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Introduction

Random matrix theory, began in the 1950’s, when E. Wigner [58] proposed
that the local statistical behavior of scattering resonance levels for neutrons
of heavy nucleii could be modeled by the statistical behavior of eigenvalues
of a large random matrix, provided the ensemble had orthogonal, unitary
or symplectic invariance. The approach was developed by many others, like
Dyson [30, 31], Gaudin [34] and Mehta, as documented in Mehta’s [44] fa-
mous treatise. The field experienced a revival in the 1980’s due to the work
of M. Jimbo, T. Miwa, Y. Mori, and M. Sato [36, 37], showing the Fredholm
determinant involving the sine kernel, which had appeared in random ma-
trix theory for large matrices, satisfied the fifth Painlevé transcendent; thus
linking random matrix theory to integrable mathematics. Tracy and Widom
soon applied their ideas, using more efficient function-theoretic methods, to
the largest eigenvalues of unitary, orthogonal and symplectic matrices in the
limit of large matrices, with suitable rescaling. This lead to the Tracy–Widom
distributions for the 3 cases and the modern revival of random matrix theory
(RMT) was off and running.

This article will focus on integrable techniques in RMT, applying Virasoro
gauge transformations and integrable equation (like the KP) techniques for
finding Painlevé – like ODE’s or PDE’s for probabilities that are expressible
as Fredholm determinants coming up in random matrix theory and random
processes, both for finite and large n–limit cases. The basic idea is simple –
just deform the probability of interest by some time parameters, so that, at
least as a function of these new time parameters, it satisfies some integrable
equations. Since in RMT you are usually dealing with matrix integrals, roughly
speaking, it is usually fairly obvious which parameters to “turn on,” although
it always requires an argument to show you have produced “τ–functions” of an
integrable system. Fortunately, to show a system is integrable, you ultimately
only have to check bilinear identities and we shall present very general methods
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to accomplish this. Indeed, the bilinear identities are the actual source of a
sequence of integrable PDE’s for the τ -functions.

Secondly, because we are dealing with matrix integrals, we may change co-
ordinates without changing the value of the integral (gauge invariance), lead-
ing to the matrix integrals being annihilated by partial differential operators
in the artificially introduced time and the basic parameters of the problem
– so-called Virasoro identities. Indeed, because the most useful coordinate
changes are often “S1–like” and because the tangent space of DiffpS1q at the
identity is the Virasoro Lie algebra (see [41]), the family of annihilating oper-
ators tends to be a subalgebra of the Virasoro Lie algebra. Integrable systems
possess vertex algebras which infinitesimally deform them and the Virasoro
algebras, as they explicitly appear, turn out to be generated by these vertex
algebras. Thus while other gauge transformation are very useful in RMT, the
Virasoro generating ones tend to mesh well with the integrable systems. Fi-
nally, the PDE’s of integrable systems, upon feeding in the Virasoro relations,
lead, upon setting the artificially introduced times to zero, to Painlevé-like
ODE or PDE for the matrix integrables and hence for the probabilities, but
in the original parameters of the problem! Sometimes we may have to intro-
duce “extra parameters,” so that the Virasoro relations close up, which we
then have to eliminate by some simple means, like compatibility of mixed
partial derivatives.

In RMT, one is particularly interested in large n (scaled) limits, i.e. cen-
tral limit type results, usually called universality results; moreover, one is
interested in getting Painlevé type relations for the probabilities in these lim-
iting relations, which amounts to getting Painlevé type ODE’s or PDE’s for
Fredholm determinants involving limiting kernels, analogous to the sine ker-
nel previously mentioned. These relations are analogous to the heat equation
for the Gaussian kernel in the central limit theorem (CLT), certainly a re-
vealing relation. There are two obvious ways to derive such a relation; either,
get a relation at each finite step for a particularly “computable or integrable”
sequence of distributions (like the binomial) approaching the Gaussian, via
the CLT, and then take a limit of the relation, or directly derive the heat
equation for the actual limiting distribution. In RMT, the same can be said,
and the integrable system step and Virasoro step mentioned previously are
thus applied directly to the “integrable” finite approximations of the limiting
case, which just involve matrix integrals. After deriving an equation at the
finite n–step, we must ensure that estimates justify passage to the limit, which
ultimately involves estimates of the convergence of the kernel of a Fredholm
determinant. If instead we decide to directly work with the limiting case with-
out passing through a limit, it is more subtle to add time parameters to get
integrability and to derive Virasoro relations, as we do not have the crutch of
finite matrix integrals. Nonetheless, working with the limiting case is usually
quite insightful, and we include one such example in this article to illustrate
how the limiting cases in RMT faithfully remember their finite – n matrix
integral ancestry.
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In Section 1 we discuss random matrix ensembles and limiting distributions
and how they directly link up with KP theory and its vertex operator, leading
to PDE’s for the limiting distribution. This is the only case where we work only
with the limiting distribution. In Section 2 we derive recursion relations in n
for n-unitary integrals which include many combinatoric generating functions.
The methods involve bi-orthogonal polynomials on the circle and we need to
introduce the integrable “Toeplitz Lattice,” an invariant subsystem of the
semi-infinite 2–Toda lattice of Uéno–Takasaki [55]. In Section 3 we study
the coupled random matrix problem, involving bi-orthogonal polynomials for
a nonsymmetric R2 measure, and this system involves the 2–Toda lattice,
which leads to a beautiful PDE for the joint statistics of the ensemble. In
Section 4 we study Dyson Brownian motion and 2 associated limiting processes
– the Airy and Sine processes gotten by edge and bulk scaling. Using the
PDE of Section 3, we derive PDE’s for the Dyson process and then the 2
limiting processes, by taking a limit of the Dyson case, and then we derive
for the Airy process asymptotic long time results. In Section 5 we study the
Pearcey process, a limiting process gotten from the GUE with an external
source or alternately described by the large n behavior of 2n-non-intersecting
Brownian motions starting at x � 0 at time t � 0, with n conditioned to
go to �?n, and the other n conditioned to go to �?n at t � 1, and we
observe how the motions diverge at t � 1

2 at x � 0, with a microscope of
resolving power n�1{4. The integrable system involved in the finite n problem
is the 3-KP system and now instead of bi-orthogonal polynomials, multiple
orthogonal polynomials (MOPS) are involved. We connect the 3-KP system
and the associated Riemann–Hilbert (RH) problem and the MOP’s.

The philosophy in writing this article, which is based on five lectures de-
livered at CRM, is to keep as much as possible the immediacy and flow of
the lecture format through minimal editing and so in particular, the five sec-
tions can read in any order. It should be mentioned that although the first
section introduces the basic structure of RMT and the KP equation, it in fact
deals with the most sophisticated example. The next point was to pick five
examples which maximized the diversity of techniques, both in applying Vira-
soro relations and using integrable systems. Indeed, this article provides a fair
but sketchy introduction to integrable systems, although in point of fact, the
only ones used in this particular article are invariant subsystems (reductions)
and lattices generated from the n-KP, for n � 1, 2, 3. The point being that
a lot of the skill is involved in picking precisely the right integrable system
to deploy. Fortunately, if some sort of orthogonal polynomials are involved,
this amounts to deforming the measure(s) intelligently. For further reading
see [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18].
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1 Matrix Integrals and Solitons

1.1 Random matrix ensembles

Consider the probability ensemble over n� n Hermitian matrices

P
�
M P HpEq� � ³

sppMqPE e� trV pMq dM³
sppMqPR e� trV pMq dM

�
³
En ∆

2
npzq±n

1 e
�V pziq dzi³

Rn ∆2
npzq±n

1 e
�V pziq dzi , (1)

with ∆pzq �±
i¤i,
j¤npzi � zjq � detpzi�1

j qi¤i,
j¤n the Vandermonde and with V pxq

a “nice” function so the integral makes sense, sppMq means the spectrum of
M and E � R,

HnpEq � tM an Hermitian n� n matrix | sppMq � Eu ,
dM � n¹

i�1

dMii

¹
i j

d Real Mij

¹
i j

d Imag pMijq ,
the induced Haar measure on n� n Hermitian matrices, viewed as

T
�
SLpn,Cq{SUpnq���

I

,

and where we have used the Weyl integration formula [35] for

M � U diagpz1, . . . , znqU�1 ,

dM � ∆2
npz1, . . . , znq

n¹
1

dzi dU .
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In order to recast P pMq so that we may take a limit for large n and avoid8-fold integrals, we follow the reproducing method of Dyson [30, 31].
Let pkpzq be the monic orthogonal polynomials:»

R
pipzqpjpzqe�V pzq dz � hiδij (2)

and remember pdetAq2 � detpAAT q . (3)

Compute»
Rn

∆2
npzq

n¹
1

e�V pziq dzi

�
»
Rn

det
�
pi�1pzjq�1¤i,

j¤n det
�
pk�1pz`q�1¤k,

`¤n
n¹
1

e�V pziq dzi

� ¸
π,π1PSn

p�1qπ�π1 n¹
1

»
R
pπpkq�1pzkqpπ1pkq�1pzkqe�V pzkq dzk

� n!
n�1¹

0

»
R
p2
kpzqe�V pzq dz (orthogonality)

� n!
n�1¹

0

hk , (4)

and so using (3) and (4), conclude

P
�
M P HnpEq�

� 1
n!
±n

1 hi�1

»
En

det

�
ņ

1

pj�1pzkqpj�1pz`q
�

1¤k,
`¤n

n¹
1

e�V pziq dzi

� 1
n!

»
En

det
�
Knpzk, z`q�1¤k,

`¤n
n¹
1

dzi ,

with the Christoffel–Darboux kernel

Knpy, zq :� ņ

j�1

ϕjpyqϕjpzq � hn
hn�1

pϕnpyqϕn�1pzq � ϕnpzqϕn�1pyqq
y � z , (5)

and
ϕjpxq � e�V pxq{2pj�1pxq{ahj�1 .

Thus by (2) »
R
ϕipxqϕjpxq dx � δij ,

and so we have
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R
Knpy, zqKnpz, uq dz � Knpy, uq ,»

R
Knpz, zq dz � n ,

– the reproducing property,

(6)

which yields the crucial property:»
Rn�m

det
�
Knpzi, zjq�1¤i,

j¤n dzm�1, . . . , dzn

� pn�mq! det
�
Knpzi, zjq�1¤i,

j¤m . (7)

Replacing En Ñ±k
1 dziRn�k in (1) and integrating out zk�1, . . . , zn via the

producing property yields:

“P (one eigenvalue in each rzi, zi � dzis, i � 1, . . . , k)

� 1�
n
k

� det
�
Knpzi, zjq�1¤i,

j¤k
k¹
1

dzi , ” (8)

heuristically speaking. Setting

E � ¤
dziPE

dzi � YEi ,

and using Poincaré’s formula

P pYEiq �
i̧

P pEiq �
i̧ j

P pEi X Ejq � ¸
i j k

P pEi X Ej X Ekq � � � � ,

yields the Fredholm determinant1

P
�
M PHnpEcq� � 1� 8̧

k�1

p�λqk
»
z1¤���¤zk

det
�
KE
n pzi, zjq�1¤i,

j¤k
k¹
1

dzi

����
λ�1

� detpI � λKE
n q��

λ�1

(9)

with kernel
KE
n py, zq � Knpy, zqIEpzq

and with IEpzq the indicator function of the set E, and more generally see
[48],

P (exactly k-eigenvalues P Eq � p�1qk
k!

� B
Bλ


k
detpI � λKE

n q��
λ�1

. (10)

1 Ec is the complement of E in R.
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1.2 Large n–limits

The Fredholm determinant formulas (9) and (10), enable one to take large n–
limits of the probabilities by taking large n–limits of the kernels Knpy, zq. The
first and most famous such law is for the Gaussian case V pxq � x2, although
it has been extended far beyond the Gaussian case [38, 29].

Wigner’s semi-circle law :

The density of eigenvalues converges (see Fig. 1) in the sense of measure:

Knpz, zq dz Ñ
$&% 1
π

?
2n� z dz, |z| ¤ ?2n ,

0, |z| ¡ ?2n
(11)

and so

Expp# eigenvalues in Eq �
»
E

Knpz, zq dz.
This is a sort of Law of Large Numbers. Is there more refined universal be-
havior, a sort of Central Limit Theorem? The answer is as follows:

Bulk scaling limit :

The density of eigenvalues near z � 0 is
?

2n{π and so π{?2n � average
distance between eigenvalues. Magnifying at z � 0 with this rescaling

lim
nÑ8Kn

�
πx?
2n
,
πy?
2n



d

�
yπ?
2n



� sinπpx� yq

πpx� yq dy

�: Ksinpx, yq dy , (12)

with

Fig. 1.
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lim
nÑ8P

�
exactly k eigenvalues P π?

