
1)+, L i ] usingL1 = L2 .(2.31)

So, equation (2.30) implies thatL1 = L2 is independent ofs′. Sinceτ(t, s) is a
function oft − s only, we may setτ(t ′) := τ(t − s). After noting (see (2.12))

τ

τt ′
k

loghn =
(

Lk
1

)

n,n
,

this situation leads to the standard Toda lattice equations on symmetric and tridiag-
onal matricesL = h−1/2L1h1/2 and wave vectors (expressed in terms of the 2-Toda
wave vectors (2.4))

�(t ′, z) := h−1/2�1(t, s; z)e− 1
2

∑∞
1 (ti +si )zi = h1/2�∗

2(t, s; z−1)e
1
2

∑∞
1 (ti +si )zi

= e
1
2�t ′i z

i
(

zn τn(t ′ − [z−1])√
τn(t ′)τn+1(t ′)

)

n≥0

,(2.32)

namely,

L� = z� ,
τ�

τt ′
n

= 1

2
(Ln)sk� , and

τL

τt ′
n

= 1

2

[

(Ln)sk, L
]

,(2.33)

(standard Toda lattice)

where()sk refers to the skew part in the skew and lower-triangular Lie decomposi-
tion.

We now define the standard Toda vertex operator as the reduction of the 2-Toda
vertex operatorX12, defined in (2.10), using (2.28) and (2.29):

(2.34) X(t ′; z) := X12(t, s; z, z)
∣
∣
t=(s′+t ′)/2
s=(s′−t ′)/2

= �⊤χ(z2)e
∑∞

1 t ′i z
i
e

−2
∑∞

1
z−i

i
τ

τt ′i .

In the rest of this section, we shall omit′ in t ′ ands′. This vertex operatorX(t; z)
generates a Virasoro algebra withβ = 2 and thus central chargec = 1 (see Ap-
pendix A and (A.5))

(2.35)
d

du
uk+1

X(t, u) =
[
β
J

(2)

k (t)
∣
∣
β=2, X(t; u)

]

, k ∈ Z .
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An interestingsemi-infinite exampleof the standard Toda lattice is obtained by
considering a weightρ(z)dz = e−V(z) dzdefined on an intervalF ⊂ R, satisfying
(0.4) and an inner product

(2.36) 〈 f, g〉t :=
∫

R

f (z)g(z)e
∑∞

1 ti zi
ρ(z)dz,

leading to at-dependent moment matrix

(2.37) m∞(t) =
(

µi j (t)
)

0≤i, j ≤∞ =
(

〈yi , y j 〉t
)

0≤i, j <∞ (Hänkel matrix).

THEOREM 2.5 (Adler-van Moerbeke [1])The vectorτ(t) = (τ0 = 1, τ1(t), . . . )
of integrals

τn(t) := 1

n!

∫

Hn

etr(−V(M)+
∑∞

1 ti M i ) d M = 1

n!

∫

Fn


n(z)
2

n
∏

k=1

e
∑∞

i =1 ti zi
kρ(zk)dzk

= det
(

µi j (t)
)

0≤i, j ≤n−1(2.38)

is a set ofτ -functions for the standard Toda lattice. Also, eachτn(t) satisfies the
KP hierarchy, of which the first equation is given in Theorem2.1. It also satisfies
(i) of Theorem0.2 with t1 = x. Moreover, theτn’s satisfy the following Virasoro
constraints forβ = 2 (see(2.35)):

0 = J(2)
m τ(t) , m ≥ −1 ,

:=
∑

k≥0

(

−ak

∑

i+ j =k+m

: β
J

(1)

i
β
J

(1)

j : +bk
β
J

(1)

k+m+1

)∣
∣
∣
∣
β=2

τ(t)

=
(
∑

k≥0

(

−ak

(
β J(2)

k+m + 2n β J(1)

k+m + n2J(0)

k+m

)

+ bk

(
β J(1)

k+m+1 + nδk+m+1,0
)
)∣
∣
∣
β=2

τn(t)

)

n≥0

(2.39)

where the ak and bk are the coefficients(0.4) of the rational functionρ ′/ρ, and
where theβJ

(i )
k and β J(i )

k for β = 2 are given by(A.1), (A.3), and (A.5). The
relation between the vertex operatorX(t, u) andJ(2)

m is given by

(2.40)
τ

τu
um+1 f (u)X(t, u)ρ(u) =

[

−J(2)
m , X(t, u)ρ(u)

]

.

SKETCH OF PROOF: Formula (2.40) is a direct consequence of (2.35), while
(2.39) hinges on the fact that the vectorI = (τ0, τ1, . . . , n!τn, . . . ) of Toda lattice
τ -functions is a fixed point for a certain integrated vertex operator in the following
sense:

(Y I )n := In for n ≥ 1 whereY :=
∫

F

duρ(u)X(t, u) ,



RANDOM PERMUTATIONS 23

which is just an iterated integral formula. Upon integrating (2.40) on the full range
F , deduce[J(2)

m ,Y] = 0 from the boundary conditions (0.4). Acting onI with this
relation, one deduces (2.39) by induction onn and the fact thatτ0 = 1. �

2.3 Reduction to Toeplitz Matrices: 2-Toda Lattice and an SL(2, Z)-
Algebra of Constraints

Consider the following inner product, depending on(t, s):

(2.41) 〈 f (z), g(z)〉t,s :=
∮

S1

ρ(dz)

2π i z
f (z)g(z−1)e

∑∞
1 (ti zi −si z−i ) ,

where the integral is taken over the unit circleS1 around the origin in the complex
planeC. Instead of havingzk⊤ = zk in the Hänkel inner product, we havezk⊤ =
z−k in this inner product:

(2.42) 〈zk f (z), g(z)〉t,s = 〈 f (z), z−kg(z)〉t,s .

Thus the moment matrixm∞, with entries

(2.43) µkℓ(t, s) = 〈zk, zℓ〉t,s =
∮

S1

ρ(dz)

2π i z
zk−ℓe

∑∞
1 (ti zi −si z−i ) ,

is a Toeplitz matrix for all(t, s), satisfying the differential equations (2.20) of the
2-Toda lattice, i.e.,

τµkℓ

τti
= µk+i,ℓ and

τµkℓ

τsi
= −µk,ℓ+i .

THEOREM 2.6 For ρ(dz) = dz, the vectorτ(t, s) = (τ0 = 1, τ1(t, s), . . . ) with

τn(t, s) =
∫

U(n)

e
∑∞

1 Tr(ti M i −si M̄ i ) d M

= 1

n!

∫

(S1)n

|
n(z)|2
n
∏

k=1

(

e
∑∞

1 (ti zi
k−si z

−i
k ) dzk

2π i zk

)

= det
(

µkℓ(t, s)
)

0≤k,ℓ≤n−1

=
∑

{Young diagramsλ with first column≤ n}
sλ(t)sλ(−s)(2.44)

is a vector ofτ -functions for the2-Toda lattice. Hence, they satisfy the identity(2.3)
and (ii) of Theorem0.2 with t1 = x, s1 = y. Moreover, they are annihilated by
the following algebra of three Virasoro partial differential operators, which form a
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SL(2, Z)-algebra(note that the expression below is a semi-infinite vector):

0 = V
(2)

k τ(t, s) for







k = −1 , θ = 0 ,

k = 0 , θ arbitrary ,

k = 1 , θ = 1 ,






only

=
(

β
J

(2)

k (t) − β
J

(2)

−k(−s) − k
(

θ β
J

(1)

k (t) + (1 − θ) β
J

(1)

−k(−s)
)
)∣
∣
∣
β=1

τ(t, s) ,

(2.45)

whereθ is an arbitrary parameter andβJ
(2)

k for β = 1 is given in(A.4). This is a
subalgebra of a Virasoro algebra(generated by the 2-Toda vertex operator(2.10)):

(2.46)
d

du
uk+1X12(t, s; u, u−1)

u
=

[

V
(2)

k (t, s),
X12(t, s; u, u−1)

u

]

, k ∈ Z ,

of central charge c= 0:

(2.47)
[

V
(2)

k , V
(2)

ℓ

]

= (k − ℓ)V
(2)

k+ℓ .

The statement hinges on the following statement about the vertex operator:

PROPOSITION2.7 For general weightρ(dz) = eV(z) dz, the column vector of2-
Todaτ -functions(slightly rescaled), τ(t, s) = (τ0, τ1, . . . ), with

(2.48) In(t, s) = n! τn = n!
∫

U(n)

e
∑∞

1 Tr(ti M i −si M̄ i )eTr V(M) d M

is a fixed point in the sense that

(2.49) (Y(t, s; ρ)I )n = In for n ≥ 1

for the operator

(2.50) Y(t, s; ρ) =
∫

S1

ρ(du)

2π iu
X12(t, s; u, u−1) .

