
PDE's for the Dyson, Airy and Sine proessesMark Adler�
1 ResultsThe Dyson Brownian motion (see [5℄)��1(t); : : : ; �n(t)� 2 Rn ;with transition density p(t; �; �) satis�es the di�usion equation�p�t = 12 nX1 ���i�(�) ���i 1�(�)p= nX1  12 �2��2i � ���i � logp�(�)��i ! pwith �(�) = �2(�) nY1 e��2i :This desribes n Brownian motions repelling eah other, but held togetherby the exponential term in �(�). The motion also orresponds to the motionof the eigenvalues of an Hermitian matrix B = (Bij) evolving aording tothe Ornstein-Uhlenbek proess�P�t = n2Xi;j=1�14(1 + Æij) �2�B2ij + ��BijBij�P ;�Department of Mathematis, Brandeis University, Waltham, Mass 02454, USA. E-mail: adler�brandeis.edu. The support of a National Siene Foundation grant # DMS-01-00782 is gratefully aknowledged. 1



with transition density ( = e�t)P (t; �B;B) = Z�1 1(1� 2)n2=2 e� 1(1�2) Tr(B� �B)2 :The Bij's denote the n2 free real quantities in the Hermitian matrix B andin partiular the Bii are its diagonal elements; moreover, one may view �Bas parametrizing initial data. In the limit t ! 1 we �nd the stationarydistribution Z�1e�TrB2dB = Z�1�2(�) nY1 e��2i d�iand taking this invariant measure as the initial ondition, one �nds for thejoint distribution ( = e�(t2�t1))P (B(t1) 2 dB1; B(t2) 2 dB2) = Z�1 dB1dB2(1� 2)n2=2 e� 1(1�2) Tr(B21�2B1B2+B22);and similarly for the joint distribution involving more times. This expressionis evaluated using the Harish-Chandra-Itzykson-Zuber formula.The probability of the distribution of the eigenvalues for the GUE en-semble is expressible as a Fredholm determinant involving the well-knownHermite kernel [7℄. P. Forrester, T. Nagao and G. Honner [7℄ showed thatthe Dyson proess goes with a so-alled \extended Hermite kernel" whih wegive, following K. Johansson [9℄, to wit the matrix kernel
KH;ntitj (x; y) := 8>>>><>>>>: 1Xk=1 e�k(ti�tj)'n�k(x)'n�k(y); if ti � tj� 0Xk=�1 ek(tj�ti)'n�k(x)'n�k(y); if ti < tj ; (1.1)where 'k(x) = e�x2=2pk(x); for k � 0; with pk(x) = Hk(x)2k=2pk!�1=4 ;= 0; for k < 0;pk(x) are the normalized Hermite polynomials. Then we haveP (all �i(t1) 2 E1; all �i(t2) 2 E2) = det �I �KH;E� ; (1.2)2



with the matrix kernelKH;E(x; y) = �IEi(x)KH;ntitj (x; y)IEj(y)�1�i;j�2 ; (1.3)with IE(x) the indiator funtion of E.The Airy proess is de�ned by an appropriate resaling of the largesteigenvalue �n in the Dyson proessA(t) = limn!1p2n1=6 ��n(n�1=3t)�p2n� ;in the sense of onvergene of distributions for a �nite number of t's. Pr�ahoferand Spohn [12℄ introdued this proess in the ontext of polynulear growthmodels and showed it is a stationary proess with ontinuous sample paths;hene the probability P (A(t) � u) is atually independent of t and given bythe Tray-Widom distribution [14℄ Painlev�e II equation,P (A(t) � u) = F (u) := exp�� Z 1u (�� u)q2(�)d�� ; (1.4)with q(�) the solution of the Painlev�e II equation,q00 = �q + 2q3 with q(�) �= 8><>: � e� 23� 322p��1=4 for �%1p��=2 for �& �1: (1.5)Similarly the Sine proess, introdued by Tray-Widom [16℄, is an in�niteolletion of non-olliding proesses Si(t), obtained by resaling the bulk ofthe Dyson proess, in the same way as the bulk of the spetrum of a largeGaussian random matrix; namelySi(t) := limn!1 p2n� �n2+i��2t2n � for �1 < i <1; (1.6)in the sense of onvergene of distributions for a �nite number of t's. Thusby resaling the extended kernel byAiry proess : x = p2n+ up2n1=6 ; y = p2n+ vp2n1=6 ; t = �n1=3 (1.7)and 3