2n
r�2a, 2as



� p�1qk

k!

� B
Bλ

k

detpI � λKr�2a,2as

sin q��
λ�1

. (13)

Moreover,

detpI � λKr�2a,2as
sin q � exp

» πa
0

fpx, λq
x

dx

with

pxf2q2 � 4pxf 1 � fqpf 12 � xf 1 � fq � 0
�
1 � d

dx



, (14)

and boundary condition:

fpx, λq � �λx
π

�
�
λ

π


2

x2 � � � � , x � 0 .

The O.D.E. (14) is Painlevé V, and this is the celebrated result of Jimbo,
Miwa, Mori, and Sato [36, 37].

Edge scaling limit :

The density of eigenvalues near the edge, z � ?2n of the Wigner semi-circle
is
?

2n1{6. Magnifying at the edge with the rescaling 1{?2n1{6:

lim
nÑ8Kn

�?
2n� u?

2n1{6 ,
?

2n� v?
2n1{6



d

�?
2n� v?

2n1{6



:� KAirypu, vq dv , (15)

with

KAirypu, vq �
» 8
0

Aipx� uqAipx� vq dx ,
Aipuq � 1

π

» 8
0

cos
�
u3

3
� xu



dv .

(16)

Setting λmax � ?2n� u{?2n1{6

lim
nÑ8P p

?
2n1{6pλmax �?2nq ¤ uq
� detpI �Kru,8sAiry q � exp

�
�
» 8
u

pα� uqg2pαq dα



– the Tracy–Widom distribution , (17)

with
g2 � xg � 2g3 (18)
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and boundary condition:

gpxq � expp�2{3x3{2q
2
?
πx1{4 , xÑ8 . (19)

Equation (18) is Painlevé II and (17) is due to Tracy–Widom [49].

Hard edge scaling limit :

Consider the Laguerre ensemble of n� n Hermitian matrices:

e�V pzq dz � zν{2e�z{2Ip0,8qpzq dz . (20)

Note z � 0 is called the hard edge, while z � 8 is called the soft edge.
The density of eigenvalues for large n has a limiting shape and the density of
eigenvalues near z � 0 is 4n. Rescaling the kernel with this magnification:

lim
nÑ8K

pνq
n

�
u

4n
,
v

4n



d

�
v

4n



�: Kνpu, vq dv � 1

2

» 1

0

sJνps?uqJνps?vq ds dv
� Jνp?uq?vJ 1νp?vq � Jνp?vq?uJ 1νp?uq

2pu� vq dv (21)

yields the Bessel kernel, while one finds:

lim
nÑ8P

�
no eigenvalue P 1

4n
r0, xs



� detpI �Kr0,xsν q � exp

�
�
» x
0

fpvq
u

du



, (22)

with pxf2q2 � 4pxf 1 � fqf 12 � �px� ν2qf 1 � f�f 1 � 0 , (23)

and boundary condition:

fpxq � cνx
1�ν

�
1� 1

2p2� νqx� � � �


, cν � r22ν�2Γ p1� νqΓ p2� νqs�1 .

Equation (23) is Painlevé V and is due to Tracy–Widom [50].

1.3 KP hierarchy

We give a quick discussion of the KP hierarchy. A more detailed discussion
can be found in [28, 56]. Let L � Lpx, tq be a pseudo-differential operator
and Ψ�px, t, zq its eigenfunction (wave function). The KP hierarchy is an
isospectral deformation of L:2

2 Ψ� is the eigenfunction of L adjoint:�LT , pAq� :�differential operator part of A.
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BL
Btn � rpL

nq�, Ls, L � Dx � a�1px, tqD�1
x � � � � , n � 1, 2, . . . ,

Dx � B
Bx, t � pt1, t2, . . . q

(24)

with Ψ parametrized by Sato’s τ -function and satisfying

Ψ�px, t, zq � e�pxz�
°8

1 tiz
iq τpt	 rz�1sq

τptq
� e�pxz�

°8
1 tiz

iq�1� 0p1{zq�, z Ñ8 (25)

and

zΨ� � LΨ�, BΨ�
Btn � pLnq�Ψ�,

zΨ� � LTΨ�, BΨ�
Btn � ��pLT qn��Ψ� , (26)

with

rxs :�
�
x,
x2

2
,
x3

3
, . . .



.

Consequently the τ -function satisfies the crucial formal residue identity.

Bilinear identity for τ -function:¾
8
e
°8

1 pti�t1iqzi

τpt� rz�1sqτpt1 � rz�1sq dz � 0, @t, t1 P C8 , (27)

which characterizes the KP τ -function. This is equivalent (see Appendix
for proof) to the following generating function of Hirota relations (a �pa1, a2, . . . q arbitrary):

8̧

j�0

sjp�2aqsj�1prBtqe°8̀�1 a`B{Bt`τptq � τptq � 0 , (28)

where rBt � � B
Bt1 ,

1
2
B
Bt2 ,

1
3
B
Bt3 , . . .



, Bt �

� B
Bt1 ,

B
Bt2 , . . .



, (29)

and

e
°8

1 tizi :� 8̧

j�0

sjptqzj (sjptq elementary Schur polynomials) (30)

and

ppBtqfptq �gptq :� p

� B
By ,

B
By2 , . . .



fpt�yqgpt�yq��

y�0

(Hirota symbol). (31)
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This yields the KP hierarchy� B4
Bt1 � 3

� B
Bt2


2 � 4
B
Bt1

B
Bt3



τptq � τptq � 0 (32)

...
equivalent to�� B

Bt1

4�3

� B
Bt2


2�4
B2

Bt1Bt3
�

log τ � 6
� B2
Bt21 log τ


2�0

(KP equation). (33)
...

The p-reduced KP corresponds to the reduction:

Lp � Dp
x � � � � � diff. oper. � pLpq�

and so BL
Btpn � rpL

pnq�, Ls � rLpn, Ls � 0 . (34)

p � 2: KdV

τ � τpt1, t3, t5, . . . q (ignore t2, t4, . . . ) (35)

Ψ�px, t, zq � Ψpx, t,�zq . (36)

1.4 Vertex operators, soliton formulas and Fredholm determinants

Vertex operators in integrable systems generate the tangent space of solutions
and Darboux transformations; in other words, they yield the deformation
theory. We now present

KP – vertex operator :3

Xpt, y, zq � 1
z � y e

°8
1 pzi�yiqtie

°8
1 py�i�z�iq1{i B{Bti , (37)

and the “τ -space” near τ parametrized: τ � εXpt, y, zqτ . Moreover

τ � εXpt, y, zqτ
is a τ -function, not just infinitesimally, so it satisfies the bilinear identity.
This vertex operator was used in [28] to generate solitons, but it also plays
a role in generating Kac–Moody Lie algebras [40]. The identities that follow
in Sections 1.4, 1.5, 1.6 were derived by Adler–Shiota–van Moerbeke in [16],
carefully and in great detail.

3 Xpt, y, zqfptq � �
1{pz � yq�e°81 pzi�yiqtifpt � ry�1s � rz�1sq, z � y and z, y are

large complex parameters, and how we expand the operator X shall depend on
the situation.
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Link with kernels:

We have the differential Fay Identity (Adler–van Moerbeke [1])

1
τptqXpt, y, zqτptq � D�1

x

�
Ψ�px, t, yqΨ�px, t, zq� , (38)

where since D�1
x is integration, the r.h.s. of (38) has the same structure as

the Airy and Bessel kernels of (16) and (21).
If |yi|, |zi|   |yi�1|, |zi�1|, 1 ¤ i ¤ n� 1, then we have the Fay Identity:

det
�
D�1
x

�
Ψ�px, t, yiqΨ�px, t, zjq�	1¤i,

j¤n
� det

�
1
τptqXpt, yi, zjqτptq



1¤i,
j¤n

� 1
τ
Xpt, y1, z1q � � �Xpt, yn, znqτ . (39)

We also have the following

Vertex identities:

Xpy, zqXpy, zq � 0 and so eaXpy,zq � 1� aXpy, zq , (40)

and rXpα, βq, Xpλ, µqs � 0 if α � µ, β � λ . (41)

In addition we have the expansion of the vertex operator along the diagonal:

Xpt, y, zq � 1
z � y

8̧

k�0

pz � yqk
k!

8̧

`��8
y�`�kW pkq

` ,

Heisenberg: W p1q
n :� B

Btn � p�nqt�n pW p0q
n � δn0q , (42)

Virasoro: W p2q
n :� 2

¸
i,i�n¥1

iti
B

Bti�n �
¸

i�j�n
B2
BtiBtj �

¸
i�j��n

pitiqpjtjq

� pn� 1q
� B
Btn � p�nqt�n



and from the commutation relations:

rXpα, βq, Xpλ, µqs � �� nT pα, β, λq � npα, β, µq�Xpλ, µq ,
npλ, µ, zq :� δpλ, zqepµ�λq B{Bz ,

δpλ, zq :� 1
z

8̧

�8

�
z

λ


`
,

(43)

conclude the vertex Lax equation:
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B
Bz

�
z`�1Y pzq� � �

1
2
W
p2q
` , Y pzq

�
(44)

with
Y pzq � Xpt, ωz, ω1zq, ω, ω1 P ξp , 4 ` ¥ �p and p{` , (45)

or a linear combination of such Xpt, ωz, ω1zq.
A Fredholm determinant style soliton formula:

A classical KP soliton formula [28] is as follows:

τptq� 1
τ0

��� n¹
1

ordered

eaiXpyi,ziq
��τ0�����

τ0�1

�det
�
δij� aj

zj � yi e
°8

k�1pzk
j�yk

i qtk



1¤i,
j¤n

.

We now relax the condition that τ0 � 1 and setting |yi|, |zi|   |yi�1|, |zi�1|,
1 ¤ i ¤ n� 1, compute using the Fay identity (39) and differential Fay (38):

τ̃ptq
τptq :� 1

τptqe
°n

1 aiXpyi,ziqτptq

� 1
τptq

��� n¹
1

ordered

eaiXpyi,ziq
��τptq

� 1
τptq

��� n¹
1

ordered

�
1� aiXpyi, ziq�

��τptq
� 1
τptq

�
τ � ¸

1¤i¤n
aiXpyi, ziqτ � ¸

1¤i j¤n
aiajXpyi, ziqXpyj , zjqτ

� � � � � n¹
1

ai

��� n¹
1

ordered

Xpyi, ziq
��τ��

� 1� ¸
1¤i¤n

ai
Xpyi, ziqτ

τ
� ¸

1¤i j¤n
det

��ai Xpyi,ziqτ
τ , aj

Xpyi,zjqτ
τ

ai
Xpyj ,ziqτ

τ , aj
Xpyj ,zjqτ

τ

�
� � � � � det

�
aj
Xpyi, zjqτ

τ



1¤i,
j¤n

� det
�
δij � ajXpyi, zjqτ

τ



1¤i,
j¤n

“Fredholm expansion” of determinant

4 ξp the pth roots of unity.
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� det
�
δij � ajD�1

x

�
Ψ�px, t, yiqΨ�px, t, yjq�	1¤i,

j¤n
.

Replacing yi Ñ ωzi, zi Ñ ω1zi, ai � �λδz
zi � a� pi� 1qδz, δz � b� a

n� 1
, nÑ8

yields the continuous (via the Riemann Integral).

Soliton Fredholm determinant :

τpt, Eq
τptq :� 1

τptqe�λ
³
E
Xpt,ωz,ω1zq dzτptq � detpI � λkEq (46)

with kernel

kEpy, zq � D�1
x

�
Ψ�pt, ωyqΨ�pt, ω1zq�IEpzq, E � ra, bs .