PROOF OFPROPOSITION2.7 AND THEOREM 2.6: On the one hand, using the
fact thatz̄ = 1/z on the circleS1 and a property of Vandermonde determinants11

and Theorem 1.1, we have, for a general weightρ(dz) = eV(z) dz,

n! τn(t, s) = n!
∫

U(n)

e
∑∞

1 Tr(ti M i −si M̄ i )eTr V(M) d M

=
∫

(S1)n

|
n(z)|2
n
∏

k=1

(

e
∑∞

1 (ti zi
k−si z

−i
k ) ρ(dzk)

2π i zk

)

11The following holds:

det(uℓ−1
k )1≤ℓ,k≤N det(vℓ−1

k )1≤ℓ,k≤N =
∑

σ∈SN

det
(

uℓ−1
σ(k)

vk−1
σ(k)

)

1≤ℓ,k≤N .
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=
∫

(S1)n


n(z)
n(z̄)
n
∏

k=1

(

e
∑∞

1 (ti zi
k−si z

−i
k ) ρ(dzk)

2π i zk

)

=
∫

(S1)n

∑

σ∈Sn

det
(

zℓ−1
σ(m)z̄

m−1
σ(m)

)

1≤ℓ,m≤n

n
∏

k=1

(

e
∑∞

1 (ti zi
k−si z

−i
k ) ρ(dzk)

2π i zk

)

=
∑

σ∈Sn

det





∫

S1

zℓ−1z̄m−1e
∑∞

1 (ti zi −si z−i ) ρ(dz)

2π i z





1≤ℓ,m≤n

= n! det





∫

S1

zℓ−me
∑∞

1 (ti zi −si z−i ) ρ(dz)

2π i z





1≤ℓ,m≤n

= n! det
(

µℓm(t, s)
)

0≤ℓ,m≤n−1 ,(2.51)

yielding the third equality of (2.44). On the other hand, forn ≥ 1, we have

In(t, s) = n! τn(t, s)

=
∫

(S1)n

|
n(z)|2
n
∏

k=1

(

e
∑∞

1 (ti zi
k−si z

−i
k ) ρ(dzk)

2π i zk

)

=
∫

S1

ρ(du)

2π iu
e
∑∞

1 (ti ui −si u−i )un−1u−n+1

∫

(S1)n−1


n−1(z)
̄n−1(z)
n−1
∏

k=1

(

1 − zk

u

)(

1 − u

zk

)

e
∑∞

1 (ti zi
k−si z

−i
k ) ρ(dzk)

2π i zk

=
∫

S1

ρ(du)

2π iu
e
∑∞

1 (ti ui −si u−i )e
−
∑∞

1

(
u−i

i
τ

τti
− ui

i
τ

τsi

)

∫

(S1)n−1


n−1(z)
̄n−1(z)
n−1
∏

k=1

e
∑∞

1 (ti zi
k−si z

−i
k ) ρ(dzk)

2π i zk

=
∫

S1

ρ(du)

2π iu
e
∑∞

1 (ti ui −si u−i )e
−
∑∞

1

(
u−i

i
τ

τti
− ui

i
τ

τsi

)

In−1(t, s)

=
(

Y(t, s; ρ)I (t, s)
)

n
,(2.52)

from which (2.46) follows.
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Given the vertex operatorX12(t, s; u, u−1), we now compute the corresponding
Virasoro algebra using (2.11):

u
d

du
uk

X12
(

t, s; u, u−1
)

=
(

uk+1 d

du
+ kuk

)

X12
(

t, s; u, u−1
)

=
(

uk+1 τ

τu
− v1−k τ

τv
+ kuk

)

X12(t, s; u, v)

∣
∣
∣
∣
v=u−1

=
(

τ

τu
uk+1 − τ

τv
v1−k − kuk

)

X12(t, s; u, v)

∣
∣
∣
∣
v=u−1

=
(

τ

τu
uk+1 − τ

τv
v1−k − kθuk − k(1 − θ)v−k

)

X12(t, s; u, v)

∣
∣
∣
∣
v=u−1

=
[

β
J

(2)

k (t) − β
J

(2)

−k(−s)

− k
(

θ β
J

(1)

k (t) + (1 − θ) β
J

(1)

−k(−s)
)

X12
(

t, s; u, u−1
)
]∣
∣
∣
β=1

=
[

V
(2)

k , X12
(

t, s; u, u−1
)
]

,(2.53)

from which (2.46) follows. Verifying (2.47) goes by explicit computation using
(A.2).

Since (by virtue of (2.46) for Lebesgue measure onS1,

[

V
(2)

k ,Y(t, s, ρ = 1)

]

=



V
(2)

k ,

∫

S1

X12
(

t, s; u, u−1
) du

2π iu





=
∫

S1

[

V
(2)

k , X12
(

t, s; u, u−1
) du

2π iu

]

=
∫

S1

du

2π i

d

du
uk+1X12(t, s; u, u−1)

u

= 0 ,

we have, using the notation (2.50) and the fact that, forn ≥ 0 andρ(dz) = dz, the
integralsIn = n!τn(t, s) are fixed points forY(t, s, dz); hence

0 =
(

[V(2)

k , (Y(t, s; dz))n]I
)

n

=
(

V
(2)

k Y(t, s; dz)n I − Y(t, s; dz)nV
(2)

k I
)

n

=
(

V
(2)

k I − Y(t, s; dz)nV
(2)

k I
)

n
.
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Taking thenth component and taking into account the presence of�−1 in X12(t, s;
u, u−1), wefind

0 =
(

V
(2)

k I − Y(t, s; dz)nV
(2)

k I
)

n

= V
(2)

k In −
∫

S1

du

2π iu
e
∑∞

1 (ti ui −si u−i )e
−
∑∞

1

(
u−i

i
τ

τti
− ui

i
τ

τsi

)

· · ·
∫

S1

du

2π iu
e
∑∞

1 (ti ui −si u−i )e
−
∑∞

1

(
u−i

i
τ

τti
− ui

i
τ

τsi

)

V
(2)

k I0 .

In the notation of (2.45) and (A.4),V(2)

k (t, s) has the following form:

V
(2)

k (t, s)

= 1

2

(

J(2)

k (t) − J(2)

−k (−s) + (2n + k + 1)J(1)

k (t) − (2n − k + 1)J(1)

−k (−s)
)

− k
(

θ J(1)

k (t) + (1 − θ)J(1)

−k (−s)
)

.

Working out the expression above leads to the expression written out in (4.7),
and one checks immediately that, givenτ0 = 1,

V
(2)

k (t, s)τ0 = 0 only for







k = −1 , θ = 0
k = 0 , θ arbitrary
k = 1 , θ = 1






,

ending the proof of Theorem 2.6 except for the last equality of (2.44), which fol-
lows easily from Proposition 2.4. Indeed,

m∞(0, 0) =
(∮

S1
zk−ℓ dz

2π i z

)

1≤k,ℓ<∞
= I∞ ,

whereI∞ denotes the semi-infinite identity matrix. Finally, one uses identity (2.27)
and the fact that all the determinants of submatrices(I∞)λµ (in the notation of
(2.27)) are zero except when the Young diagramsλ andµ are equal. �

Remark.According to the strong Szegö theorem, we have

τn = exp

(

−
∞
∑

1

ktksk

)

for n → ∞

provided
∑∞

1 k(|tk|2 + |sk|2) < ∞. Therefore the Toeplitz case yields boundary
conditions forτn at both extremities, namelyn = 0 andn = ∞.
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2.4 Toeplitz Matrices and the Structure ofL1 and L2

The associated 2-Toda matricesL1 andL2 have a very peculiar structure when
the initialm∞ matrix is Toeplitz, as we shall see in the main theorem of this section.
Throughout we shall be using the multiplication operator identityz⊤ = z−1 with
regard to the inner product (2.41). This characterizes the Toeplitz case. Remember
from Section 2.1 that the polynomials (combining (2.4) and (2.24))

p(1)
n (z) = zn τn(t − [z−1], s)

τn(t, s)
and p(2)

n (z) = zn τn(t, s + [z−1])
τn(t, s)

are bi-orthogonal for the special inner product (2.41); also consider the vector no-
tation

p(i ) =
(

p(i )
0 , p(i )

1 , . . .
)

, p(i )
� =

(

p(i )
1 , p(i )

2 , . . .
)

, and

h = diag

(
τ1

τ0
,
τ2

τ1
, . . .

)

.

THEOREM 2.8 The lower-triangular parts12 of the matrices L1 and hL⊤
2 h−1, aris-

ing in the context of a Toeplitz matrix m∞, are the projection of a rank 2 matrix:

L1 = −
(

hp(1)
� (0) ⊗ h−1 p(2)(0)

)

−0 + � ,

hL⊤
2 h−1 = −

(

hp(2)
� (0) ⊗ h−1 p(1)(0)

)

−0 + � .