Sine proess : x = u�p2n; y = v�p2n; t = �2�2n (1.8)we are lead to the Airy and Sine kernelsKAtitj (u; v) := 8>><>>: Z 10 e�z(�i��j)Ai(u+ z)Ai(v + z)dz; if �i � �j� Z 0�1 ez(�j��i)Ai(u+ z)Ai(v + z)dz; if �i < �j ; (1.9)
KStitj (u; v) := 8><>: 1� Z �0 e�z2(�i��j)=2osz(u� v)dz; if �i � �j� 1� Z 1� e�z2(�j��i)=2osz(u� v)dz; if �i < �j ; (1.10)Just as in the Dyson proess, we �nd the joint probabilities for both theAiry and Sine proesses an be expressed in terms of a Fredholm determinantinvolving the above kernels, to wit:P (A(�1) 2 F 1 ; A(�2) 2 F 2 ) = det(I �KA;F )P (all Si(�1) 2 F 1 ; all S2(�2) 2 F 2 ) = det(I �KS;F ); (1.11)with the matrix kernelsKA;F (u; v) = �IFi(u)K�i�j (u; v)IFj(v)�1�i;j�2KS;Fij (u; v) = �IFi(u)K�i�j (u; v)IFj(v)�1�i;j�2 :For the Sine proess, F1 and F2 must be ompat. Natural hoies forthe Fi are Fi = (ui;1) for the Airy proessFi = (ui; vi) for the Sine proess:Indeed, it turns out that when F1 and F2 are the union of a �nite number ofintervals, then all three Fredholm determinants going with the Dyson, Airy4



and Sine proesses satisfy a third order partial di�erential equations in thetime t = t2 � t1 and the end points of the intervals making up E1 and E2.In order to state the results, the disjoint union of intervals in R,E1 := [ri=1[a2i�1; a2i℄ and E2 := [si=1[b2i�1; b2i℄ � R; (1.12)and t = t2 � t1,  = e�t de�ne an assoiated set of linear operatorsA1 = 2rX1 ��aj +  2sX1 ��bjA2 = 2rX1 aj ��aj + 2 2sX1 bj ��bj + (1� 2) ��t � 2B1 = A1��a !b;B2 = A2��a !b : (1.13)We now stateTheorem 1.1 (Dyson proess) Given t1 < t2 and t = t2�t1, the logarithmof the joint distribution for the Dyson Brownian motion (�1(t); : : : ; �n(t)),Gn(t; a1; :::; a2r; b1; :::; b2s) := logP (all �i(t1) 2 E1; all �i(t2) 2 E2) (1.14)satis�es a third order non-linear PDE in the boundary points of E1 and E2,whih takes on the simple form, setting  = e�t,A1 B2A1GnB1A1Gn + 2n = B1 A2B1GnA1B1Gn + 2n: (1.15)Similarly, the disjoint union of intervals in RF1 := [ri=1[u2i�1; u2i℄ and F2 := [si=1[v2i�1; v2i℄ � R;and t = t2 � t1 de�ne an assoiated set of linear operatorsLu := 2rX1 ��ui ; Eu := 2rX1 ui ��ui + t ��tLv := Lu��u !v ; Ev := Eu��u !v : (1.16)We now state the analogous equations for the Airy and Sine proesses.5



Theorem 1.2 (Airy proess) Given t1 < t2 and t = t2 � t1, the jointdistribution for the Airy proess A(t),G(t; u1; : : : ; u2r; v1; : : : ; v2s) := logP (A(t1) 2 F1; A(t2) 2 F2) ; (1.17)satis�es a third order non-linear PDE 1 in the ui; vi and t,�(Lu + Lv)(LuEv � LvEu) + t2(Lu � Lv)LuLv�G= 12n(L2u � L2v)G ; (Lu + Lv)2GoLu+Lv (1.18)and in the ase ofF1 := ��1; y + x2 � ; F2 := ��1; y � x2 � ; (1.19)the Airy joint probabilityH(t; x; y) := logP �A(t1) � y + x2 ; A(t2) � y � x2 � ; (1.20)satis�es the simple PDE in x; y and t2:2t �3H�t�x�y = �t2 ��x � x ��y���2H�x2 � �2H�y2 �+ 8� �2H�x�y ; �2H�y2 �y (1.21)where moreoverlimt&0H (t; x; y) = logF �min(y + x2 ; y � x2 )� :
Theorem 1.3 (Sine proess) For t1 < t2, and ompat F1 and F2 � R,the log of the joint probability for the sine proesses Si(t),G(t; u1; : : : ; u2r; v1; : : : ; v2s) := logP (all Si(t1) 2 F 1 ; all Si(t2) 2 F 2 ) ;(1.22)1in terms of the Wronskian ff(y); g(y)gy := f 0(y)g(y)� f(y)g0(y) and F is as in (1.4).6