More generally, for p-reduced K-P, replace in (46)

Xpt, y, zq Ñ Y pt, y, zq :� ¸
ω,ω1Pξp

aωbω1Xpt, ωy, ω1zq , (47)

kEpy, zq Ñ D�1
x

ω̧Pξp

aωΨ
�px, t, ωyq ¸

ω1Pξp

bω1Ψ�px, t, ω1zqIEpzq (48)

with

ω̧Pξp

aωbω
ω

� 0 (so Y pt, z, zq is pole free) (49)

and

Xpt, ωz, ω1zq Ñ Y pt, z, zq :� Y pzq , (50)

E Ñ k¤
i�1

ra2i�1, a2is . (51)

1.5 Virasoro relations satisfied by the Fredholm determinant

It is a marvelous fact that the soliton Fredholm determinant satisfies a Vira-
soro relation as a consequence of the vertex Lax-equation [16]; indeed, compute

0 �
» b
a

� B
Bz z`�1Y pzq �

�
1
2
W
p2q
` , Y pzq

�

dz

� b`�1Y pbq � a`�1Y paq �
�
1
2
W
p2q
` ,

» b
a

Y pzq dz
�

�
�
b`�1 BBb � a`�1 BBa �

�
1
2
W
p2q
` , �

�
» b
a

Y pzq dz
:� δpUq ,
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with δ a derivation and hence

δe�λU � 0 ,

or spelled out�
b`�1 BBb � a`�1 BBa �

�
1
2
W
p2q
` , �

�

e�λ

³b
a
Y pzq dz � 0 . (52)

Let τ be a vacuum vector for p-KP:

W
p2q
` τ � c`τ , ` � kp , k � �1, 0, 1, . . . . (53)

Remembering (46) with Y pzq given by (50), and with τptq taken as a vacuum
vector, yields

τpt, Eq
τptq � 1

τ
e�λ

³
E
Y pzq dzτ � detpI � λkEq , (54)

and setting ` � kp, k � �1, 0, 1, . . . , compute using, (52), (53) and (54):

0�
�
b �̀1 BBb�a �̀1

B
Ba�

1
2
W
p2q
`



e�λ

³b
a
Y pzq dzτ�e�λ³ba Y pzq dz�1

2
W
p2q
` τ



�
�
b`�1 BBb � a`�1 BBa �

1
2
pW p2q

` � c`q

�

e�λ
³b
a
Y pzq dzτ



�
�
b`�1 BBb � a`�1 BBa �

1
2
pW p2q

` � c`q

�
τptq detpI � λkEq� . (55)

More generally: setting

ra, bs Ñ E1{p :� k¤
i�1

ra2i�1, a2is ,

b`�1 BBb � a`�1 BBa Ñ
2ķ

j�1

a`�1
j

B
Baj :� B`paq ,

deduce �
Bkppaq � 1

2
pW p2q

kp � ckpq

�
τptq detpI � λkE1{pq� � 0 .

with
W
p2q
kp τptq � ckpτptq, k ¥ �1 . (56)

Since changing integration variables in a Fredholm determinant leaves the
determinant invariant, change variables:

z Ñ zp � λ, ai Ñ api � Ai , and
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E1{p Ñ E � k¤
i�1

rA2i�1, A2is ,
and

kE
1{ppz, z1q Ñ KEpλ, λ1q :� kE

1{ppλ1{p, λ11{pq
pλpp�1q{2pλ1pp�1q{2p IEpλ1q , (57)

yielding

detpI � µKEq � detpI � µkE1{pq
� 1
τ
e�µ

³
E1{p Y pzq dz � τpt, Eq

τptq , (58)

and so (56) yields the p reduced Virasoro relation:�
BkpAq � 1

2 pW p2q
kp � ckpq��τptq detpI � µKEq� � 0 , (59)

with
W
p2q
kp τptq � ckpτptq, k ¥ �1 .

1.6 Differential equations for the probability in scaling limits

Now we shall derive differential equations for the limiting probabilities dis-
cussed in Section 1.2 using the integrable tools previously developed.

Airy edge limit :

Remembering the edge limit for Hermitian eigenvalues of (15) and (16):

lim
nÑ8P p

?
2n1{16pλmax �?2nq P Ecq � detpI �KE

Airyq (60)

with

KAirypu, vq �
» 8
0

Aipx� uqAipx� vq dx ,
Aipuq � 1

π

» 8
0

cos
�
u3

3
� xu



du .

(61)

Consider the KdV reduction�
p � 2,

t � pt1, 0, t3, 0, t5, . . . q
t0 � p0, 0, 2{3, 0, 0, . . . q

�
(62)

with initial conditions:$''&''%
Ψpx, t0, zq � 2

?
πzApx� p�zq2q

� exz�2z2{3�1� 0p1{zq� ,
pD2

x � xqΨpx, t0, zq � z2Ψpx, t0, zq .
(63)
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Under the KP (KdV) flow:$''''&''''%
x � qpx, t0q Ñ qpx, tq � 2B2

Bt21 `n
�
τptq� ,

Ψpx, t0q Ñ Ψpx, tq � exz�
°8

1 tizi
τpt� rz�1sq

τptq ,

τpt0q Ñ τptq .
(64)

where τptq turns out to be the well-known Konsevich integral [16, 18], sat-
isfying a vacuum condition as a consequence of Grassmannian invariance, to
wit:

Kontsevich integral :$''&''%τptq � limNÑ8
³
HN

dXe�TrpX3{3�X2Zq³
HN

dXe�TrpX2Zq ,

Z diag : tn � � 1
n

TrZ�n � 2
3
δn,3 .

(65)

Vacuum condition:

W
p2q
2k τ � � 1

4δk0τ, k ¥ �1 . (66)

Grassmannian invariance condition:$'''''''&'''''''%
W :� spanC

"� B
Bx


j
Ψpx, t0, zq����

x�0

, j � 0, 1, 2, . . .
*
,

z2W �W pKdV q , AW �W ,

A � 1
2z

� B
Bz � 2z2



� 1

4z2
, A2Ψp0, t0, zq � z2Ψp0, t0, zq .

(67)

We have the initial kernel:

KE
t0pλ, λ1q � IEpλ1q

2λ1{4λ11{4
» 8
0

Ψpx, t0,�?λqΨpx, t0,?λ1q dx
� 2πIEpλ1q

» 8
0

Aipx� λqAipx� λ1q dx
t0ÑtÝÝÝÑ KE

t pλ, λ1q . (68)

Conditions on τpt, Eq:
τpt, Eq � τptqdet

�
I � 1

2π
KE
t



(by (58))

� τpt0qdetpI �KE
Airyq at t � t0 (by (68)) , (69)
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which satisfies (33) and (35):�� B
Bt1


4 � 4
B2

Bt1Bt3
�

log τ � 6
� B2
Bt21 log τ


2 � 0 (KdV) , (70)

and by (59), (42) and (62) we find for τpt, Eq
Virasoro constraints:

B�1pAqτ �
� B
Bt1 �

1
2
i̧¥3

iti
B

Bti�2
� t21

4

�
τ ,

B0pAqτ �
� B
Bt3 �

1
2
i̧¥1

iti
B
Bti �

1
16

�
τ .

(71)

Replace t-derivatives of τpt, Eq at t0 with A derivatives in KdV:

B�1τ � Bτ
Bt1 , B2�1τ � B2

Bt21 τ, . . . , B�1B0τ �
� B2
Bt1Bt3 �

1
2
B
Bt1



τ, . . . ,

at t � t0 , (72)

yielding

Theorem 1.1 (Adler–Shiota–van Moerbeke [16]).

R :� B�1 log lim
nÑ8P p

?
2n1{6pλmax �?2nq P Ecq � B�1 log detpI �KE

Airyq
� B�1 log

τpt0, Eq
τpt0q

� B�1 log τpt0, Eq
satisfies �

B3�1 � 4pB0 � 1
2 q�R� 6pB�1Rq2 � 0 . (73)

Setting E � pa,8q yields:

R3 � 4aR1 � 2R� 6R12 � 0 . (74)

Setting
R � g12 � ag2 � g4, R1 � g2

yields
g2 � 2g3 � ag (Painlevé II) . (75)
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Hard edge limit :

Remembering the hard edge limit (21) for the Hermitian Laguerre ensemble
(20):

lim
nÑ8P

�
no eigenvalues P 1

4n
E



� detpI �KE

ν q ,
Kνpu, vq � 1

2

» 1

0

sJνps?uqJνps?vq ds
(76)

defined in terms of Bessel functions, consider the KdV reduction with initial
conditions: $'&'%

Ψpx, 0, zq � exzB
�p1� xqz� � exz

�
1� 0p1{zq� ,�

D2
x � pν

2 � 1
4 qpx� 1q2


Ψpx, 0, zq � z2Ψpx, 0, zq (77)

with (see [19])

Bpzq :� ε
?
zHνpizq � ez2ν�1{2

Γ p�ν � 1
2 q

» 8
1

z�ν�1{2e�uz
pu2 � 1qν�1{2 du ,

where

ε � i

c
π

2
eiπν{2, �1

2
  ν   1

2
.

Under the KdV flow:�
ν2 � 1

4

x2 � 1
, Ψpx, 0, zq, τp0q



tÑ �

qpx, tq, Ψpx, t, zq, τptq� , (78)

where τptq is both a Laplace matrix integral and a vacuum vector [16, 18] due
to Grassmannian invariance:

Laplace integral :

τptq � lim
NÑ8S1ptq

³
H�N dX detXν�1{2e�TrZ2X

³
H�N dY S0pY qe�TrXY 2³

H�N dX e�TrX2Z

with Z diag : tn � �1{n trZ�n, H�n � Hn X (matrices with non-negative
spectrum) and S1ptq, S0pY q are symmetric functions,

Vacuum condition:

W
p2q
2k τ � �p2νq2 � 1

�
τδk0, k ¥ �1 , (79)
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Grassmannian invariance:$&% z2W �W, AW �W,

A � 1
2z

�
BBz � 1



,

�
4A2 � 2A� ν2 � 1

4

�
Ψp0, 0, zq � z2Ψp0, 0, zq .

We have the initial kernel:

KEpx,tqpλ, λ1q
� IEpλ1q

2λ1{4λ11{4D
�1
x Y px, t,?λ,?λ1q (see (48), (49) and (57))

� IEpλ1q
2λ1{4λ11{4D

�1
x

�
�̧
a�Ψ�px, t,�?λq

�̧
b�Ψ�px, t,�?λ1q

�
:� IEpλ1q

2λ1{4λ11{4
» x
1

�
ieiπν{2?

2π
Ψpx, t,�?λq � e�iπν{2?

2π
Ψpx, t,?λq



�
�
� e�iπν{2?

2π
Ψpx, t,?λ1q � ieiπν{2?

2π
Ψpx, t,�?λ1q



dx

� IEpλ1q12
» 1

0

sJνps?λqJνps?λ1q ds at px, t0q � p1� i,�e1q , (80)

and under the t-flow

KEp1�i,�e1qpλ, λ1q t0ÑtÝÝÝÑ KEpx,tqpλ, λ1q .
Conditions on τpt, Eq:

τpt, Eq � τptqdetpI �KEpx,tqq � τpt0qpI �KE
ν q at px, t0q � p1� i, e1q

(by (58) and (80)) , (81)

satisfies (33) and (35) :�� B
Bt1


4 � 4
B2

Bt1Bt3
�

log τ � 6
� B2
Bt21 log τ


2 � 0 (KdV) , (82)

and by (59), (42), (62) and (81), the

Virasoro constraints:

B0pAqτ � 1
2

�
i̧¥1

iti
B
Bti �

?�1
B
Bt1 � 2

�
1
4
� ν2


�
τ ,

B1pAqτ � 1
2

�
i̧¥1

iti
B

Bti�2
� 1

2
B2
Bt21 �

?�1
B
Bt3

�
τ .
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Replace t-derivatives of τpt, Eq at p1� i,�e1q with A derivatives in KdV:

B0pAqτ � i

2
Bτ
Bt1 �

�
1
4
� ν2



τ , B1pAq � 1

4
B2τ
Bt21 �

i

2
Bτ
Bt3 , . . . at p1� i,�e1q

yielding

Theorem 1.2 (Adler–Shiota–van Moerbeke [16]).

R :� log lim
nÑ8P

�
no eigenvalues P E

4n



� log detpI �KE

ν q
� log

τpi, 0, 0, . . . ;Eq
τpi.0, 0, . . . ;Rq

satisfies�
B4

0 � 2B3
0 � p1� ν2qB2

0 �B1pB0 � 1
2 q�R� 4pB0RqpB2

0Rq � 6pB2
0Rq2 � 0 .

Setting :

E � p0, xq, f � �xBRBx
yields

f3 � f2
x
� 6f 12

x
� 4ff 1

x2
� px� ν2qf 1

x2
� f

2x2
� 0 (Painlevé V) .

2 Recursion Relations for Unitary Integrals

2.1 Results concerning unitary integrals

Many generating functions in a parameter t for combinatorial problems are
expressible in the form of unitary integrals Inptq over Upnq (see [20, 22, 47,
51]). Our methods can be used to either get a differential equation for Inptq in t
[2] or a recursion relation in n [3] and in the present case we concentrate on the
latter. Borodin first got such results [26] using Riemann–Hilbert techniques.
Consider the following basic objects (∆npzq is the Vandermonde determinant,
i � ?�1):

Unitary integral :

Ipεqn �
»
Upnq

det
�
MερpMq� dM

� 1
n!