COROLLARY 2.9 (Unsymmetric Identities)In particular,13

p(1)

n+1(0)p(2)

n+1(0) = 1 − hn+1

hn
, p(2)

n+1(0)p(1)

n+1(0) = 1 − hn+1

hn
,

p(1)

n+1(0)p(2)
n (0) = − τ

τt1
loghn , p(2)

n+1(0)p(1)
n (0) = τ

τs1
loghn ,

p(1)

n+1(0)p(2)

n−1(0) = −hn−1

hn

(
τ

τt1

)2

logτn ,

p(2)

n+1(0)p(1)

n−1(0) = −hn−1

hn

(
τ

τs1

)2

logτn ,

p(1)

n+1(0)p(2)

n−k(0) = −hn−k

hn

pk+1(τ̃t)τn−k+1 ◦ τn

τn−k+1τn

p(2)

n+1(0)p(1)

n−k(0) = −hn−k

hn

pk+1(−τ̃s)τn−k+1 ◦ τn

τn−k+1τn
, k ≥ 0 .(2.54)

12In the formulae below,A−0 denotes the lower-triangular part ofA, including the diagonal.
13See footnote 8 for notationpk(τ̃t ) and pk(−τ̃s). The bi-orthogonal polynomialsp(i )

k should
not be confused with the Schur polynomialspk.
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COROLLARY 2.10 (Symmetrized Identities)We also have for n> m,
(

hn

hm+1

)2 (

1 − hn+1

hn

)(

1 − hm+1

hm

)

=

1

τ 2
m+2τ

2
n

(

pn−m(τ̃t)τm+2 ◦ τn
)

·
(

pn−m(−τ̃s)τm+2 ◦ τn
)

.

In particular, for m= n − 1,

(2.55)

(

1 − hn+1

hn

)(

1 − hn

hn−1

)

= − τ

τt1
loghn

τ

τs1
loghn .

Identity (2.55) was already observed by Hisakado in [13]. We first need a
lemma that explains the peculiar structure of the bi-orthogonal polynomialsp(1)

n (y)

and p(2)
n (z) associated with the inner product (2.41).

LEMMA 2.11 (Hisakado [13])The following holds:

p(1)

n+1(z) − zp(1)
n (z) = p(1)

n+1(0)zn p(2)
n

(

z−1
)

,

p(2)

n+1(z) − zp(2)
n (z) = p(2)

n+1(0)zn p(1)
n

(

z−1
)

.(2.56)

PROOF: The following orthogonality relations hold for 1≤ i ≤ n:

〈p(1)

n+1(z) − zp(1)
n (z), zi 〉 = 〈p(1)

n+1(z), zi 〉 − 〈p(1)
n (z), zi−1〉 = 0

and
〈zn p(2)

n (z−1), zi 〉 = 〈zn−i , p(2)
n (z)〉 = 0 .

Therefore the twonth degree polynomialsp(1)

n+1(z)− zp(1)
n (z) andzn p(2)

n (z−1) must
be proportional, and since

p(1)

n+1(z) − zp(1)
n (z)

∣
∣
z=0 = p(1)

n+1(0) and zn p(2)
n (z−1)

∣
∣
z=0 = 1 ,

the first identity (2.56) follows. The second one follows by duality. �

PROOF OFTHEOREM 2.8 AND COROLLARIES 2.9 AND 2.10: On one hand,14

〈

p(1)

n+1(z) − zp(1)
n (z), p(2)

m+1(z) − zp(2)
m (z)

〉

, n > m ≥ −1 ,

= −
〈

zp(1)
n (z), p(2)

m+1(z)
〉

= −
〈

p(1)

n+1(z) + · · · + (L1)n,m+1 p(1)

m+1(z) + · · · , p(2)

m+1(z)
〉

= −(L1)n,m+1
〈

p(1)

m+1(z), p(2)

m+1(z)
〉

= −(L1)n,m+1hm+1 ,(2.57)

and on the other hand,
〈

p(1)

n+1(z) − zp(1)
n (z), p(2)

m+1(z) − zp(2)
m (z)

〉

, n ≥ m ≥ −1 ,

=
〈

p(1)

n+1(0)zn p(2)
n (z−1), p(2)

m+1(0)zm p(1)
m (z−1)

〉

14Define p(2)
−1(z) = 0.
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= p(1)

n+1(0)p(2)

m+1(0)
〈

zn−m p(1)
m (z), p(2)

n (z)
〉

= p(1)

n+1(0)p(2)

m+1(0)
〈

p(1)
n (z) + · · · , p(2)

n (z)
〉

= p(1)

n+1(0)p(2)

m+1(0)hn .(2.58)

Comparing (2.57) and (2.58) yields

(2.59) (L1)n,m+1 = −hn p(1)

n+1(0)h−1
m+1 p(2)

m+1(0) , n > m ≥ −1 ,

proving the first expression of Theorem 2.8. The second one is obtained by the
usual dualityL1 �→ hL⊤

2 h−1, t ↔ −s, and sop(1) ↔ p(2) (see formulae in the
beginning of this section). Forn = m, we compute

〈

p(1)

n+1(z) − zp(1)
n (z), p(2)

n+1(z) − zp(2)
n (z)

〉

=
〈

p(1)

n+1(z), p(2)

n+1(z)
〉

+
〈

zp(1)
n (z), zp(2)

n (z)
〉

−
〈

zp(1)
n (z), p(2)

n+1(z)
〉

−
〈

p(1)

n+1(z), zp(2)
n (z)

〉

= hn+1 + hn − hn+1 − hn+1 = hn − hn+1 ,

which upon comparison with (2.58) forn = m yields the first line of Corollary 2.9:

(2.60) p(1)

n+1(0)p(2)

n+1(0)hn = hn − hn+1 .

Remember from (2.9) and (2.12), we have

L1 =
−2
∑

k=−∞
diag

(
p1−k(τ̃t)τn+k+1 ◦ τn

τn+k+1τn

)

n∈Z

�k

+
(

τ

τt1

)2

logτn�
−1 + τ

τt1
loghn�

0 + �

hL⊤
2 h−1 =

−2
∑

k=−∞
diag

(
p1−k(−τ̃s)τn+k+1 ◦ τn

τn+k+1τn

)

�k

+
(

τ

τs1

)2

logτn�
−1 − τ

τs1
loghn�

0 + � .

Together with the theorem, this yields Corollary 2.9.

Finally, upon multiplying relations (2.54), settingm + 1 = n − k, n > m, and
using the relation above, one obtains, using Corollary 2.9,

(
hm+1

hn

)2(pn−m(τ̃t)τm+2 ◦ τn

)(

pn−m(−τ̃s)τm+2 ◦ τn

)

τ 2
m+2τ

2
n

= p(1)

n+1(0)p(2)

m+1(0)p(2)

n+1(0)p(1)

m+1(0)
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=
(

1 − hn+1

hn

)(

1 − hm+1

hm

)

= 1

τ 2
n+1τ

2
m+1

(

τ 2
n+1 − τnτn+2

)(

τ 2
m+1 − τmτm+2

)

,(2.61)

which is precisely Corollary 2.10. Relation (2.55) is a special case of (2.61) by
settingm = n − 1. �

PROOF OFTHEOREM 0.3: The structure ofL1 andL2 follows from Theorem
2.8. The statement about the mathematical expectation follows from

p(1)
n (t, s; z)

= zn τn(t − [z−1], s)

τn(t, s)

=
n

∑

k=0

zk pn−k(−τ̃t)τn(t, s)

τn(t, s)

= 1

τn

n
∑

k=0

zk

∫

U(n)

pn−k

(

− Tr M, −1

2
Tr M2, −1

3
Tr M3, . . .

)

e
∑∞

1 tr(ti M i −si M̄ i ) d M ,

and similarly

p(2)
n (t, s; z)

= zn τn(t, s + [z−1])
τn(t, s)

=
n

∑

k=0

zk pn−k(τ̃s)τn(t, s)

τn(t, s)

= 1

τn

n
∑

k=0

zk

∫

U(n)

pn−k

(

− Tr M̄, −1

2
Tr M̄2, −1

3
Tr M̄3, . . .

)

e
∑∞

1 tr(ti M i −si M̄ i ) d M .

Finally, we check the Hamiltonian flow statement for the first flow. Indeed,
from the equations for� (after (2.7)), (2.23), Theorem 2.8, and the first relation of
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Corollary 2.9, it follows that (h−1 = 0)

τxn

τt1
= τp(1)

n (t, s; z)

τt1

∣
∣
∣
∣
z=0

= −
(

(L1)− p(1)
)

n

∣
∣
z=0

= hn p(1)

n+1(t, s; 0)

n−1
∑

i=0

p(1)

i (t, s; 0)p(2)

i (t, s; 0)

hi

= hnxn+1

n−1
∑

i=0

xi yi

hi

= hnxn+1

n−1
∑

i=0

(
1

hi
− 1

hi−1

)

= xn+1
hn

hn−1
= xn+1(1 − xnyn) ,

and similarly for the other coordinates; this ends the proof of Theorem 0.3.�

3 Painlevé Equations for O(n) and Sp(n) Integrals

3.1 Painlevé Equations Associated with the Jacobi Weight

THEOREM 3.1 (Painlevé Equation and the Jacobi Weight)The function Hn(x) =
x d

dx logτn(x), with

(3.1) τn(x) := cn

∫

[−1,1]n


n(z)
2

n
∏

k=1

exzk(1 − zk)
α(1 + zk)

β dzk ,

satisfies the Painlevé V equation(a := α + β, b := α − β, andα, β > −1)

x2H ′′′ + x H′′ + 6x H′2 −
(

4H + 4x2 − 4bx + (2n + a)2
)

H ′

+ (4x − 2b)H + 2n(n + a)x − bn(2n + a) = 0 ,

with initial condition

(3.2) H(0) = 0 and H′(0) = −nb

a + 2n
.