satis�es the third order non-linear PDE,Lu �2EvLu + (Ev � Eu � 1)Lv�G(Lu + Lv)2G+ �2 = Lv �2EuLv + (Eu � Ev � 1)Lu�G(Lu + Lv)2G+ �2 (1.23)whih in the ase ofF1 := [x1 + x2; x1 � x2℄ and F2 := [y1 + y2; y1 � y2℄; (1.24)the joint probability for the Sine proessH(t; x; y) = logP�S(t1) 62 [x1 + x2; x1 � x2℄ ; S(t2) 62 [y1 + y2; y1 � y2℄�(1.25)satis�es the PDE��x1 �2Ey ��x1 + (Ey�Ex�1) ��y1�H� ��x1 + ��y1�2H + �2 = ��y1 �2Ex ��y1 + (Ex�Ey� 1) ��x1�H� ��x1 + ��y1�2H + �2 :(1.26)The PDE's are an e�etive tool to easily ompute large time asymptotisfor these proesses upon an assumption on the interhange of sum and limitswhih we now illustrate in the ase of the Airy proess.Theorem 1.4 (Large time asymptotis for the Airy proess) Forlarge t = t2 � t1, the joint probability admits the following asymptoti se-riesP (A(t1) � u;A(t2) � v)=F (u)F (v)+F 0(u)F 0(v)t2 +�(u; v)+�(v; u)t4 +O�1t6� ;(1.27)in terms of the Tray-Widom distribution (see (1.4), (1.5))F (u) = exp�� Z 1u (s� u)2q2(s)ds� ;7



with
�(u; v) := F2(u)F2(v)

0BBBBBBBBBB�
14 �Z 1u q2d��2�Z 1v q2d��2+ q2(u)�14q2(v)� 12�Z 1v q2d��2�+Z 1v d��2(v � �)q2 + q02 � q4�Z 1u q2d�

1CCCCCCCCCCA :
(1.28)Moreover, the ovariane for large t = t2 � t1 behaves asE(A(t2)A(t1))� E(A(t2))E(A(t1)) = 1t2 + t4 + ::: ; (1.29)where  := 2 ZZR2 �(u; v)du dv:Setion 2 of the present paper merely gives a sketh of the proof of theseresults. For a omplete and detailed aount, see M. Adler and P. van Moer-beke [1℄. In a reent paper, Tray and Widom [15℄ express the joint distribu-tion for several times t1; : : : ; tm, in terms of an augmented system of auxiliaryvariables, whih satisfy an impliit losed system of non-linear PDE's. Seealso Craig Tray's paper in this edition. In [16℄, Tray and Widom de�nethe Sine proess and �nd an impliit PDE for this proess, with methodsanalogous to the Airy proess. Their methods are funtion-theoretial andthe quantities involved seem quite di�erent from ours; the onnetion be-tween the two sets of results is not transparent. Later H. Widom gave arigorous proof to the expansion (1.28), based on the Fredholm determinant(1.9) giving the joint distribution.
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2 Sketh of ProofsIn this setion we briey sketh proofs of the results in the previous setion,referring the reader to [1℄ for the full story. The point being to say whatresults really depend on, whih requires disussions whose depth varies aseby ase! Consider a produt ensemble(M1;M2) 2 H2n := Hn �Hnof n� n Hermitian matries, equipped with a Gaussian probability measurendM1dM2 e� 12Tr(M21+M22�2M1M2);with Haar measure given bydMj = �2n(x) nY1 dxidUj; j = 1; 2;The disjoint unionE = E1 � E2 := [ri=1[a2i�1; a2i℄� [si=1[b2i�1; b2i℄ � R2spei�es linear operators~A1 = 12 � 1  2rX1 ��aj +  2sX1 ��bj! ~A2 = 2rXj=1 aj ��aj �  ��~B1 = A1��a !b ~B2 = ~A2��a !bUsing integrable systems and Virasoro theory, it is established in [1℄ that :Theorem 2.1 Given the joint distributionPn(E) := P (all(M1-eigenvalues) 2 E1; all(M2-eigenvalues) 2 E2); (2.1)the funtion Fn(; a1; : : : ; a2r; b1; : : : ; b2s) := logPn(E) satis�es the non-linearthird-order partial di�erential equation:~A1 ~B2 ~A1Fn~B1 ~A1Fn + n2�1 = ~B1 ~A2 ~B1Fn~A1 ~B1Fn + n2�1 : (2.2)9