»
pS1qn

|∆npzq|2
n¹
k�1

�
zεkρpzkq dzk2πizk



� det

�»
S1
zε�i1�j1ρpzq dz

2πiz



1¤i1,
j1¤n

, (83)
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with weight ρpzq:
ρpzq � eP1pzq�P2pz�1qzγp1� d1zqγ11p1� d2zqγ12p1� d�1

1 z�1qγ21
� p1� d�1

2 z�1qγ22 , (84)

P1pzq :� N1̧

1

uiz
i

i
, P2pzq :� N2̧

1

u�izi
i

, (85)

and we introduce the

Basic recursion variables:

xn :� p�1qn I�n
I
p0q
n

, yn :� p�1qn I�n
I
p0q
n

, (86)

vn :� 1� xnyn � I
p0q
n�1I

p0q
n�1

I
p0q2
n

, (87)

and so

Ip0qn � pIp0q1 qn n�1¹
1

p1� xiyiqn�i , (88)

thus px, yq recursively yields tIp0qn u .
We also introduce the fundamental semi-infinite matrices:

Toeplitz matrices:

L1px, yq :�
�����
�x1y0 1� x1y1 0 0 . . .�x2y0 �x2y1 1� x2y2 0 . . .�x3y0 �x3y1 �x3y2 1� x3y3

...
...

...
...

. . .

���� , (89)

L2 :� LT1 py, xq ,
in terms of which we write the following:

Recursion matrices:5

Lpnq1 :� paI � bL1 � cL2
1qP 11pL1q � cpn� γ11 � γ12 � γqL1 ,

Lpnq2 :� pcI � bL2 � aL2
2qP 12pL2q � apn� γ21 � γ22 � γqL2 .

(90)

There exists the following basic involution � :

5 I in (90) is the semi-infinite identity matrix and P 1i pzq � dPipzq{dz.
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Basic involution:

� : z Ñ z�1, ρpzq Ñ ρpz�1q ,
Ip0qn Ø Ip0qn , I�n Ø I�n ,

xn Ø yn, aØ c, bØ b, γ Ñ �γ
L1 Ø LT2 , Lpnq1 Ø LpnqT2 . (91)

Self-dual case:

ρpzq � ρpz�1q , xn � yn ùñ L1 � LT2 , Lpnq1 � LpnqT2 . (92)

Let us define the “total discrete derivative”:6

Bnfpnq � fpn� 1q � fpnq . (93)

We now state the main theorems of Adler–van Moerbeke [3]:

Rational relations for px, yq:
Theorem 2.1. The pxk, ykqk¥1 satisfy 2 finite step relations:

Case 1.

In the generic situation, to wit:

d1, d2, d1 � d2, |γ11| � |γ21 |, |γ12| � |γ22 | � 0 in ρpzq , (94)

we find for n ¥ 1 that

p�q
$&%BnpLpnq1 � Lpnq2 qn,n � pcL1 � aL2qn,n � 0

BnpvnLpnq1 � Lpnq2 qn�1,n � pcL2
1 � bL1qn�1,n�1 � (same)n�0 ,

with
pa, b, cq � 1?

d1d2

p1,�d1,�d2, d1d2q , (95)

and the dual equations p�̃q, also hold.

Case 2.

Upon rescaling,
ρpzq � zγp1� zqγ11eP1pzq�P2pz�1q , (96)

and then p�q, p�̃q are satisfied with pa, b, cq � p1, 1, 0q or p0, 1, 1q.
6 The total derivative means you must take account, in writing fpnq, of all the

places n appears either implicitly or explicitly, so fpnq � gpn, n, n, . . . q in reality.
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Case 3.

Upon rescaling,
ρpzq � zγeP1pzq�P2pz�1q , (97)

and then p�q, p�̃q are satisfied for a, b, c arbitrary and in addition finer
relations hold :

Γnpx, yq � 0 , rΓnpx, yq � 0 ,

Γnpx, yq :� vn
yn

�� � �
L1P

1
1pL1q�n�1,n�1

� �
L2P

1
2pL2q�n,n

� �
P 11pL1q�n�1,n

� P 12pL2qn ,n�1

�� nxn . (98)

If |N1 � N2| ¤ 1, where Ni � degree Pi, the rational relations of Theo-
rem 2.1 become, upon setting zn :� pxn, ynq:
Rational recursion relations:

Theorem 2.2. For N1 � N2 � 1 or N1 � N2, the rational relations of Theo-
rem 2.1 become recursion relations as follows:

Case 1.

Yields inductive rational N1 �N2 � 4 step relations:

zn � Fnpzn�1, zn�2, . . . , zn�N1�N2�3q .
Case 2.

Yields inductive rational N1 �N2 � 3 step relations:

zn � Fnpzn�1, zn�2, . . . , zn�N1�N2�2q ,
with either

N1 � N2 or N2 � 1: pa, b, cq � p1, 1, 0q ,
or

N1 � N2 or N2 � 1: pa, b, cq � p0, 1, 1q .
Case 3.

Yields inductive rational N1 �N2 � 1 step relations:

zn � Fnpzn�1, zn�2, . . . , zn�N1�N2q,
upon using Γn and rΓn and in the case of the
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Self dual weight :

ρpzq � e
°N1

1 uipzi�z�iq{i .
One finds recursion relations:

xn � Fnpxn�1, xn�2, . . . , xn�2N q .
2.2 Examples from combinatorics

In this section, we give some well-known examples from combinatorics in
the notation of the previous section. In the case of a permutation πk, of k–
numbers, Lpπkq shall denote the length of the largest increasing subsequence
of πk. If πk is only a word of size k from an alphabet of α numbers, Lpwqpπkq
shall denote the length of the largest weakly increasing subsequence in the
word πk. We will also consider odd permutations π on p�k, . . . ,�1, 1, . . . , kq
or p�k, . . . ,�1, 0, 1, . . . , kq, which means πp�jq � �πpjq, for all j.

Example 1. ρpzq � etpz�z�1q (self-dual case)

Ip0qn ptq :� 8̧

k�0

t2k

k!
P pπk P Skq | Lpπkq ¤ nq �

»
Upnq

etTrpM�M�1q dM ,

the latter equality due to I. Gessel, with

xnptq � p�1qn
³
Upnq detpMqetTrpM�M�1q dM³

Upnq etTrpM�M�1q dM , (as in (86))

and

Ip0qn ptq � �
I
p0q
1 ptq�n n�1¹

i�1

p1� x2
i qn�i .

One finds a

3-step recursion relation for xi:

0 � nxn � p1� x2
nq

xn
ptpL1qn�1,n�1 � tpL1qnnq (as in (98))

� nxn � tp1� x2
nqpxn�1 � xn�1q (Borodin [26])

which possesses an

Invariant : Φpxn�1, xnq � Φpxn, xn�1q ,
Φpy, zq � p1� y2qp1� z2q � n

t
yz (McMillan [43]) .

The initial conditions in the recursion relation are as follows:

x0 � 1, x1 � �1
2
d

dt
log I0p2tq, I

p0q
1 � I0p2tq ,

with I0 the hyperbolic Bessel function of the first kind (see [19]).
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Example 2. ρpzq � etpz�z�1q�spz2�z�2q (self-dual case)
Set

Sodd
2k � tπ2k P S2k acts on p�k, . . . ,�1, 1, . . . , kq oddlyu ,

Sodd
2k�1 � tπ2k�1 P S2k�1 acts on p�k, . . . ,�1, 0, 1, . . . , kq oddlyu

and then one finds:

8̧

k�0

p?2sq2k
k!

P pπ2k P Sodd
2k | Lpπ2kq ¤ nq �

»
Upnq

esTrpM2�M�2q dM ,

8̧

k�0

p?2sq2k
k!

P pπ2k�1 P Sodd
2k�1 | Lpπ2k�1q ¤ nq

� 1
4

� B
Bt

2

�»
Upnq

eTrptpM�M�1q�spM2�M�2qq dM � same pt,�sq
� �����

t�0

,

as observed by M. Rains [47] and Tracy–Widom [51]. Moreover,

xnpt, xq � p�1qn
³
Upnq detpMqeTrptpM�M�1q�spM2�M�2qq dM³

Upnq eTrptpM�M�1q�spM2�M�2qq dM ,

and

Ip0qn ptq � �
I
p0q
1 ptq�n n�1¹

i�1

p1� x2
i qn�i .

One finds a

5-step recursion relation for xi:

nxn�tvnpxn�1�xn�1q�2svnpxn�2vn�1�xn�2vn�1�xnpxn�1�xn�1q2q�0

pvn � 1� x2
nq

which possesses the

Invariant : Φpxn�1, xn, xn�1, xn�2q � same��
nÑn�1

,

Φpx, y, z, uq :� nyz � p1� y2qp1� z2q�t� 2s
�
xpu� yq � zpu� yq�	 ,

analogous to the McMillan invariant of the previous example.

Example 3. ρpzq � p1� zqesz�1
(Case 2 of Theorem 2.1)

Set

Sk,α � twords πk of length k from alphabet of size αu ,
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with

Ip0qn psq � 8̧

k�0

pαsqk
k!

P pπk P Sk,α | Lpwqpπkq ¤ nq
�
»
Upnq

detpI �Mqαes trM�1
dM ,

the latter identity observed by Tracy–Widom [52]. Then setting in

Case 2.

P1pzq � 0, P2pzq � sz, N1 � 0, N2 � 1, pa, b, cq � p0, 1, 1q,
Lpnq1 � pn� αqL1, Lpnq2 � spI � L2q ,

one finds the

Recursion relations:

Bn�pn� αqL1 � sL2

�
nn
� pL1qnn

Bn�pn� 1q � α�vn�1L1 � sL2

�
n,n�1

� pL2
1 � L1qn,n � psameq��

n�1

pvn � 1� xnynq ,
with

xn,� yn� �
p�1qn ³

UpnqpdetMq� detpI �MqαesTrM�1
dM³

Upnq detpI �Mqαes trM�1 dM

and

Ip0qn psq � �
I
p0q
1 psq�n n�1¹

i�1

p1� xiyiqn�i ,
leading to the

3 and 4 step relations for pxi, yiq:

�pn� α� 1qxn�1yn � sxnyn�1 � pn� α� 1qxnyn�1 � sxn�1yn � 0 ,

� vn�pn� α� 1qxn�1yn�1 � s�� vn�1

�pn� α� 2qxnyn�2 � s�
� xnyn�1pxnyn�1 � 1q � �v1�p2� αqx2 � s�� x1px1 � 1q

px0 � y0 � 1q .
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2.3 Bi-orthogonal polynomials on the circle and the Toeplitz
lattice

It turns out that the appropriate integrable system for our problem is the
Toeplitz lattice, an invariant subsystem of the 2–Toda lattice. Indeed xn and
yn of Section 2.1 turn out to be dual Hamiltonian variables for the integrable
system; moreover xn and yn are nothing but the constant term of the nth bi-
orthogonal polynomials on the circle, generated by a natural time deformation
of our measure ρpzq of (84). These things are discussed by Adler–van Moerbeke
in [2, 3] in detail. Consider the bi-orthogonal polynomials and inner product
generated by the following measure on S1:

ρpz, t, sq dz
2πiz

� e
°8

1 ptkzk�skz
�kq dz

2πiz
, (99)

with

Inner product :

xfpzq, gpzqy :�
¾
S1

dz

2πiz
fpzqgpz�1qe°81 ptizi�siz�iq . (100)

Bi-orthogonal polynomials:

xpp1qn , pp2qm y :� δn,mhn, hn � τn�1pt, sq
τnpt, sq , n,m � 0, 1, . . . . (101)

The polynomials are parametrized by

2-Toda τ functions:

τnpt, sq � detpxzk, z`yq0¤k,
`¤n�1

(Toeplitz determinant)

� 1
n!

»
pS1qn

|∆npzq|2
n¹
k�1

e
°8

j�1ptjzj
k�sjz

�j
k q dzk

2πizk

�
»
Upnq

eTr
°8

1 ptiMi�siM
�iq dM, n ¥ 1, τ0 � 1 , (102)

as follows:

ppp1qn , pp2qn qpu; t, sq � un

τnpt, sq
�
τnpt� ru�1s, sq, τnpt, s� ru�1sq�

�
�³

Upnq detpuI �MqeTrp°81 tiM
i�siM

�iq dM³
Upnq eTrp° tiMi�siM�iq dM ,

³
Upnq detpuI �M�1qeTrp°81 tiM

i�siM
�iq dM³

Upnq eTrp° tiMi�siM�iq dM

�
,

rxs � px, x2{2, x3{3, . . . q . (103)
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The constant term of our polynomials yield the

Dynamical variables:

xnpt, xq � pp1qn p0; t, sq, ynpt, sq � pp2qn p0; t, sq , (104)

vn � 1� xnyn � τn�1τn�1

τ2
n

; (105)

giving rise to an invariant subsystem of the

Toda equations:

L1px, yq :�
�����
�x1y0 1� x1y1 0 0 . . .�x2y0 �x2y1 1� x2y2 0 . . .�x3y0 �x3y1 �x3y2 1� x3y3

...
...