COROLLARY 3.2

(3.3) H̃n(x) = x
d

dx
loge−cxτn(2x)

satisfies the Painlevé V equation

1

2
x2H̃ ′′′ + 1

2
xH̃ ′′ + 3x

(

H̃ ′)2

− 1

2

(

4H̃ + 16x2 − 8(b + c)x + (2n + a)2
)

H̃ ′
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+
(

8x − 2(b + c)
)

H̃ +
(

4n(n + a) + c(2b + c)
)

x

− 1

2
(2n + a)

(

2n(b + c) + ac
)

= 0 .(3.4)

with

(3.5) H̃(0) = 0 and H̃ ′(0) = −2n(b + c) + ac

2n + a
.

PROOF OFTHEOREM 3.1: Sinceα, β > −1, the boundary condition (0.4) on
ρ(z) is fulfilled, so we may apply Theorem 2.5. We set

a0 = 1 , a1 = 0 , a2 = −1 , b0 = α − β =: b , b1 = α + β =: a ,

and all otherai = bj = 0 in (2.39), implying that

τn(t1, t2, . . . ) :=
∫

[−1,1]n


n(z)
2

n
∏

k=1

e
∑∞

1 ti zi
k(1 − zk)

α(1 + zk)
β dzk

satisfies the equations (m = 1, 2, 3, . . . ):15

0 = J
(2)

m−2τn

=
∑

k≥0

(

−ak

∑

i+ j =k+m−2

: β
J

(1)

i
β
J

(1)

j : + bk
β
J

(1)

k+m−1

)∣
∣
∣
∣
β=2

τn

=
(

J(2)
m − J(2)

m−2 − 2n J(1)

m−2 + (2n + a)J(1)
m + bJ(1)

m−1 − n2δm,2 + nbδm,1
)

τn .

Then introducing the functionFn := logτn(t), the two first Virasoro constraints
for m = 1, 2 divided byτn are given by

J
(2)

−1τn

τn
=

(

∑

i≥1

i t i
τ

τti+1
−

∑

i≥2

i t i
τ

τti−1
+ (2n + a)

τ

τt1

)

Fn + n(b − t1) = 0 ,

J
(2)

0 τn

τn
=

(

∑

i≥1

i t i
τ

τti+2
−

∑

i≥1

i t i
τ

τti
+ b

τ

τt1
+ τ2

τt2
1

+ (2n + a)
τ

τt2

)

Fn

+
(

τFn

τt1

)2

− n2 = 0 .(3.6)

These expressions and their firstt1- andt2- derivatives, evaluated along the locus

L := {t1 = x, all otherti = 0}

15The J(i )
m below are the ones of (A.3) forβ = 2.
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read as follows:

0 =
J

(2)

−1τn

τn

∣
∣
∣
∣
L

=
(

t1
τ

τt2
+ (2n + a)

τ

τt1

)

Fn + n(b − t1)

∣
∣
∣
∣
L

,

0 = J
(2)

0 τn

τn

∣
∣
∣
∣
L

=
(

t1
τ

τt3
+ (b − t1)

τ

τt1
+ (2n + a)

τ

τt2
+ τ2

τt2
1

)

Fn

+
(

τFn

τt1

)2

− n2

∣
∣
∣
∣
L

,

0 = τ

τt1

J
(2)

−1τn

τn

∣
∣
∣
∣
L

=
(
∑

i≥1

i t i
τ2

τti+1τt1
+ τ

τt2
−

∑

i≥2

i t i
τ2

τti−1τt1

+ (2n + a)
τ2

τt2
1

)

Fn

∣
∣
∣
∣
L

− n

=
(

t1
τ2

τt2τt1
+ τ

τt2
+ (2n + a)

τ2

τt2
1

)

Fn

∣
∣
∣
∣
L

− n ,

0 = τ

τt1

J
(2)

0 τn

τn

∣
∣
∣
∣
L

=
(
∑

i≥1

i t i
τ2

τti+2τt1
+ τ

τt3
−

∑

i≥1

i t i
τ2

τti τt1
− τ

τt1
+ b

τ2

τt2
1

+ τ3

τt3
1

+ (2n + a)
τ2

τt2τt1

)

Fn + 2
τFn

τt1

τ2Fn

τt2
1

∣
∣
∣
∣
L

,

=
(

t1
τ2

τt3τt1
+ τ

τt3
+ (b − t1)

τ2

τt2
1

− τ

τt1
+ τ3

τt3
1

+ (2n + a)
τ2

τt2τt1

)

Fn + 2
τFn

τt1

τ2Fn

τt2
1

∣
∣
∣
∣
L

,

0 = τ

τt2

J
(2)

−1τn

τn

∣
∣
∣
∣
L

=
(
∑

i≥1

i t i
τ2

τti+1τt2
+ 2

τ

τt3
−

∑

i≥2

i t i
τ2

τti−1τt2
− 2

τ

τt1

+ (2n + a)
τ2

τt1τt2

)

Fn

∣
∣
∣
∣
L

=
(

t1
τ2

τt2
2

+ 2
τ

τt3
− 2

τ

τt1
+ (2n + a)

τ2

τt1τt2

)

Fn .

The five equations above form a (triangular) linear system in five unknowns

τFn

τt2

∣
∣
∣
∣
L

,
τFn

τt3

∣
∣
∣
∣
L

,
τ2Fn

τt1τt2

∣
∣
∣
∣
L

,
τ2Fn

τt1τt3

∣
∣
∣
∣
L

,
τ2Fn

τt2
2

∣
∣
∣
∣
L

.

Settingt1 = x and F ′
n = τFn/τx, the solution is given by the following expres-

sions:
τFn

τt2

∣
∣
∣
∣
L

= −1

x

(

(2n + a)F ′
n + n(b − x)

)

,
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τFn

τt3

∣
∣
∣
∣
L

= − 1

x2

(

x
(

F ′′
n + F ′2

n + (b − x)F ′
n + n(n + a)

)

− (2n + a)
(

(2n + a)F ′
n + bn

)
)

,

τ2Fn

τt1τt2

∣
∣
∣
∣
L

= − 1

x2

(

(2n + a)(x F′′
n − F ′

n) − bn
)

,

τ2Fn

τt1τt3

∣
∣
∣
∣
L

= − 1

x3

(

x2
(

F ′′′
n + 2F ′

nF ′′
n

)

− x
(

(x2− bx + 1)F ′′
n + F ′2

n + bF′
n+ (2n + a)2F ′′

n + n(n + a)
)

+ 2(2n + a)2F ′
n + 2bn(2n + a)

)

,

τ2Fn

τt2
2

∣
∣
∣
∣
L

= 1

x3

(

x
(

2F ′2
n + 2bF′

n + ((2n + a)2 + 2)F ′′
n + 2n(n + a)

)

− 3(2n + a)2F ′
n − 3bn(2n + a)

)

.

Putting these expressions into the KP equation (Theorem 2.1) and setting

G(x) := F ′
n(x) = d

dx
logτn(x) ,

we find

(3.7) x3G′′′ + 4x2G′′ + x
(

− 4x2 + 4bx + 2 − (2n + a)2
)

G′

+ 8x2GG′ + 6x3G′2 + 2xG2 +
(

2bx − (2n + a)2
)

G

+ n(2x − b)(n + a) − bn2 = 0 .

Finally, the function

H(x) := xG(x) = x
d

dx
logτn(x)

satisfies

(3.8) x2H ′′′ + x H′′ + 6x H′2 −
(

4H + 4x2 − 4bx + (2n + a)2
)

H ′

+ (4x − 2b)H + 2n(n + a)x − bn(2n + a) = 0 .

According to Cosgrove [9], this third-order equation can be transformed into a
master Painlevé equation, which one recognizes to be Painlevé V; see Appendix B.

From Appendix D, identity (D.5), it now follows that

H ′
n(0) = τ ′

n(0)

τn(0)
=

∑n
i=1

∫

[−1,1]n 
n(z)2zi
∏n

k=1 ρ(α,β)(zk)dzk
∫

[−1,1]n 
n(z)2
∏n

k=1 ρ(α,β)(zk)dzk
= n〈y1〉 = −nb

a + 2n
.