Remark: Note that both Pn(E1 � E2) and Pn(E1 � E2) satisfy the sameequation.Theorem 1.1 is easily derived from Theorem 2.1 via the identity (see (1.14)and (2.1) for the de�nition of Gn and Fn)Gn(t; a1; :::; a2r; b1; :::; b2s)= Fn ; a1p(1� 2)=2 ; :::; a2rp(1� 2)=2; b1p(1� 2)=2 ; :::; b2sp(1� 2)=2! ;where  = e�t, t = t2�t1, whih just results from a simple hange of variablesin the matrix integrals.Theorem 1.2 is derived from Theorem 1.1 by �rst doing an asymptotianalysis, upon substituting the Airy saling (1.7) into (1.14) Gn:Gn� �n1=3 ;p2n+ u1p2n1=6 ; : : : ;p2n+ u2rp2n1=6 ;p2n+ v1p2n1=6 ; : : : ;p2n+ v2sp2n1=6�:= Hn(� ; u; v) = G(� ; u; v) +O(1=n1=6); for n!1: (2.3)with, as in (1.17)G(�; u; v) := logP (A(�1) 2 F1; A(�2) 2 F2);whih is derived by analyzing the limit of the extended Hermite kernel to theAiry kernel. Then one observes upon making the following substitution inthe operators A1;A2;B1;B2,ai 7! p2n+ uip2n1=6 ; bi 7! p2n+ vip2n1=6 ; t 7! �n1=3 (2.4)and setting k := n1=6, L := Lu + Lv; E := Eu + Ev; (2.5)that for large k: 10



A1 = p2k�L� ( �k2 � � 22k4 + � 36k6 )Lv +O( 1k8 )�A2 = 2k4�L� 2�k2Lv + 12k4 (E � 1 + 4� 2Lv)� �k6 (Ev � 1 + 43� 2Lv) +O( 1k8 )�B1 = A1ju ! v; B2 = A2ju ! v: (2.6)Substituting all these asymptotis, (2.3)-(2.6), into the Wronskian form of(1.15), to wit:0 = nB2A1Hn;�B1A1Hn + 2k6e��=k2�oA1�nA2B1Hn;�A1B1Hn + 2k6e��=k2�oB1= 16� k6 ��(Lu + Lv)(LuEv � LvEu) + � 2(Lu � Lv)LuLv�G� 12 �(L2u � L2v)G; (Lu + Lv)2G	Lu+Lv +O(1k )� ;upon using the linearity of the Wronskian fX; Y gZ in the three argumentsand the following ommutation relations[Lu; Eu℄ = Lu; [Lu; Ev℄ = [Lu; Lv℄ = [Lu; � ℄ = 0 and [Eu; � ℄ = �;inluding their dual relations by u $ v; also fL2G; 1gLu�Lv = fL(Lu �Lv)G; 1gL. It is also useful to note that the two Wronskians in the �rstexpression are dual to eah other by u$ v. The point of the omputation isto preserve the Wronskian struture up to the end. This yields the �rst partof Theorem 1.2, the seond part following from the �rst part by speialization.Theorem 1.3 is derived from Theorem 1.1 in the style of Theorem 1.2, by�rst doing an asymptoti analysis, upon substituting the bulk saling (1.8)into (1.14) Gn:Gn� �n ; u12pn; : : : ; u2r2pn ; v12pn; : : : ; v2s2pn�:= Hn(� ; u; v) = ~G(� ; u; v) +O(1=pn); for n!1; (2.7)11