...
...

. . .

���� , (106)

L2px, yq :� LT1 py, xq , hn � τn�1{τn , h � diagph0, h1 , . . . q , (107)

L̃1 � hL1h
�1 , L̃2 � L2 , (108)

pT q
$'''&'''%
BL̃iBtn � rpL̃n1 q�, L̃is7
BL̃iBsn � rpL̃n2 q�, L̃is

, i � 1, 2, n � 1, 2, . . . (109)

with #pAq� � upper tripAq � diagpAq ,
pAq� � lower tripAq .

We find, pT q ô Toeplitz lattice:7$'''&'''%
BxnBti � vn

BHp1qiByn ,
BynBti � �vn

BHp1qiBxn
BxnBsi � vn

BHp2qiByn ,
BynBsi � �vn

BHp2qiBxn
, i � 1, 2, . . . , (110)

H
pjq
i :� � trLij

i
, ω � 8̧

k�1

dxk ^ dyk
vk

, vn � 1� xnyn , (111)

with #
xnp0, 0q � ynp0, 0q � 0, n ¥ 1 ,
x0pt, sq � y0pt, sq � 1, @t, s , (see [2, 3]). (112)

7 Equations pT q are the 2–Toda equations of Ueno–Takasaki [55], but equations pT q
with precisely the initial conditions (106) and (107) are an invariant subsystem
of the 2-Toda equations which are equivalent to the Toeplitz lattice, (110), (111).
The latter equations are Hamiltonian, with ω the symplectic form.
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Example

BxnBt1 � p1� xnynqxn�1 ,
BynBt1 � �p1� xnynqyn�1 ,

BxnBs1 � p1� xnynqxn�1 ,
BynBs1 � �p1� xnynqyn�1 ,

(113)

yielding the

Ladik–Ablowitz lattice:

B
Bt �

B
Bt1 �

B
Bs1 . (114)

2.4 Virasoro constraints and difference relations

In this section, using a 2–Toda vertex operator, which generates a subspace of
the tangent space of the sequence of 2–Toda τ -functions tτnpt, squ, we derive
Virasoro relations in our special case. Indeed, deriving a Lax-equation for the
vertex operator leads to a fixed point theorem for our particular sequence
of matrix integral τ -functions, fixed under an integrated version of the ver-
tex operator, integrated over the unit circle. The Virasoro relations coupled
with the Toeplitz lattice identities then lead to difference relations after some
manipulation.

We present the following operators:

Toda vertex operator :

Xpu, vq�fnpt, sq�n¥0

:� pe°81 ptiui�siv
�iqpuvqn�1fn�1pt� ru�1s, s� rv�1sqn¥0 . (115)

Integrated version:

Y γ :�
»
S1

du

2πiu
uγXpu, u�1q . (116)

Virasoro operator :

Vγk � pVγk,nqn¥0 :� Jp2qk ptq � Jp2q�kp�sq � pk � γq�θJp1qk ptq � p1� θqJp1q�kp�sq�
(vector differential operator in t, s, acting diagonally

as defined explicitly in (123), (124), and (125)) . (117)
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Main facts:

Lax-equation: u�γu d

du
uk�γXpu, u�1qq � rVγk , Xpu, u�1qs , (118)

Commutativity: rVγk , Y γs � 0 , (119)

Fixed Point: Y γI � I, I :� �
n!τ pγqn pt, sq�

n¥0
, (120)

where

τ pγqn pt, sq � 1
n!

»
pS1qn

|∆npzq|2
n¹
k�1

�
zγke

°8
j�1ptjzj

k�sjz
�j
k q dzk

2πizk



,

pτ0 � 1q (121)

and tτ pγqn pt, squ satisfy an s`p2,Zq algebra of Virasoro constraints:

Vγk,nτ
pγq
n pt, sq � 0 for

$'&'%k � �1, θ � 0 ,
k � 0, θ arbitrary ,
k � 1, θ � 1,

pn ¥ 0q . (122)

Proof of main facts.

The proof of the Lax-equation is a lengthy calculation (see [3]). Integrating
the Lax-equation with regard to »

S1

duuγ

2πiu

immediately leads to the commutativity statement. To see the fixed point
statement, compute (setting u � zn)

Inpt, sq � n!τ pγqn pt, sq
�
»
S1

uγdu

2πiu
e
°8

1 ptjuj�sju
�jqun�1u�n�1�»

pS1qn�1
∆n�1pzq∆n�1pzq

n�1¹
k�1

�
1� zk

u


�
1� u

zk



e
°8

1 ptjzj
k�sjz

�j
k q zγkdzk

2πizk

�
�
»
S1

uγdu

2πiu
e
°8

1 ptjuj�sju
�jqpuu�1qn�1e�

°8
1 pu�j{j B{Btj�uj{j B{Bsjq�»

pS1qn�1
∆n�1pzq∆n�1pzq

n�1¹
k�1

e
°8

1 ptjzj
k�sjz

�j
k q zγkdzk

2πizk

�
� pY γIqn ,

yielding the fixed point statement. Finally, to see the s`p2, Zq Virasoro state-
ment, observe that from the other main facts, we have
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0 � prVγk , pY γqnsIqn� pVγkpY γqnI � pY γqnVγkIqn� pVγkI � pY γqnVγkIqn
� Vγk,nIn �

»
S1
uγ

du

2πiu
e
°8

1 ptjuj�sju
�jqe�

°8
1 pu�j{j B{Btj�uj{j B{Bsjq

� � �
»
S1
uγ

du

2πiu
e
°8

1 ptjuj�sju
�jqe�

°8
1 pu�j{j B{Btj�uj{j B{BsjqV γk I0 ,

upon using the backward shift (see (115)) present in Y γ . Note I0 � 1, and
so it follows from the explicit Virasoro formulas given below, that V γk,01 � 0
precisely if k � �1, 0, 1 and θ is as specified in (122), yielding the Virasoro
constraints (122). We now make explicit the Virasoro relations.

Explicit Virasoro formulas:$&%Jp1qk � pJ p1qk � nδ0kqn¥0 ,

Jp2qk � 1
2 pJ p2qk � p2n� k � 1qJ p1qk � npn� 1qδ0kqn¥0 .

(123)

$''&''%
Jp1qk � B

Btk � p�kqt�k
Jp2qk � 2

°
iti

B
Bti�k

, if k � 0,�1 . (124)

Virasoro relations:$'''''''&'''''''%
Vγ�1,nτ

pγq
n �

�
1
2
J
p2q�1 ptq� 1

2
J
p2q
1 psq�n

�
t1� B

Bs1


�γ B
Bs1



τ pγqn �0 ,

Vγ0,nτ
pγq
n �

�
1
2
J
p2q
0 ptq� 1

2
J
p2q
0 psq�nγ



τ pγqn �0 ,

Vγ1,nτ
pγq
n �

�
� 1

2
J
p2q�1 psq� 1

2
J
p2q
1 ptq�n

�
s1� B

Bt1


�γ BBt1



τ pγqn �0 .

(125)

We now derive the first difference relation (the second is similar) in Case 2 of
Theorem 2.1. Setting for arbitrary a, b, c, t, and s,

αiptq :� api� 1qti�1 � biti � cpi� 1qti�1 � cpn� γqδi1 ,
βipsq :� api� 1qsi�1 � bisi � cpi� 1qsi�1 � apn� γqδi1 , (126)

Lpnq1 :�
i̧¥1

αiptqLi1 and Lpnq2 :� �
i̧¥1

βiptqLi2 , (127)

and remembering

pxn, ynq � p�1qn
�
τ�n
τ0
n

,
τ�n
τ0
n



, vn � 1� xnyn ,
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compute, using the Virasoro relations and the Toeplitz flow:

0 � xnyn
vn

"
1
τ�n paV

��1,n � bV�0,n � cV�1,nqτ�n � 1
τ�n paV

��1,n � bV�0,n � cV�1,nqτ�n
� 2
τn
paV�1,n � bV0,n � cV1,nqτn

*
� xnyn

vn

�
i̧¥1

�
aiptq BBti � βipsq

B
Bsi



log xnyn

�
�
c
B
Bt1 � a

B
Bs1



log

xn
yn



� xnyn

vn

�
i̧¥1

�
ai
B
Bti � βi

B
Bsi



plog xn � log ynq

�
�
c
B
Bt1 � a

B
Bs1



plog xn � log ynq



� pLpnq1 � Lpnq2 � aL2 � cL1qnn

� pLpnq1 � Lpnq2 � aL2 � cL1qn�1,n�1 ,

� �BnpLpnq1 � Lpnq2 qn,n � paL2 � cL1qnn . (128)

We then find our result by specializing the above identity to the precise locus
L in t, s space corresponding to the measure ρpzq of Case 2 of Theorem 2.1:

L :�

$''''&''''%
iti � it

p0q
i :�

#
ui � pγ11di1 � γ12di2q, for 1 ¤ i ¤ N1

�pγ11di1 � γ12di2q, for N1 � 1 ¤ i   8
isi � is

p0q
i :�

#�u�i � pγ21d�i1 � γ22d�i2 q, for 1 ¤ i ¤ N2

pγ21d�i1 � γ22d�i2 q, for N2 � 1 ¤ i   8

,////.////- (129)

with
pa, b, cq � 1?

d1d2

p1,�d1 � d2, d1d2q , (130)

and so in (129) all αiptq � 0 for all i ¥ N1�2 and all βiptq � 0 for i ¥ N2�2.

2.5 Singularity confinement of recursion relations

Since for the combinatorial examples the unitary integral Ip0qn ptq satisfies
Painlevé differential equations in t, it is natural to expect they satisfy a dis-
crete version of the Painlevé property regarding the development of poles.
For instance, algebraically integrable systems (a.c.i.) 9z � fpzq, z P Cn, admit
Laurent solutions depending on the maximal number, n�1, of free parameters
[see [14]). An analogous property for rational recursion relations

zn � F pzn�1, . . . , zn�δq, zn P Ck ,
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would be that there exists solutions of the recursion relation tzipλqu which are
“formal Laurent” solutions in λ developing a pole which disappears after a
finite number of steps, and such that these “formal Laurent” solutions depend
on the maximal number of free parameters δ � k (counting λ) and moreover
the coefficients of the expansions depend rationally on these free parameters.
We shall give results for Case 2 of Theorem 2.1 and 2.2, where N1 � N2 � N .
The results in this section, Theorem 2.3–2.6, are due to Adler–van Moerbeke–
Vanhaecke and can be found with proofs in [13].

Self-dual case:

ρpzq � e
°N

1 uipzi�z�iq{i . (131)

Theorem 2.3 (Singularity confinement: self-dual case). For any n P
Z,8 the difference equations Γkpxq � 0, pk P Zq admit two formal Laurent
solution x � �

xkpλq�kPZ in a parameter λ, having a (simple) pole at k � n
only and λ � 0. These solutions depend on 2N non-zero free parameters

α � pan�2N , . . . , an�2q and λ .

Explicitly, these series with coefficients rational in α are given by pε � �1q:
xkpλq �

8̧

i�0

x
piq
k pαqλi , k   n� 2N ,

xkpλq � αk , n� 2N ¤ k ¤ n� 2 ,
xn�1pλq � ε� λ ,

xnpλq � 1
λ

8̧

i�0

xpiqn pαqλi ,

xn�1pλq � �ε�
8̧

i�1

x
piq
n�1pαqλi ,

xkpλq �
8̧

i�0

x
piq
k pαqλi , n� 1   k .

General case:

ρpzq � e
°N

1 puiz
i�u�iz

�iq{i .
Theorem 2.4 (Singularity confinement: general case). For any n P Z,
the difference equations Γkpx, yq � Γ̃kpx, yq � 0, pk P Zq admit a formal
Laurent solution x � �

xkpλq�kPZ and y � �
ykpλq�kPZ in a parameter λ, having

8 We consider the obvious bi-infinite extension of Lipx, yq (89) which through (98)

defines a bi-infinite extension of Γkpx, yq, rΓkpx, yq.
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a (simple) pole at k � n and λ � 0, and no other singularities. These solutions
depend on 4N non-zero free parameters

αn�2N , . . . , αn�2, αn�1, βn�2N , . . . , βn�2 and λ .

Setting zn :� pxn, ynq and γi :� pαi, βiq, and γ :� pγn�2N , . . . , γn�2, αn�1q,
the explicit series with coefficients rational in γ read as follows:

zkpλq �
8̧

i�0

z
piq
k pγqλi , k   n� 2N ,

zkpλq � γk , n� 2N ¤ k ¤ n� 2 ,
xn�1pλq � αn�1 ,

yn�1pλq � 1
αn�1

� λ ,
znpλq � 1

λ

8̧

i�0

zpiqn pγqλi ,

zkpλ, γq �
8̧

i�0

z
piq
k pγqλi , n   k .