This ends the proof of Theorem 3.1. �
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PROOF OFCOROLLARY 3.2: The differential equation for

H̃(x) = x
d

dx
loge−cxτn(2x) = H(2x) − cx

is obtained by first settingx �→ 2x in the differential equation (3.2) and then
settingH(2x) = H̃(x)+cx. This leads to the differential equation (3.5), which is,
of course, also Painlevé V. Relation (3.6) follows at once from (3.4). �

3.2 Proof of Theorem 0.1 (O(n) and Sp(n))
We give here a more detailed version of Theorem 0.1(i).

PROPOSITION3.3 Given the integral16

I ±
ℓ (x) =

∫

O±(ℓ)

ex tr M d M ,

the expressions17

qℓ(x) = loge±
ℓ

I ±
ℓ+2

I ±
ℓ

with e+
ℓ = 2

[ℓ + 2]even
and e−ℓ = 2

[ℓ + 1]even

satisfy the standard Toda lattice equations

1

4

τ2qℓ

τx2
= −eqℓ−qℓ−1 + eqℓ+1−qℓ .

PROPOSITION3.4 The function

(3.9) f ±
ℓ (x) = x

d

dx
log

∫

O(ℓ+1)± or Sp( ℓ−1
2 )

ex tr M d M

is theuniquesolution to the third-order equation(i) in Theorem0.1:
(3.10)









f ′′′ + 1

x
f ′′ + 6

x
f ′2 − 4

x2
f f ′ − 16x2 + ℓ2

x2
f ′ + 16

x
f + 2(ℓ2 − 1)

x
= 0

with f ±
ℓ (x) = x2 ± xℓ+1

ℓ! + O(xℓ+2) near x= 0 .

This third-order equation can be transformed into the following second-order equa-
tion in f , quadratic in f′′:

x2

4
f ′′2 = −

(

x f ′2 −
(

4x2 + ℓ2

4

)

f ′ + x(ℓ2 − 1)

)

f ′

+
(

f ′2 − 8x f ′ + ℓ2 − 1
)

f + 4 f 2 ,

16The integral over the symplectic group Sp(n − 1) can be identified with O(2n)−.
17In this statement, we use the following notation:

[n]even := max{evenx such thatx ≤ n}.
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which in turn leads to the standard Painlevé equation(B.3) for

α = −β = (ℓ + 1)2

8
, γ = 0 , δ = −8 .

PROOF OFPROPOSITION3.3: Proposition 1.1 and identity (2.38) imply

• I +
2n+1(x) = n! exτn(2x, 0, . . . ),

• I +
2n(x) = n! τn(2x, 0, . . . ),

• I −
2n+1(x) = n! e−xτn(2x, 0, . . . ),

• I −
2n(x) = (n − 1)! τn−1(2x, 0, . . . ).

Note that, since the functionsτn(t − s) = τn(t, s) satisfy differential equation (ii)
of Theorem 2.1, we obtain for the functionτn(t), by subtracting two consecutive
equations,

τ2

τt2
1

log
τn+1

τn
= τnτn+2

τ 2
n+1

− τn−1τn+1

τ 2
n

,

from which the standard Toda lattice equations follow. �

PROOF OFPROPOSITION3.4: From Corollary 3.2 it follows that

(3.11) H̃n(x) = x
d

dx
log



e−cx
∫

[−1,1]n


n(z)
2

n
∏

k=1

e2xzk(1 − zk)
α(1 + zk)

β dzk





satisfies the Painlevé V equation (3.4). Then in view of Theorem 1.1,H̃n(x) corre-
sponds tofℓ(x) in (3.9) when the parametersn, a = α + β, b = α − β, andc take
on the following values:

O(ℓ + 1)− with ℓ even: n = ℓ

2
, a = 0, b = −1, c = 1 ,

O(ℓ + 1)− with ℓ odd: n = ℓ − 1

2
, a = 1, b = 0, c = 0 ,

O(ℓ + 1)+ with ℓ even: n = ℓ

2
, a = 0, b = 1, c = −1 ,

O(ℓ + 1)+ with ℓ odd: n = ℓ + 1

2
, a = −1, b = 0, c = 0 ,

Sp

(
ℓ − 1

2

)

with ℓ odd : n = ℓ − 1

2
, a = 1, b = 0, c = 0 .

Setting these values into equation (3.4) leads at once to equation (i) of Theo-
rem 0.1, namely

f ′′′ + 1

x
f ′′ + 6

x
f ′2 − 4

x2
f f ′ − 16x2 + ℓ2

x2
f ′ + 16

x
f + 2(ℓ2 − 1)

x
= 0 .
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Moreover, for these values, we have thatb + c = ac = 0, and so from (3.5), it
follows that

(3.12) fℓ(0) = H̃ℓ(0) = 0 and f ′
ℓ(0) = H̃ ′

ℓ(0) = −2n(b + c) + ac

2n + a
= 0 .

According to Appendix B (see Cosgrove [9]), this third-order equation has a
first integral, which is second order inf and quadratic inf ′′, thus introducing a
constantc:

x2

4
f ′′2 = −

(

x f ′2 −
(

4x2 + ℓ2

4

)

f ′ + x(ℓ2 − 1)

)

f ′

+
(

f ′2 − 8x f ′ + ℓ2 − 1
)

f + 4 f 2 − c

4
.

Evaluating this differential equation atx = 0 leads to, sincef (0) = 0,

c = ℓ2 f ′(0)2 = 0 using (3.12).

Setting f = f̄ − ℓ2/4 in order to get the equation in Cosgrove’s form [10],

x2

4
f̄ ′′2 = −

(

x f̄ ′2 − 4x2 f̄ ′ − x(ℓ2 + 1)
)

f̄ ′

+
(

f̄ ′2 − 8x f̄ ′ − (ℓ2 + 1)
)

f̄ + 4 f̄ 2 + ℓ2

4
.

In the notation (B.2), we have

a1 = 16, a2 = 4(ℓ2 + 1) , a3 = 0 , c = −ℓ2

4
.

Solving (B.3) forα, β, γ , andδ leads to the canonical form for Painlevé V, with

α = −β = (1 + ℓ)2

8
, γ = 0 , δ = −8 ,

and according to Appendix D,f ′′
ℓ (0) = 2, ending the proof of the first half of

Theorem 0.1.
Of course, from combinatorics (Proposition 1.4), we have a much stronger

statement:

EO±(ℓ+1)e
x Tr M = exp

(
x2

2
± xℓ+1

(ℓ + 1)! + O
(

xℓ+2
)
)

,

and thus

f ±
ℓ (x) = x

d

dx
log EO(ℓ+1)±ex tr M d M = x2 ± xℓ+1

ℓ! + O
(

xℓ+2
)

nearx = 0 .

It remains to show the uniqueness of the solution to the initial value problem
(3.10). Indeed, substitutingf (x) = x2 +

∑

i≥3 ai xi into the third-order differential
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equation (3.10) forf yields the recursive formula for the coefficients:

3(4 − ℓ2)a3 = 0 ,

(i + 1)(i 2 − ℓ2)ai+1 − 16(i − 2)ai−1 +
∑

2≤m,n≤i−1
n+m=i+1

nan(6m − 4)am = 0(3.13)

for i ≥ 3 .

Therefore, ifℓ ≥ 3, we have inductivelya3 = · · · = aℓ = 0 from (3.13). Setting
i = ℓ in the equation above shows that the coefficientaℓ+1 is free and can therefore
be specified; it is specified by the combinatorics, namely,aℓ+1 = ±((ℓ + 1)!)−1.
Onceaℓ+1 is fixed, all the subsequentai ’s are determined by (3.13). �

4 Painlevé Equations for U(n) Integrals

In this section we show items (ii) and (iii) of Theorem 0.1.

PROPOSITION4.1

(4.1) gn(x) = d

dx
x

d

dx
log

∫

U(n)

e
√

x tr(M+M̄) d M

is the unique solution to the initial value problem(Painlevé V equation):










g′′
n − g′2

n

2

(
1

gn − 1
+ 1

gn

)

+ g′
n

x
− n2

2x2

(gn − 1)

gn
+ 2

x
gn(gn − 1) = 0

with gn(x) = 1 − xn

(n!)2
+ O(xn+1) near x= 0 .

PROPOSITION4.2

hn(x) = EU(n) tr M det(I + M)ke−x tr M̄

EU(n) det(I + M)ke−x tr M̄

= 1

n + k
x

d

dx
log EU(n) det(I + M)ke−x tr(I +M̄) d M(4.2)

is the unique solution to the initial value Painlevé V equation as well:






















h′′′ − 1

2

(
1

h′ + 1

h′ + 1

)

h′′2 + h′′

x
+ 2(n + k)

x
h′(h′ + 1)

− 1

2x2h′(h′ + 1)

(

(x − n)h′ − h − n
)(

(2h + x + n)h′ + h + n
)

= 0

with h := hn(x) = x
k − n

k + n
− xn+1

(n + 1)!

(
k + n − 1

n

)

+ O(xn+2)

near x= 0 .