with, as in (1.22)~G(�; u; v) := logP �all p2�Si(2�1�2 ) 2 F 1 ; all p2�Si(2�2�2 ) 2 F 2� :Then substitute ai := ui2pn; bi := vi2pn; t := �n (2.8)into the operators A1;A2;B1;B2, and setting k = pn omputeA1 = 2k�L� �k2Lv +O� 1k4��A2 = E � 1� 2�k2 (Ev � 1) +O� 1k4�B1 = A1��u !v; B2 = B1��u !v: (2.9)Finally, substituting all these asymptotis, (2.7)-(2.9) into the Wronskianform of (1.15), yields after some e�ort:0 = �fB2A1Hn;B1A1Hn + 2k2e��=k2gA1 � fA2B1Hn;A1B1Hn + 2k2e��=k2gB1�= 16�k2 ��(E � 1)L ~Gn; L2 ~Gn + 12�Lu�Lv� �(2(Eu � 1)L + (E + 1)Lv) ~Gn; L ~Gn + 12�L+ �(2(Ev � 1)L+ (E + 1)Lu) ~Gn; L ~Gn + 12�L +O�1k�� ;whih implies the �rst part of Theorem 1.3; the seond parts following byspeialization.In order to prove Theorem 1.4, we need to show �rst the following a prioriasymptoti expansion:P (A(t1) � u;A(t2) � v)P (A(t1) � u)P (A(t2) � v) = det�I � (K̂Atitj )1�i;j�2�det�I � K̂At1t1� det�I � K̂At2t2�= 1 +Xi�1 fi(u; v)ti ;12



with t = t2 � t1, following Widom [17℄, and then assume the following plau-sible onjeture: limu!1 fi(u; v) = 0; for �xed v 2 Rlimz!1 fi(�z; z + x) = 0; for �xed x 2 R (2.10)being essentially equivalent, respetively, to the following natural onditions:limv!1P (A(t) � v j A(0) � u) = 1limz!1P (A(t) � z + x j A(0) � �z) = 1 (non-explosion). (2.11)Remembering that P (A(t) � u) = F (u) and noting fi(u; v) = fi(v; u), theresult is proven by then substituting equation (2.10):G(t; u; v) := H(t; u� v; u+ v) = logP (A(0) � u;A(t) < v)= logF2(u) + logF2(v) +Xi�1 hi(u; v)ti= logF2(u) + logF2(v) + f1(u; v)t + f2(u; v)� f 21 (u; v)=2t2 + : : : ;into the equation (1.21), now written in the t; u; v variables:t ��t� �2�u2 � �2�v2�G = �3G�u2�v�2�2G�v2 + �2G�u�v � �2G�u2 + u� v � � 2�� �3G�v2�u�2�2G�u2 + �2G�u�v � �2G�v2 � u+ v � � 2�+��3G�u3 ��v � �3G�v3 ��u�� ��u + ��v�G;yielding equations of the formLhi = funtion(h1; : : : ; hi�1);with L := � ��u � ��v� �2�u�v13



with null-spae of the form r1(u) + r3(v) + r2(u + v). It is preisely theonditions (2.11), (1.4) and (1.5) whih enable us to kill o� the unwantednull-spae and dedue the �rst part of Theorem 4, the seond part being animmediate onsequene of the �rst part.Referenes[1℄ M. Adler and P. van Moerbeke: PDE's for the joint distributions ofthe Dyson, Airy and Sine Proesses, to appear in Ann. of Probability(2005).[2℄ M. Adler and P. van Moerbeke: The spetrum of oupled random ma-tries, Annals of Math., 149, 921{976 (1999).[3℄ M. Adler and P. van Moerbeke: A PDE for the joint distribution of theAiry proess, arXiv:math.PR/0302329 (2003).[4℄ P. Deift, T. Krieherbauer, K. T-R MLaughlin, S. Venakides and X.Zhou: Strong asymptotis of orthogonal polynomials with respet toexponential weights, Comm. of Pure and Appl. Math. 52, 1491{1552(1999).[5℄ F.J. Dyson: A Brownian-Motion Model for the Eigenvalues of a RandomMatrix, Journal of Math. Phys. 3, 1191{1198 (1962).[6℄ A. Erdelyi: Higher transendental funtions, Vol. II, MGraw-Hill(1953).[7℄ P.J. Forrester, T. Nagao and G. Honner: Correlations for the orthogonal-unitary and sympleti-unitary transitions at the hard and soft edges,Nul. Phys. B, 553, 601{643 (1999).[8℄ K. Johansson: Disrete Polynulear Growth and Determinantal Pro-esses, ArXiv. Math. PR/0206208 (2002).[9℄ K. Johansson: The Arti irle boundary and the Airy proess, ArXiv.Math. PR/0306216 (2003).[10℄ I. Krasikov: New bounds on the Hermite polynomials,arXiv:math.CA/0401310. 14
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