Singularity confinement is consequence of :

(1) Painlevé property of a.c.i. Toeplitz lattice.
(2) Rational difference relations as a whole define an invariant manifold of

the Toeplitz lattice.
(3) Formal Laurent solutions of Toeplitz lattice with maximal parameters

restrict to the above invariant manifold, restricting the parameters.
(4) Reparametrizing the “restricted” Laurent solutions by t Ñ λ and “re-

stricted parameters” Ñ γ yields the confinement result.

We discuss (1) and (2). Indeed, consider the Toeplitz lattice with the
Hamiltonian H � H

p1q
1 �Hp2q1 , yielding the flow of (114):

General case:

BxkBt � p1� xkykqpxk�1 � xk�1q ,
BykBt � p1� xkykqpyk�1 � xk�1q ,

k P Z .

Self-dual case:

BxkBt � p1� x2
kqpxk�1 � xk�1q , k P Z .

Then we have
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Maximal formal Laurent solutions:

Theorem 2.5. For arbitrary but fixed n, the first Toeplitz lattice vector field
(114) admits the following formal Laurent solutions,

xnptq � 1
pan�1 � an�1qt

�
an�1an�1p1� atq �Opt2q� ,

ynptq � 1
pan�1 � an�1qt

�
� 1�

�
a� an�1a� � an�1a�

an�1 � an�1



t�Opt2q



,

xn�1ptq � an�1 � an�1a�t�Opt2q ,
yn�1ptq � 1

an�1
� a�t
an	1

�Opt2q
whereas for all remaining k such that |k � n| ¥ 2,

xkptq � ak � p1� akbkqpak�1 � ak�1qt�Opt2q ,
ykptq � bk � p1� akbkqpbk�1 � bk�1qt�Opt2q ,

where a, a�, an�1 and all ai, bi, with i P Zztn� 1, n, n� 1u and with bn�1 �
1{an�1, are arbitrary free parameters, and with pan�1 � an�1qan�1an�1 � 0.
In the self-dual case it admits the following two formal Laurent solutions,
parametrized by ε � �1,

xnptq � � ε

2t
�
1� pa� � a�qt�Opt2q� ,

xn�1ptq � ε
�	 1� 4a�t�Opt2q� ,

xkptq � ε
�
ak � p1� a2

kqpak�1 � ak�1qt�Opt2q� , |k � n| ¥ 2 ,

where a�, a� and all ai, with i P Zztn�1, n, n�1u are arbitrary free parameter
and an�1 � �an�1 � 1.

Together with time t these parameters are in bijection with the phase space
variables; we can put for the general Toeplitz lattice for example zk Ø pak, bkq
for |k � n| ¥ 1 and xn�1 Ø an�1 and yn�1, xn, yn Ø a�, a, t. Consider the
locus L̂ defined by the difference relations (98) of Case 3 of Theorem 2.1,
namely:

General case:

L̂ � tpx, yq | Γnpx, y, uq � 0 , rΓnpx, y, uq � 0 ,@nu .
Self-dual case:

L̂ � tx | Γnpx, y, uq � 0, @nu ,
where we now explicitly exhibit the dependence of Γn, rΓn on the coefficients
of the measure, namely u. The point of the following theorem is that L̂ is
an invariant manifold for the flow generated by H � H

p1q
1 �H

p2q
1 , upon our

imposing the following u dependence on t pvn � 1� xnynq.
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Theorem 2.6. Upon setting Bu�i{Bt � δ1i, the recursion relations satisfy the
following differential equations

9Γk � vkpΓk�1 � Γk�1q � pxk�1 � xk�1qpxk rΓk � ykΓkq ,
9rΓk � vkp rΓk�1 � rΓk�1q � pyk�1 � yk�1qpxk rΓk � ykΓkq ,

which specialize in the self-dual case to

9Γk � vkpΓk�1 � Γk�1q .
Sketch of proof :

The proof is based on the crucial identities:

Γn � V0xn � nxn and rΓn � �V0yn � nyn ,
where

V0 :�
i̧¥1

�
ui
B
Bti � u�i

B
Bsi



,

and

Bxn
B
"
t1
s1

* � vnxn�1 ,
Byn
B
"
t1
s1

* � �vny	1 ,
Buk
B
"
t1
s1

* � �δk,�1 ,

which implies

BΓn
B
"
t1
s1

* � vnΓn�1 � xn�1pxn rΓn � ynΓnq ,
B rΓn
B
"
t1
s1

* � �vn rΓn	1 � yn	1pxn rΓn � ynΓnq ,
which, upon using B{Bt � B{Bt1 � B{Bs1, yields the theorem.

3 Coupled Random Matrices and the 2–Toda Lattice

3.1 Main results for coupled random matrices

The study of coupled random matrices will lead us to the 2–Toda lattice and
bi-orthogonal polynomials, which are essentially 2 of the 4 wave functions
for the 2–Toda lattice. This problem will lead to many techniques which will
come up again, as well as a PDE for the basic probability in coupled random
matrices.

Let M1,M2 P Hn, Hermitian n� n matrices and consider the probability
ensemble of
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Coupled random matrices:

P
�pM1,M2q � S

� � ³
S
dM1 dM2e

�1{2 TrpM2
1�M2

2�2cM1M2q³
Hn�Hn

dM1 dM2e�1{2 TrpM2
1�M2

2�2cM1M2q (132)

with

dM1 � ∆2
npxq

n¹
1

dxi dU1, dM2 � ∆2
npyq

n¹
1

dyi dU2 .

Given E � E1 � E2 � �r
1ra2i�1, a2is � �s

1rb2i�1, b2is, define the boundary
operators:

A1 � 1
1� c2

�
2ŗ

1

B
Baj � c

2ş

1

B
Bbj

�
, A2 �

2ŗ

1

aj
B
Baj � c

B
Bc ,

B1 � A1
��
aØb

, B2 � A2
��
aØb

,

(133)

which form a Lie algebra:

rA1,B1s � 0 , rA1,A2s � 1� c2
1� c2A1 , rA2,B1s � � 2c

1� c2A1 ,

rA2,B2s � 0 , rB1,B2s � 1� c2
1� c2B1 , rB2,A1s � � 2c

1� c2B1 ,

(134)

We can now state the main theorem of Section 3:

Theorem 3.1 (Adler–van Moerbeke [4]). The statistics

Fn :� 1
n

logPnpEq :� 1
n

logP (all (M1–eigenvalues) P E1,

all (M2–eigenvalues) P E2) (135)

satisfies the third order nonlinear PDE:

A1

� B2A1Fn
B1A1Fn � c{p1� c2q



� B1

� A2B1Fn
A1B1Fn � c{p1� c2q



� 0 . (136)

In particular for E � p�8, as � p�8, bs, setting: x :� �a� cb, y :� �ac� b,
A1 Ñ �B{Bx, B1 Ñ B{By, (136) becomes

B
Bx

� pc2 � 1q2B2Fn{BxBc� 2cx� p1� c2qy
pc2 � 1qB2Fn{BxBy � c



� B
By

� pc2 � 1q2B2Fn{ByBc� 2cy � p1� c2qx
pc2 � 1qB2Fn{ByBx� c



. (137)
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3.2 Link with the 2–Toda hierarchy

In this section we deform the coupled random matrix problem in a natural
way to introduce the 2–Toda hierarchy into the problem. We first need the
celebrated Harish–Chandra–Itzkson–Zuber formula [23]:

HCIZ: x � diagpx1, . . . , xnq, y � diagpy1, . . . , ynq»
Upnq

dU ecTr xUyU�1 �
�

2π
c


npn�1q{2 detpecxiyj q1¤i,j¤n
n!∆npxq∆npyq . (138)

Compute, using HCIZ:¼
HnpE1q�HnpE2q

dM1 dM2e
cTrM1M2eTrp°81 ptiMi

1�siM
i
2qq (t, s deformation)

�
»
En

1 E
n
2

#
∆2
npxq∆2

npyq
n¹
k�1

e
°8

1 ptixi
k�siy

i
kqdxk dyk

+
�

¼
Upnq�Upnq

ecTrU1�U�1
1 U2yU

�1
2 dU1 dU2

�
»
En

1 E
n
2

#
∆2
npxq∆2

npyq
n¹
k�1

e
°8

1 ptixi
k�siy

i
kqdxk dyk

+
�
»
Upnq

dU1

»
Upnq

ecTr�U�1
1 U2yU

�1
2 U1dU2

�
»
En

1

»
En

2

#
∆2
npxq∆2

npyq
n¹
k�1

e
°8

1 ptixi
k�siy

i
kqdxk dyk

+
�
»
Upnq

dU1

»
Upnq

ecTr�UyU�1
dU

�
U � U�1

1 U2

dU � dU2



� cn

»
En

1

»
En

2

∆npxq∆npyqpdet ecxiyj q1¤i,
j¤n

n¹
1

e
°8

1 ptixi
k�siy

i
kqdxk dyk

:� cn

»
En

1

»
En

2

∆npxq∆npyq
�
σ̧PSn

p�1qσ n¹
1

ecxiyσpiq
�
� n¹

1

dµpxkq dψpykq
(setting: yσpiq Ñ yi, En2 Ñ En2 )

� n!cn
»
En

1

»
En

2

∆npxq∆npyq
n¹
1

ecxiyi

n¹
1

dµpxkqdψpykq

� n!cn
»
En

∆npxq∆npyq
n¹
k�1

e
°8

1 ptixi
k�siy

i
kq�cxkykdxk dyk, E�E1�E2 ,

where we have used in the above that Haar measure is translation invariant.
We now make a further c-deformation of this matrix integral.
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Define τ -function:

τnpt, s, C,Eq
:� 1

n!

»
En

∆npxq∆npyq
n¹
k�1

e
°8

1 ptixi
k�siy

i
kq�°i,j¥1 cijx

i
ky

j
kdxk dyk ,

pτ0 � 1q which is not a matrix integral ! (139)

Thus
τnpt, s, C,Eq
τnpt, s, C,Rq is t, s, C deformation of PnpEq .

It is quite crucial to recast the τ -function using the de Bruijn trick:

Moment matrix form of τ -function:

τnpt, s, c, Eq
� 1
n!

»
En

∆npxq∆npyq
n¹
k�1

e
°8

1 ptixi
k�siy

i
kq�°i,j¥1 cijx

i
ky

i
kdxk dyk

� 1
n!

»
En

det
�
fipxjq�1¤i,

j¤n det
�
gipyjq�1¤i,

j¤n
n¹
1

dψpxk, ykq
pfipxq � gipxq � xi�1q

� 1
n!

¸
σ,µPSn

p�1qσ�µ
»
En

n¹
1

fσpiqpxiqgipyµpiqqdψpxµpiq, yµpiqq

� 1
n!

¸
σ,µPSn

p�1qσ�µ
»
En

n¹
1

fσ�µpiqpxµpiqqgipyµpiqqdψpxµpiq, yµpiqq

� 1
n!

µ̧PSn

¸
σ1PSn

p�1qσ1 n¹
1

»
E

fσ1piqpxqgipyqdψpx, yq

� 1
n!

µ̧PSn

det
�»

E

fipxqgjpyqdψpx, yq



1¤i,
j¤n

� detpµijq0¤i,
j¤n�1

, (140)

with

µijpt, s, C,Eq�
»
E

xiyje
°8

k�1ptkxk�sky
k
kq�°α,β¥1 cαβx

αyβ

dx dy :�xxi, yjy . (141)

Thus we have shown:

τnpt, s, C,Eq � detmn , mn � pµijq0¤i,
j¤n�1

. (142)

This immediately leads to the
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2–Toda differential equations – Moment form:

BµijBtk � µi�k,j , BµijBsk � �µi,j�k , (143)

which we reformulate in terms of the moment matrix m8
Bm8Btk � Λkm8 ,

Bm8Bsk � �m8pΛT qk , (144)

or equivalently

m8pt, sq � e
°8

1 tkΛ
k

m8p0, 0qe�°8
1 skpΛT qk , (145)

with the semi-infinite shift matrix

Λ :�

�������
0 1 0 0 . . .
0 0 1 0 . . .
0 0 0 1 . . .
0 0 0 0 . . .
...

...
...

...
...

������ . (146)

Thus

τnpt, s, C,Eq � detmnpt, sq � det
�pEnptqm8p0, 0qETn p�sq� , (147)

with
Enptq � pI � s1ptqΛ� s2ptqΛ2 � � � � qn�8

and

e
°8

1 tiz
i

:� 8̧

0

siptqzi , (148)

with siptq the elementary Schur polynomials.