PROOF OFPROPOSITION4.1: The proofs of Propositions 4.1 and 4.2 are al-
most identical except in the end one specializes to a different locus.
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Throughout we shall be using the diagonal elements (2.12) ofL1 andhL⊤
2 h−1:

bn = τ

τt1
log

τn

τn−1
= (L1)n−1,n−1 ,

b∗
n = − τ

τs1
log

τn

τn−1
= (hL⊤

2 h−1)n−1,n−1 .

(4.3)

From (2.55), (2.17), (2.3), Theorem 2.6, and (A.4), the integral below, which is
also the determinant of a Toeplitz matrix,

τn(t, s) =
∫

U(n)

e
∑∞

1 tr(ti M i −si M̄ i )d M

= det

(∫

S1
zk−ℓe

∑∞
1 (ti zi −si z−i ) dz

2π i z

)

0≤k,ℓ≤n−1

(4.4)

satisfies the following three relations:

(1) Toeplitz

T (τ )n = τ

τt1
log

τn

τn−1

τ

τs1
log

τn

τn−1

+
(

1 + τ2

τs1τt1
logτn

)(

1 + τ2

τs1τt1
logτn − τ

τs1

(
τ

τt1
log

τn

τn−1

))

= −bnb∗
n +

(

1 + τ2

τs1τt1
logτn

)(

1 + τ2

τs1τt1
logτn − τ

τs1
bn

)

= 0 ,(4.5)

(2) 2-Toda

τ2 logτn

τs2τt1
= −2

τ

τs1
log

τn

τn−1

τ2

τs1τt1
logτn − τ3

τs2
1τt1

logτn

= 2b∗
n

τ2

τs1τt1
logτn − τ3

τs2
1τt1

logτn ,(4.6)

(3) Virasoro

V−1τn =
(
∑

i≥1

(i + 1)ti+1
τ

τti
−

∑

i≥2

(i − 1)si−1
τ

τsi

+ n

(

t1 + τ

τs1

))

τn = 0 ,

V0τn =
∑

i≥1

(

i t i
τ

τti
− isi

τ

τsi

)

τn = 0 ,

V1τn =
(

−
∑

i≥1

(i + 1)si+1
τ

τsi
+

∑

i≥2

(i − 1)ti−1
τ

τti
(4.7)

+ n

(

s1 + τ

τt1

))

τn = 0 .
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Therefore we have

0 = 1

τn
(V−1 + V0)τn

=
(
∑

i≥1

(

(i + 1)ti+1 + i t i

) τ

τti

−
∑

i≥2

(

(i − 1)si−1 + isi

) τ

τsi
+ (n − s1)

τ

τs1

)

logτn + nt1 ,

0 = 1

τn
(V0 + V1)τn

=
(
∑

i≥2

(

(i − 1)ti−1 + i t i

) τ

τti

−
∑

i≥1

(

(i + 1)si+1 + isi

) τ

τsi
+ (n + t1)

τ

τt1

)

logτn + ns1 ,

0 = τ

τt1

(
V−1τn

τn

)

=
(
∑

i≥1

(i + 1)ti+1
τ2

τt1τti
−

∑

i≥2

(i − 1)si−1
τ2

τt1τsi

+ n
τ2

τt1τs1

)

logτn + n ,

0 = τ

τt1

(
V0τn

τn

)

=
(
∑

i≥1

(

i t i
τ2

τt1τti
− isi

τ2

τt1τsi

)

+ τ

τt1

)

logτn ,

0 = τ

τs1

(
V1τn

τn

)

=
(

−
∑

i≥1

(i + 1)si+1
τ2

τs1τsi
+

∑

i≥2

(i − 1)ti−1
τ2

τs1τti

+ n
τ2

τs1τt1

)

logτn + n

0 = τ

τs1

(
V0τn

τn

)

=
(

−
∑

i≥1

(

isi
τ2

τs1τsi
− i t i

τ2

τs1τti

)

− τ

τs1

)

logτn .(4.8)

For the sake of this proof, consider the

locusL = {all ti = si = 0 exceptt1, s1 �= 0} .

From (4.7), we have onL,

V0τn

τn

∣
∣
∣
∣
L

=
(

t1
τ

τt1
− s1

τ

τs1

)

logτn

∣
∣
∣
∣
L

= 0 ,
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implying τn(t, s)
∣
∣
L

is a function ofx := −t1s1 only. Therefore we may write
τn

∣
∣
L

= τn(x), and so, alongL, we have

τ

τt1
= −s1

τ

τx
,

τ

τs1
= −t1

τ

τx
,

τ2

τt1τs1
= − τ

τx
x

τ

τx
.

Setting

fn(x) = τ

τx
x

τ

τx
logτn(x) = − τ2

τt1τs1
logτn(t, s)

∣
∣
∣
∣
L

and usingx = −t1s1, the 2-Toda relation (4.6) takes on the form

s1
τ2 logτn

τs2τt1

∣
∣
∣
L

= s1

(

2b∗
n

τ2

τs1τt1
logτn − τ

τs1

(
τ2 logτn

τs1τt1

))

= x

(

2
b∗

n

t1
fn + f ′

n

)

.(4.9)

Setting this relation (4.9) into the Virasoro relations (4.7) and (4.8), we have

0 = V0τn

τn
− V0τn−1

τn−1

∣
∣
∣
∣
L

=
(

t1
τ

τt1
− s1

τ

τs1

)

log
τn

τn−1

∣
∣
∣
L

= t1bn + s1b
∗
n ,(4.10)

0 = τ

τt1

V−1τn

τn

∣
∣
∣
∣
L

=
(

−s1
τ2

τs2τt1
+ n

τ2

τt1τs1

)

logτn

∣
∣
∣
L

+ n

= −x

(

2
b∗

n

t1
fn(x) + f ′

n(x)

)

+ n(− fn(x) + 1) .(4.11)

This is a system of two linear relations (4.10) and (4.11) inbn and b∗
n, whose

solution, together with its derivatives, is given by

b∗
n

t1
= −bn

s1
= −n( fn − 1) + x f ′

n

2x fn
,

τbn

τs1
= τ

τx
x

bn

s1
= x( fn f ′′

n − f ′2
n ) + ( fn + n) f ′

n

2 f 2
n

.

Settingτ2 logτn/τs1τt1 = − fn into the Toeplitz relation (4.5) yields

bnb∗
n = (1 − fn)

(

1 − fn − τ

τs1
bn

)

,

which, using the expressions above forbn, b∗
n, andτbn/τs1, yields the differential

equation

(4.12) f ′′
n − 1

2
f ′2
n

(
1

fn − 1
+ 1

fn

)

+ 1

x
f ′
n + n2(− fn + 1)

2x2 fn
− 2

x
fn(− fn +1) = 0 .

Note, along the locusL, we may sett1 = √
x ands1 = −√

x, since it respects
t1s1 = −x. Thus,

fn(x) = d

dx
x

d

dx
logτn(x) ,
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with

τn(t, s)
∣
∣
L

=
∫

U(n)

etr(t1M−s1M̄) d M

∣
∣
∣
∣
L

=
∫

U(n)

e
√

x tr(M+M̄) d M ,

satisfies (4.12). The behavior offn(x) nearx = 0 is given by Proposition 1.5 and
the above formula, with the uniqueness established as in the orthogonal case, thus
proving Proposition 4.1. �

Remark.Setting

fn(x) = w(x)

w(x) − 1

leads to standard Painlevé V, withα = δ = 0, β = −n2/2, γ = −2.

PROOF OFPROPOSITION4.2: For fixedk ∈ R, k �= 0, consider the locus

L = {all i t i = −k(−1)i andsi = 0 excepts1 = x} .

Then setting

(4.13) fn(x) = τ

τt1
logτn

∣
∣
∣
L

,

the Toda relations (4.6) become

−x
τ2

τs2τt1
logτn

∣
∣
∣
L

= −2xb∗
n

τ2

τs1τt1
logτn + x

τ3

τs2
1τt1

logτn

= −2xb∗
n f ′

n + x f ′′
n .(4.14)

The Virasoro relations (4.8) become, by using (4.3) and the locus,

0 =
(

(V0 + V1)τn

τn
− (V0 + V1)τn−1

τn−1

) ∣
∣
∣
∣
L

=
(

−x
τ

τs1
+ (n + k)

τ

τt1

)

logτn + nx

−
(

−x
τ

τs1
+ (n − 1 + k)

τ

τt1

)

logτn−1 − (n − 1)x

=
(

−x
τ

τs1
+ (k + n − 1)

τ

τt1

)

log
τn

τn−1
+ τ

τt1
logτn + x

= −x
τ

τs1
log

τn

τn−1
+ (k + n − 1)

τ

τt1
log

τn

τn−1
+ fn + x

= xb∗
n + (k + n − 1)bn + fn + x ,(4.15)
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and, by using (4.8) and (4.14),

0 = τ

τt1

(V−1 + V0)τn

τn

∣
∣
∣
∣
L

=
(

τ

τt1
− x

τ2

τt1τs2
+ (n − x)

τ2

τs1τt1

)

logτn + n = 0

= fn + (n − x) f ′
n + n − 2xb∗

n f ′
n + x f ′′

n .(4.16)

So, as before, we have a linear system inbn andb∗
n whose solution is

bn = −x f ′′
n + f ′

n(2 fn + x + n) + fn + n

2 f ′
n(n + k − 1)

,

b∗
n = x f ′′

n − f ′
n(x − n) + fn + n

2x f ′
n

.

Substituting this solution into the Toeplitz relation (4.5)

bnb∗
n = (1 + f ′

n)

(

1 + f ′
n − τ

τx
bn

)

yields

f ′′′
n − 1

2

(
1

f ′
n

+ 1

f ′
n + 1

)

f ′′2
n + f ′′

n

x
+ 2(n + k)

x
f ′
n( f ′

n + 1)

− 1

2x2 f ′
n( f ′

n + 1)

(

(x − n) f ′
n − fn − n

)(

(2 fn + x + n) f ′
n + fn + n

)

= 0 .

It remains to computefn(x) as in (4.13). Note that

τn(x) := τn(t, s)
∣
∣
L

=
∫

U(n)

etr
∑∞

1 (ti M i −si M̄ i ) d M

∣
∣
∣
∣

L

=
∫

U(n)

(

e− tr
∑∞

1
(−M)i

i

)k
e−x tr M̄ d M

=
∫

U(n)

det(I + M)ke−x tr M̄ d M .

Therefore

fn(x) = τ

τt1
logτn

∣
∣
∣
∣
L

=
∫

tr M etr
∑∞

1 (ti M i −si M̄ i ) d M
∫

etr
∑∞

1 (ti M i −si M̄ i ) d M

∣
∣
∣
∣
∣
L

=
∫

tr M det(I + M)ke−x tr M̄ d M
∫

det(I + M)ke−x tr M̄ d M

∗= 1

n + k
x

d

dx
logτne−nx .(4.17)
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This last equality
∗= will be shown later in Lemma 4.3. To conclude the proof of

Proposition 4.2, observe from (4.17) and Proposition 1.5 that

fn(x) = 1

n + k



x
d

dx
log

∫

U(n)

det(I + M)ke−x tr M̄ d M − nx





= x
k − n

k + n
− xn+1

(n + 1)!

(
k + n − 1

n

)

+ O(xn+2) ;

this concludes the proof of Proposition 4.2. �

PROOF OFTHEOREM 0.1: Upon integrating expressions (4.1) and (4.2) and
exponentiating, one finds expressions (ii) and (iii) of Theorem 0.1 after using, re-
spectively, the initial conditions (0.2) and the first identity of Lemma 4.3. �

Recall that equality (4.17) (
∗=) still needs proof.

LEMMA 4.3

τn(0) =
∫

U(n)

det(I + M)k d M = 1 ,
ττn

τt1
(0) =

∫

U(n)

tr M det(I + M)k d M = 0 ,

and
∫

tr M det(I + M)ke−x tr M̄ d M
∫

det(I + M)ke−x tr M̄ d M

= 1

n + k
x

d

dx
loge−nx

∫

U(n)

det(I + M)ke−x tr M̄ d M

= −x

n + k

(∫

tr M̄ det(I + M)ke−xtr M̄ d M
∫

det(I + M)ke−x tr M̄ d M
+ n

)

.(4.18)

PROOF: Recall from (4.17) thatf (x) is the left-hand side of (4.18). At first
we show, using the Toeplitz matrix representation (2.51) in the third identity, that
f (0) = 0; indeed,

τn(0) f (0) =
∫

U(n)

tr M det(I + M)k d M

= d

dε

∫

det(I + M)k det(I + εM)d M

∣
∣
∣
∣
ε=0

= d

dε
det





∫

S1

zℓ−m(1 + z)k(1 + εz)
dz

2π i z





0≤ℓ,m≤n−1

∣
∣
∣
∣
∣
∣
∣
ε=0
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∗= d

dε
det








1
1 ∗

. . .

O 1








∣
∣
∣
∣
∣
∣
∣
∣
∣
ε=0

= d

dε
(1) = 0 .(4.19)

The equality
∗= is due to the fact that

∫

S1

zℓ−m(1 + z)k(1 + εz)
dz

2π i z
=

{

0 for ℓ − m ≥ 1

1 for ℓ = m .

The same but even simpler argument showsτn(0) = 1 by replacing 1+ εz by 1 in
(4.19). From (4.8), it also follows that

0 = τ

τs1

(V0 + V1)τn

τn

∣
∣
∣
∣
L

=
(

(n + k)
τ2

τs1τt1
− s1

τ2

τs2
1

− τ

τs1

)

logτn

∣
∣
∣
∣
L

+ n

= (n + k)
τ f

τx
− τ

τx
x

τ

τx
logτn

∣
∣
∣
∣
L

+ n

= (n + k)
τ f

τx
− τ

τx
x

τ

τx
logτne−nx

∣
∣
∣
∣
L

.

Integrating this expression from 0 tox yields

(n + k)( f (x) − f (0)) = x
τ

τx
logτne−nx ;

the fact thatf (0) = 0 establishes the first identity of (4.18). The second identity
of (4.18) follows from

f (x) = 1

n + k
x

d

dx
loge−nx

∫

U(n)

det(I + M)ke−x tr M̄ d M

= −x

n + k

(∫

tr M̄ det(I + M)ke−x tr M̄ d M
∫

det(I + M)ke−x tr M̄ d M
+ n

)

,

ending the proof of Lemma 4.3. �

Appendix A: Virasoro Algebras

In [3], we defined a Heisenberg and Virasoro algebra of vector operatorsβJ
(i )
k ,

depending on a parameterβ > 0:
(
β
J

(1)

k

)

n
= β J(1)

k + n J(0)

k and
(

J
(0)

k

)

n
= n J(0)

k = nδ0k ,
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and

β
J

(2)

k (β) = β

2

∑

i+ j =k

: β
J

(1)

i
β
J

(1)

j : +
(

1 − β

2

)
(

(k + 1) β
J

(1)

k − kJ
(0)

k

)

=
(

β

2
· β J(2)

k +
(

nβ + (k + 1)

(

1 − β

2

))

.β J(1)

k

+ n((n − 1)β + 2)

2
J(0)

k

)

n∈Z

.(A.1)

TheβJ
(2)

k ’s satisfy the commutation relations (see [3]):

[
β
J

(1)

k , β
J

(1)

ℓ

]

= k

β
δk,−ℓ ,

[
β
J

(2)

k , β
J

(1)

ℓ

]

= −ℓβ
J

(1)

k+ℓ + k(k + 1)

(
1

β
− 1

2

)

δk,−ℓ ,

[
β
J

(2)

k , β
J

(2)

ℓ

]

= (k − ℓ) β
J

(2)

k+ℓ + c

(
k3 − k

12

)

δk,−ℓ ,(A.2)

with central charge

c = 1 − 6

(
(

β

2

)1/2

−
(

β

2

)−1/2
)2

.

In the expressions above,

β J(1)

k =









τ
τtk

for k > 0
1
β
(−k)t−k for k < 0

0 for k = 0 ,

β J(2)

k =
∑

i+ j =k

τ2

τti τtj
+ 2

β

∑

−i+ j =k

i t i
τ

τtj
+ 1

β2

∑

−i− j =k

i t i j t j .(A.3)

In particular, forβ = 1 and 2, theβJ
(2)

k take on the form

β
J

(2)

k (t)
∣
∣
β=1 = 1

2

(
β J(2)

k + (2n + k + 1) β J(1)

k + n(n + 1)J(0)

k

)

n∈Z

∣
∣
∣
β=1

,(A.4)

β
J

(2)

k (t)
∣
∣
β=2 =

(
β J(2)

k + 2n β J(1)

k + n2J(0)

k

)

n∈Z

∣
∣
∣
β=2

.(A.5)

Appendix B: Chazy Classes

Given arbitrary polynomialsP(z), Q(z), and R(z) of degree 3, 2, and 1, re-
spectively, Cosgrove [9, (A.3)], shows that the third-order equation

(B.1) f ′′′ + P′

P
f ′′ + 6

P
f ′2 − 4P′

P2
f f ′ + P′′

P2
f 2 + 4Q

P2
f ′ − 2Q′

P2
f + 2R

P2
= 0
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has a first integral, which is second order inf and quadratic inf ′′,

(B.2) f ′′2 + 4

P2

(
(

P f ′2 + Q f ′ + R
)

f ′ −
(

P′ f ′2 + Q′ f ′ + R′) f

+ 1

2
(P′′ f ′ + Q′′) f 2 − 1

6
P′′′ f 3 + c

)

= 0 ;

c is the integration constant. This is a master Painlevé equation, containing the six
Painlevé equations. When the polynomialsP, Q, andR have the forms

P = x , Q = −a1

4
x2 , R = −1

4
(a2x + a3) ,

then equation (B.2) can be reduced to the Painlevé V equation [10, p. 70]:

(B.3) w′′ =
(

1

2w
+ 1

w − 1

)

w′2 − 1

x
w′ + (w − 1)2

x2

(

αw + β

w

)

+ γw

x
+ δw(w + 1)

w − 1
,

with

a1 = −2δ , a2 = 1

4
γ 2 + 2βδ − δ(1 −

√
2α)2 , a3 = βγ + 1

2
γ (1 −

√
2α)2 ,

c = − 1

32
γ 2

(

(1 −
√

2α)2 − 2β
)

+ 1

32
δ
(

(1 −
√

2α)2 + 2β
)2

.