3.3 L � U decomposition of the moment matrix, bi-orthogonal
polynomials and 2–Toda wave operators

The L � U decomposition of m8 is equivalent to bi-orthogonal polynomials;
indeed, consider the L� U decomposition of m8, as follows (see [9]):

m8 � LhU :� S�1pm8q�hpm8q�S�1pmT8q�T � :� S�1
1 S2 (149)

where we define the string orthogonal polynomials
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�
pp1qn pyq�n¥0

:� Spm8q
�����

1
y
y2

...

����:�

��������������

det

����� mn

1
y
...

µn0 . . . µn,n�1 y
n

����
detmn

�������������
n¥0

(150)

and �
pp2qn pyq�n¥0

:� SpmT8q
�����

1
y
y2

...

���� . (151)

Setting x , y : xxi, yjy :� µijpt, s, Cq , (152)

conclude (as a tautology) the defining relations of the monic bi-orthogonal
polynomials, namely

xpp1qi , p
p2q
j y � hiδij ðñ Spm8qm8�SpmT8q�T � hpm8q , (153)

with the first identity a consequence of (150) and (151), which also implies

hpm8q :� diag
�
h0, h1, . . . , hi � detmi�1

detmi
, . . .



, (154)

and by (149)

S1 � Spm8q , S2 � hpm8q�S�1pmT8q�T . (155)

We now define the 2–Toda operators:

L1 � S1ΛS
�1
1 , L2 � S2Λ

TS�1
2 . (156)

Since m8 � S�1
1 S2, with

S1 P I � g� , S2 P g� ,
then

9S1S
�1
1 P g� , 9S2S

�1
2 P g� ,

with g� strictly lower triangular matrices and g� upper triangular matrices,
including the diagonal, and g��g� � g :� all semi-infinite matrices. Compute

S1 9m8S�1
2 � S1pS�1

1 S2q9S�1
2 � � 9S1S

�1
1 � 9S2S

�1
2 P g� � g� , (157)
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where we have used pS�1
1 q9� �S�1

1
9S1S

�1
1 . On the other hand, one computes,

using (144), for B{Btn or B{Bsn separately, that:

S1
Bm8Btn S�1

2 � S1Λ
nm8S�1

2 � S1Λ
nS�1

1 S2S
�1
2 � S1Λ

nS�1
1

� Ln1 :� pLn1 q� � pLn1 q� P g� � g� , (158)

and

S1
Bm8Bsn S�1

2 � �S1m8pΛT qnS�1
2 � �S1S

�1
1 S2pΛT qnS�1

2

� �S2pΛT qnS�1
2

� �Ln2 :� �pLn2 q� � pLn2 q� P g� � g� , (159)

and so (157), (158), and (159) yield the differential equations

BS1Btn S
�1
1 � �pLn1 q� , BS2Btn S

�1
2 � pLn1 q� ,

BS1Bsn S
�1
1 � pLn2 q� , BS2Bsn S

�1
2 � �pLn2 q� .

(160)

Setting χpxq � p1, z, z2, . . . qT we now connect the bi-orthogonal polynomials
with the 2–Toda wave functions:

2–Toda wave functions:$&%Ψ1pzq :� e
°8

1 tkz
k

pp1qpzq � e
°8

1 tkz
k

S1χpzq ,
Ψ�2 pzq :� e�

°8
1 skz

�k

h�1pp2qpz�1q � e�
°8

1 skz
�kpS�1

2 qTχpz�1q .
Eigenfunction identities:

L1Ψ1pzq � zΨ1pzq, LT2 Ψ
�
2 pzq � z�1Ψ�2 pzq .

Formulas (160) and (156) yield,

t� s flows for Li and Ψ :$''''''''&''''''''%

BLiBtn � rpL
n
1 q�, Lis , BLiBsn � rpL

n
2 q�, Lis , i � 1, 2, n � 1, 2, . . .

BΨ1Btn � pL
n
1 q�Ψ1 ,

BΨ1Bsn � pL
n
2 q�Ψ1 ,

BΨ�2Btn � �pLn1 qT�Ψ�1 ,
BΨ�2Bsn � �pL

n
2 qT�Ψ�2 .
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Wave operators:

W1 :� S1e
°8

1 tkΛ
k

, W2 :� S2e
°8

1 skpΛT qk , (161)

satisfy

W1pt, sqW1pt1, s1q�1 �W2pt, sqW2pt1, s1q�1 , @t, s, t1, s1 . (162)

All the data in 2–Toda is parametrized by τ -functions, to wit:

L1, L2, Ψ1, Ψ�2 parametrized by τ -functions:$'''''''&'''''''%

Ψ1pz, t, sq
�

�
τnpt� rz�1s, sq

τnpt, sq e
°8

1 tiz
i

zn


n¥0

Ψ�2 pz, t, sq
�

�
τnpt, s� rzsq
τn�1pt, sq e�

°8
1 siz

�i

z�n


n¥0

, rxs � px, x2{2, . . . q , (163)

$'''''&'''''%
Lk1 �

8̧

`�0

diag

�
s`prBtqτn�k�`�1 � τn

τn�k�`�1τn

�
n¥0

Λk�` ,

phpLT2 qkh�1q � °8̀�0 diag

�
s`prBtqτn�k�`�1 � τn

τn�k�`�1τn

� �����rBtÑ�rBs

,

(164)

with

s`ptq the elementary Schur polynomials, rBt � � B
Bt1 ,

1
2
B
Bt2 ,

1
3
B
Bt3 , . . .



,

and the

Hirota symbol :

p

� B
Bt


f � g :� p

� B
By



fpt� yqgpt� yq��

y�0

. (165)

3.4 Bilinear identities and τ -function PDE’s

Just like in KP theory (see Section 1.3), where the bilinear identity generates
the KP hierarchy of PDE’s for the τ -function, the same situation holds for
the 2–Toda Lattice. In general 2–Toda theory (see [17]) the bilinear identity
is a consequence of (163) and (162), but in the special case of 2–Toda being
generated from bi-orthogonal polynomials, we can and will, at the end of
this section, sketch a quick direct alternate proof of Adler–van Moerbek–
Vanhaecke [15] based on the bi-orthogonal polynomials, which has been vastly
generalized. Since all we ever need of integrability in any problem is the PDE
hierarchy, it is clearly of great practical use to have in general a quick proof of
just the bilinear identities, but without all the usual integrable baggage. We
now give the
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2–Toda bilinear identities:¾
z�8

τnpt� rz�1s, sqτm�1pt1 � rz�1s, s1qe°81 pti�t1iqzi

zn�m�1 dz

�
¾
z�0

τn�1pt, s� rz�1sqτmpt1, s1 � rz�1sqe°81 psi�s1iqzi

zm�n�1 dz ,

@s, t, s1, t1,m, n . (166)

The identities are a consequence of (162) and (163) and they yield, as in
Section 1.3 (see Appendix) a generating function involving elementary Schur
polynomials sjp�q and arbitrary parameters a, b, in the following9

Hirota form:

0 � � 8̧

j�0

sm�n�jp�2aqsjpB̃tqe°81 pakB{Btk�bkB{Bskqτm�1 � τn
� 8̧

j�0

s�m�n�jp�2bqsjpB̃sqe°81 pakB{Btk�bkB{Bskqτm � τn�1 (167)

� aj�1

�
2sjpB̃tqτn�2 � τn � B2

Bs1Btj�1
τn�1 � τn�1



� 0pa2

j�1q , (168)

upon setting m � n� 1, and all bk, ak � 0, except aj�1. Note:

s0ptq � 1 , s1ptq � t1 , s1pB̃tqf � g � g
Bf
Bt1 � f

Bg
Bt1 ,

and skptq � tk � poly. pt1, . . . , tk�1q. This immediately yields the

2–Toda τ -function identities:

� B2
Bs1Btk log τn�1 � sk�1pB̃tqτn�2 � τn

τ2
n�1

(169)

�
$''&''%
τn�2τn
τ2
n�1

, k � 1 ,

τn�2τn
τ2
n�1

B
Bt1 log

τn�2

τn
, k � 2 ,

(170)

from which we deduce, by forming the ratio of the k � 1, 2 identities, and
using (164):
9 Hopefully there will be no confusion in this section between the elementary Schur

polynomials, sjp�q, which are functions, and the time variables sj , which are pa-
rameters, but the situation is not ideal.
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Fundamental identities:

pL2
1qn�1,n � B

Bt1 log
τn�1

τn�1
� B2{Bs1Bt2 log τnB2{Bs1Bt1 log τn

, (171)

(and by duality tØ �s, L1 Ø hLT2 h
�1)

phLT2 h�1q2n�1,n � � B
Bs1 log

τn�1

τn�1
� B2{Bt1Bs2 log τnB2{Bt1Bs1 log τn

. (172)

As promised we now give, following Adler–van Moerbeke–Vanhaecke [15]:

Sketch of alternate proof of bilinear identities:

The proof is based on the following identities concerning the bi-orthogonal
polynomials and their Cauchy transforms with regard to the measure dρ defin-
ing the moments of (141) and (152) µij :

dρpx, y, t, s, cq � e
°8

1 ptixi�siy
iq�°α,β¥1 cαβx

αyβ

dx dy .

Namely, the bi-orthogonal polynomials of (150) and (151) and their formal
Cauchy transforms with regard to dρ can be expressed in terms of τ -functions
as follows:10$'''''''''''''''&'''''''''''''''%

p
p1q
n pz, t, sq � zn

τnpt� rz�1s, sq
τnpt, sq ,

(suppressing c and E in ppiqn and τn) ,

p
p2q
m pz, t, sq � zm

τmpt, s� rz�1sq
τmpt, sq ,B

p
p1q
n pxq, 1

z � y
F
� z�n�1 τn�1pt, s� rz�1sq

τnpt, sq ,B
1

z � x, pp2qm pyq
F
� z�m�1 τm�1pt� rz�1s, sq

τmpt, sq .

(173)

These formulas are not hard to prove, they depend on substituting

e�
°

i¥1px{zqi{i �
�

1� x

z


	1 �
i̧¥0

�
x

z


i
or 1� x

z
(174)

into formula (142), which express τnpt, s, C,Eq in terms of the moments
µijpt, s, c, Eq of (141). Then one must expand the rows or columns of the
ensuing determinants using (174) and make the identification of (173), using
(150) and (151), an amusing exercise. If one then substitutes (173) into the bi-
linear identity (166) divided by τnpt, sqτmpt, sq, thus eliminating τ -functions,
and if we make use of the following self-evident formal residue identities:
10 1{pz � xq :� 1{z°8i�0px{zqi, etc., 1{pz � yq, and thus z is viewed as large.
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z�8

fpzq
B
hpxq
z � x, gpyq

F
dz

2πi
� xfpxqhpxq, gpyqy ,¾

z�8
fpzq

B
gpxq, hpyq

z � y
F

dz

2πi
� xgpxq, fpyqhpyqy ,

(175)

with

fpzq � 8̧

i�0

aiz
i , (176)

the bilinear identity becomes a tautology.

3.5 Virasoro constraints for the τ -functions

In this sectionwe derive theVirasoro constraints for our τ -functions τpt, s, C,Eq
using their integral form:

V
p1q
k τpt, s, C,Eq � 0 , V

p2q
k τpt, s, C,Eq � 0 , k ¥ �1 . (177)

Explicitly :

$''''&''''%
ŗ

1

ak�1
i

B
Bai τ

E
n �

�
Jp2qk,nptq �

¸
i,j¥1

icij
B

Bci�k,j


τEn :� VkτEn

ş

1

bk�1
i

B
Bbi τ

E
n �

�
Jp2qk,np�sq �

¸
i,j¥1

jcij
B

Bci,j�k


τEn :� rVkτEn ,

k ¥ �1 , n ¥ 0 , (178)

with

E � r¤
1

ra2i�1, a2is �
s¤
1

rb2i�1, b2is , (179)

τEn � τnpt, s, C,Eq
� 1
n!

»
En

�
∆npxq

n¹
k�1

e
°8

1 tix
i
kdxk



�
�
∆npyq

n¹
k�1

e�
°8

1 siy
i
k dyk


 n¹
k�1

e
°

i,j¥1 cijx
i
ky

j
k , (180)

and
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Jp1qk ptq :� �
Jp1qk,nptq�n¥0

:� pJ p1qk ptq � nJ p0qk qn¥0 ,

Jp2qk ptq :� �
Jp2qk,nptq�n¥0

:� 1
2
pJ p2qk ptq � p2n� k � 1qJ p1qk ptq � npn� 1qJ p0qk qn¥0 ,

J
p1q
k ptq :� B

Btk � p�kqt�k, J
p0q
k � δ0k ,

J
p2q
k ptq :� ¸

i�j�k
B2
BtiBtj � 2

i̧¥1

iti
B

Bti�k �
¸

i�j��k
pitiqpjtjq .