Appendix C: The Volume of the Orthogonal and Symplectic Groups

Selberg’s integral (see Mehta [15, p. 340]), renormalized over[−1, 1],
∫

[−1,1]n


n(x)2γ

n
∏

j =1

(1 − xj )
α(1 + xj )

β dxj

= 2n(α+β+γ (n−1)+1)

n−1
∏

j =0

Ŵ(α + j γ + 1)Ŵ(β + j γ + 1)Ŵ(γ + j γ + 1)

Ŵ(γ + 1)Ŵ(α + β − γ + γ (n + j ) + 2)

= 2n(n+α+β)

n
∏

j =1

j !Ŵ( j + α)Ŵ( j + β)

Ŵ(n + j + α + β)
upon settingγ = 1 ,

leads to the value ofc±
2n andc±

2n−1 in Theorem 1.1:

α = −β = ±1

2
−→

∫

O(2n+1)±

d M = 2n2
n
∏

j =1

j !( j − 1
2)Ŵ

2( j − 1
2)

(n + j − 1)!

α = β = −1

2
−→

∫

O(2n)+

d M = 2n(n−1)

n
∏

j =1

j !Ŵ2( j − 1
2)

(n + j − 2)!
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α = β = 1

2
, n �→ n − 1 −→

∫

O(2n)−

d M = 2n(n−1)

n−1
∏

j =1

j !Ŵ2( j + 1
2)

(n + j − 1)! .

Appendix D: Direct Evaluation of Integrals
over the Orthogonal Group and Their Derivatives at x = 0

Referring to Theorem 3.1, formulae (3.3) and (3.4), we evaluated/dx logτn(x)

andd2/dx2 logτn(x) directly from the integral representation, not using the com-
binatorial interpretation of the integrals. To do this, we need the Aomoto extension
[6] (see Mehta [15, p. 340]) of Selberg’s integral:18

〈x1 . . . xm〉 :=
∫ 1

0 · · ·
∫ 1

0 x1 · · · xm |
(x)|2γ
∏n

j =1 xα
j (1 − xj )

β dx1 · · · dxn
∫ 1

0 · · ·
∫ 1

0 |
(x)|2γ
∏n

j =1 xα
j (1 − xj )β dx1 · · · dxn

=
m
∏

j =1

α + 1 + (n − j )γ

α + β + 2 + (2n − j − 1)γ
.(D.1)

In particular, by settingγ = 1, formula (D.1) implies

(D.2) 〈x1〉 = n + α

2n + β + α
and 〈x1x2〉 = (n + α − 1) (n + α)

(2n + β + α − 1) (2n + β + α)
,

and from the identity (see [15, p. 349])

(2n + β + α + 1) 〈x2
1〉 = (2n + α) 〈x1〉 − (n − 1)〈x1x2〉

we derive

(D.3)
〈

x2
1

〉

=
(n + α)

(

3n2 + 2βn + 3αn + αβ + α2 − 1
)

(2n + β + α − 1) (2n + β + α) (2n + β + α + 1)
.

We now consider the following ratio of integrals (rememberραβ(z) := (1 −
z)α(1 + z)β)

(D.4) 〈y1 · · · ym〉[−1,1] :=
∫

[−1,1]n y1 · · · ym
n(y)2 ∏n
k=1 ρ(α,β)(yk)dyk

∫

[−1,1]n 
n(y)2
∏n

k=1 ρ(α,β)(yk)dyk
.

The relationship between the two integrals (D.1) and (D.4) is obtained by setting
xj = (1 − yj )/2; so we have

〈x1〉 = 1

2
(1 − 〈y1〉) , 〈x1x2〉 = 1

4
(1 − 2〈y1〉 + 〈y1y2〉) ,

〈x2
1〉 = 1

4
(1 − 2〈y1〉 + 〈y2

1〉) .

18Reα, Reβ > −1, Reγ > − min
( 1

n , Reα+1
n−1 ,

Reβ+1
n−1

)

.
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Thus, these relations, upon using (D.2) and (D.3) and upon settingα = (a + b)/2
andβ = (a − b)/2, yield

〈y1〉 = −b

a + 2n
, 〈y1y2〉 = b2 − a − 2n

(a + 2n − 1)(a + 2n)
,(D.5)

〈y2
1〉 = b2(a + n) + n(a + 2n)2 − (a + 2n)

(a + 2n − 1)(a + 2n)(a + 2n + 1)
.

Hence, setting

I (α,β)
n (x) :=

∫

[−1,1]n


n(z)
2

n
∏

1

e2xzkρα,β(zk)dzk ,

we compute for future use:

γ (n) := 2
I

′′
n

In

∣
∣
∣
∣
∣
x=0

= 8

〈(
n

∑

1

yi

)2〉

= 8 (n〈y2
1〉 + n(n − 1)〈y1y2〉)

= 8n (〈y2
1〉 + (n − 1)〈y1y2〉)

= 8n
(a + 2n)(b2n + a + n) − b2

(a + 2n − 1)(a + 2n)(a + 2n + 1)
.(D.6)

Note this formula applies to a generalI (α,β)
n (x), where a combinatorial interpre-

tation is absent. These considerations will now be applied to the orthogonal case.
Indeed, considering the special values ofα andβ and thus fora andb, we evaluate:

• a = −1, b = 0 : γ (n) = 2,
• a = 1, b = 0 : γ (n) = 2,
• a = 0, b = 1 : γ (n) = 4,
• a = 0, b = −1 : γ (n) = 4 .

It is easily seen that

(

x
d

dx
log

∫

ex tr M d M

)′′
= 2

( ∫

ex tr M d M)′′
∫

ex tr M d M
− 2

(( ∫

ex tr M d M
)′

∫

ex tr M d M

)2

+ O(x)

and so, using (3.12) and the fact that the volume
∫

d M does not vanish,

(

x
d

dx
log

∫

ex tr M d M

)′′∣
∣
∣
∣
x=0

= 2

( ∫

ex tr M d M
)′′

∫

ex tr M d M

∣
∣
∣
∣
∣
x=0

.
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Using f ′
ℓ(0) = 0 to evaluateI ′

n(0) below and using (1.2) and (D.6), we now verify
in each of the cases:

f ′′
2n−1(0) =




x

d

dx
log

∫

O(2n)+

ex Tr M d M






′′∣∣
∣
∣
∣
∣
∣
∣
x=0

= 2
I

′′(− 1
2 ,− 1

2 )
n

I
(− 1

2 ,− 1
2 )

n

∣
∣
∣
∣
∣
∣
x=0

= γ (n)
∣
∣
a=−1,b=0 = 2 ,

f ′′
2n−1(0) =




x

d

dx
log

∫

O(2n)−

ex Tr M d M






′′∣∣
∣
∣
∣
∣
∣
∣
x=0

= 2
I

′′( 1
2 , 1

2 )

n−1

I
( 1

2 , 1
2 )

n−1

= γ (n − 1)
∣
∣
a=1,b=0 = 2 ,

f ′′
2n(0) =




x

d

dx
log

∫

O(2n+1)+

ex Tr M d M






′′∣∣
∣
∣
∣
∣
∣
∣
x=0

= 2
(ex I

( 1
2 ,− 1

2 )
n )′′

ex I
( 1

2 ,− 1
2 )

n

∣
∣
∣
∣
∣
∣
x=0

= 2

(

I
′′
n + 2I

′
n + In

In

)∣
∣
∣
∣
∣
x=0

= 2

(

I
′′
n

In
− 1

)

from
(

ex In(x)
)′ ∣∣
∣
x=0

= I ′
n(0) + In(0) = 0

= −2 + γ (n)
∣
∣
a=0,b=+1 = 2 ,

f ′′
2n(0) =




x

d

dx
log

∫

O(2n+1)−

ex Tr M






′′∣
∣
∣
∣
∣
∣
∣
x=0

= 2
(e−x I

(− 1
2 , 1

2 )
n )′′

e−x I
(− 1

2 , 1
2 )

n

∣
∣
∣
∣
∣
∣
x=0

= 2
I

′′
n − 2I

′
n + In

In

∣
∣
∣
∣
∣
x=0

from
(

e−x In(x)
)′ ∣∣
∣
x=0

= 0
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= 2

(

I
′′
n

In
− 1

)

= −2 + γ (n)
∣
∣
a=0,b=−1 = 2 .
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