(181)

Main fact :

Jp2qk forms a Virasoro algebra of charge c � �2,

rJp2qk , Jp2q` s � pk � `qJp2qk�` � p�2q pk3 � kq
12

δk,�` . (182)

To prove (178) we need the following lemma:

Lemma 3.1 (Adler–van Moerbeke [5]). Given

ρ � e�V with � ρ1
ρ
� V 1 � g

f
�

°8
0 βiz

i°8
0 αizi

,

the integrand

dInpxq :� ∆npxq
n¹
k�1

pe°81 tix
i

ρpxkqdxkq , (183)

satisfies the following variational formula:

d

dε
dInpxi ÞÑ xi�εfpxiqxm�1

i q��
ε�0

� 8̧

`�0

pα`Jp2qm�`,n�β`Jp1qm�`�1,nq dIn . (184)

The contribution coming from
±n

1 dxj is given by

8̧

`�0

a`p`�m� 1qJp1qm�`,n dIn . (185)

Proof of (178).

First make the change of coordinates xi Ñ xi � εxk�1
i , 1 ¤ i ¤ n, in the

integral (180), which remains unchanged, and then differentiate the results by
ε, at ε � 0, which of course yields 0, i.e.,

d

dε
τEn

��
xiÑxi�εxk�1

i

��
ε�0

� 0 . (186)
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Now, by (180), there are precisely 3 contributions to the `.h.s. of (186), namely
one of the form (184), with ρpxq � 1, yielding Jp2qk,nptqτEn , one coming from

d

dε

�
n¹̀
�1

e
°

i,j¥1 cijx
i
`y

j
`

� ����
xsÑxs�εxk�1

s

��
ε�0

� ¸
i,j¥1

icij

ņ

`�1

xi�k` yj`

n¹̀
�1

e
°

i,j¥1 cijx
i
`y

j
`

� ¸
i,j¥1

icij
B

Bci�k,j
n¹̀
�1

e
°

i,j¥1 cijx
i
`y

j
` ,

yielding
°
i,j¥1 icijB{Bci�k,jτEn .11 Finally, we have a third contribution, since

the limits of integration the integral (180) must change:

a� iÑ ai � εak�1
i � 0pε2q , 1 ¤ i ¤ 2r .

Upon differentiating τEn with respect to the ε in these new limits of integra-
tion, we have by the chain rule, the contribution �°2r

1 ak�1
i B{BaiτEn . Thus

altogether we have:

0 � d

dε
τEn

��
xiÑxi�εxk�1

i

��
ε�0

� � 2ŗ

1

ak�1
i

B
Bai τ

E
n �Jp2qk,nptqτEn �

¸
i,j¥1

icij
B

Bci�k,n τ
E
n ,

yielding the first expression (178). The second expression follows from the first
by duality, tØ �s, aØ b, cij Ø cji.

3.6 Consequences of the Virasoro relations

Observe from (132), (139) that
�
e2 � p0, 1, 0, 0, . . . q�

PnpEq � τEn pt� e2{2, s� e2{2, Cq
τRn pt� e2{2, s� e2{2, Cq

����
L
, (187)

L :� tt � s � 0, all cij � 0, but c11 � cu , (188)

and so computing (178) for τEn pt� 1
2e2, s� 1

2e2, Cq requires us to shift the t, s
in Jp2qk,nptq, Jp2qk,np�sq accordingly, and we find from (181) shifted, the following:

Akτn � Vkτn, Bkτn �Wkτn, k � 1, 2 (189)

with
τn � τEn

�
t� 1

2e2, s� 1
2e2, C

�
,

and
11 It must be noted that: B{pBc0,nq � �B{pBsnq, B{pBcn,0q � B{pBtnq.
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A1� 1
1�c2

�
2ŗ

1

B
Baj �c

2ş

1

B
Bbj

�
, B1 � 1

1�c2
�

2ş

1

B
Bbj �c

2ŗ

1

B
Baj

�
,

A2�
2ŗ

1

aj
B
Baj , B2�

2ş

1

bj
B
Bbj ,

(190)

with

V1 :� 1
1� c2 pV�1�crV�1q� pV1�v1

:� � B
Bt1�

npt1 � cs1q
c2 � 1

� 1
c2 � 1

����
i̧¥2

i

�
ti

B
Bti�1

�csi B
Bsi�1



� ¸
i,j¥1,
i,j�p1,1q

cij

�
i
B

Bci�1,j �jc
B

Bci,j�1

��� ,

W1 :� 1
1� c2 pcV�1�rV�1q�xW1�w1

:� B
Bs1�

npct1 � s1q
c2 � 1

� 1
c2 � 1

����
i̧¥2

i

�
cti

B
Bti�1

�si B
Bsi�1



�¸
i,j¥1,
i,j�p1,1q

cij

�
ci

B
Bci�1,j

�j B
Bci,j�1


��� ,

V2 :� V0�c BBc :� pV2�v2
:� � B

Bt2 �i̧¥1

iti
B
Bti�

npn� 1q
2

� ¸
i,j¥1,pi,jq�p1,1q

icij
B
Bcij ,

W2 :� rV0�c BBc :�xW2�w2

:� B
Bs2 �̧i¥1

isi
B
Bsi�

npn� 1q
2

� ¸
i,j¥1,pi,jq�p1,1q

jcij
B
Bcij .

Note pV1, xW1, pV2, xW2 are first order operators such that (and this is the point):pV1��
L

� � B
Bt1 , xW1��

L

� B
Bs1 , pV2��

L

� � B
Bt2 , xW2��

L

� B
Bs2 , (191)

and

v1 � npt1 � cs1q
1� c2 , w1 � npct1 � s1q

1� c2 , v2 � w2 � npn� 1q
2

. (192)

Because of (191) we call this a principal symbol analysis. Hence
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Ak log τn � pVk log τn�vk , Bk log τn � xWk log τn�wk , k � 1, 2 , (193)

and so on the locus L using (191) – (193) we find:

B
Bt1 log τn��

L
� �A1 log τn��

L
,

B
Bs1 log τn��

L
� B1 log τn��

L
,

B
Bt2 log τn��

L
� �A2 log τn��

L
,

B
Bs2 log τn��

L
� B2 log τn��

L

� npn� 1q
2

� npn� 1q
2

.

(194)

Extending this analysis to second derivatives, compute:

B1A1 log τn��
L
� B1ppV1 log τn � v1q��

L
� B1

pV1 log τn��
L
� B1pv1q��

L
pxq� pV1B1 log τn��

L
� B1pv1q��

L

p xx q� � B
Bt1 pxW1 log τn � w1q��

L
� B1pv1q��

L

� � B
Bt1

� B
Bs1 � � � �



log τn��

L
� B
Bt1w1

��
L
� B1pv1q��

L
(195)

where we have used in pxq that rB1, pV1s��
L
� 0 and in p xx q that pV1

��
L
� �B{Bt1.

So we must compute

� B
Bt1 xW1

��
L
� � B2

Bt1Bs1 , � B
Bt1w1

��
L
� nc

c2 � 1
, B1pv1q��

L
� 0 , (196)

and so conclude that
�
τn � τEn pt� 1

2e2, s� 1
2e2, Cq�

B2
Bt1Bs1 log τn��

L
� �B1A1 log τn � nc

c2 � 1
. (197)

The crucial points in this calculation were:

rB1, pV1s��
L
� 0 , pV1

��
L
� � B

Bt1 , xW1 � B
Bs1 � � � � , (198)

and indeed this is a model calculation, which shall be repeated over and over
again. And so in the same fashion, conclude:

B2
Bt1Bs2 log τn��

L
� �B2A1 log τn ,

B2
Bs1Bt2 log τn��

L
� �A2B1 log τn , (199)

where we have used B{Bt1pnpn� 1q{2q � B{Bs1 pnpn� 1q{2q � 0.

3.7 Final equations

We have derived in Section 3.6, the following
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Relations on Locus L:

B
Bt1 log τEn ��A1 log τEn ,

B
Bt2 log τEn ��A2 log τEn �npn�1q

2
,

B
Bs1 log τEn �B1 log τEn ,

B
Bs2 log τEn �B2 log τEn �npn� 1q

2
, (200)

B2
Bt1Bs2 log τEn ��B2A1 log τEn ,

B2
Bs1Bt2 log τEn ��A2B1 log τEn ,

B2
Bt1Bs1 log τEn � �B1A1 log τEn � nc

c2 � 1
.

Remember from Section 3.4:

2–Toda relations

B
Bt1 log

τEn�1

τEn�1

� B2{Bs1Bt2 log τEnB2{Bt1Bs1 log τEn
,

� B
Bs1 log

τEn�1

τEn�1

� B2{Bt1Bs2 log τEnB2{Bt1Bs1 log τEn
,

(201)

Substitute the relations on L into the 2–Toda relations, which yields:

Pure boundary relations on the locus L

�A1 log
τEn�1

τEn�1

� A2B1 log τEn
A1B1 log τEn � nc{p1� c2q ,

�B1 log
τEn�1

τEn�1

� B2A1 log τEn
B1A1 log τEn � nc{p1� c2q .

(202)

Since A1B1�B1A, conclude that

A1

� B2A1 log τEn
B1A1 log τEn �nc{p1�c2q



�B1

� A2B1 log τEn
A1B1 log τEn �nc{p1�c2q



. (203)

Notice that since τRn is independent of ai and bi, we find that

A1 log τEn � A1 log τEn �A1 log τRn

� A1 log
τEn
τRn

� A1 logPnpEq , (204)

and so (203) is true with log τEn Ñ logPnpEq, yielding the final equation for
FnpEq � 1{n logPnpEq, and proving Theorem 3.1.
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4 Dyson Brownian Motion and the Airy Process

4.1 Processes

The joint distribution for the Dyson process at 2–times deforms naturally to
the 2–Toda integrable system, as it is described by a coupled Hermitian matrix
integral, analyzed in the previous section. Taking limits of the Dyson process
leads to the Airy and Sine processes. We describe the processes in this section
in an elementary and intuitive fashion. A good reference for this discussion
would be [33] and Dyson’s celebrated papers [30, 31] on Dyson diffusion.

A random walk corresponds to a particle moving either left or right at
time n with probability p. If the particle is totally drunk, one may take p � 1

2 .
In that case, if Xn is its location after n steps,

EpXnq � 0, EpX2
nq � n , (205)

and in any case, this discrete process has no memory:

P
�
Xn�1 � j | pXn � iq X parbitrary past eventq� � P pX1 � j | X0 � iq ,

i.e. it is Markovian. In the continuous version of this process (say with p � 1
2 ),

rt{δs steps are taken in time t and each step is of magnitude
?
δ, consistent

with the scaling of (205). By the central limit theorem (CLT) for the binomial
distribution, or in other words by Stirlings formula, it follows immediately that

lim
δÑ0

P pXt PpX,X�dXq |X0�Xq� e�pX�Xq2{2t?
2πt

dX�:P pt,X,XqdX . (206)

Note that P pt,X,Xq satisfies the (heat) diffusion equation

BP
Bt �

1
2
B2P
BX2

. (207)

The limiting motion where the particle moves �?δ with equal probability 1
2

in time δ, is in the limit, as δ Ñ 0, Brownian motion. The process is scale
invariant and so infinitesimally its fluctuations in t are no larger than

a
∆ptq

and hence while the paths are continuous, they are nowhere differentiable
(for almost all initial conditions.) We may also consider Brownian motion
in n directions, all independent, and indeed, it was first observed in n � 2
directions, under the microscope by Robert Brown, an English botanist, in
1828. In general, by independence,

P pt,X,Xq � n¹
1

P pt,Xi, Xiq � 1
pp2πtq{βqn{2 e�

°n
1 pXi�Xiq2{2t{β , (208)

hence
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BP
Bt �

1
2β

ņ

1

B2
BX2

i

P , (209)

where we have changed the variance and hence the diffusion constant from
1Ñ β.

In addition (going back to n � 1), besides changing the rate of diffusion,
we may also subject the diffusing particle located at X, to a harmonic force�ρX, pointing toward the origin. Thus you have a drunken particle executing
Brownian motion under the influence of a steady wind pushing him towards
the origin — the Ornstein–Uhlenbeck (see [33]) process — where now the
probability density P pt,X,Xq is given by the diffusion equation:

BP
Bt �

�
1
2β

B2
BX2

� B
BX p�ρXq



P. (210)

This can immediately be transformed to the case ρ � 0, yielding pc � e�ρtq
P pt,X,Xq � 1?

2πpp1� c2q{2ρβq1{2 e�pX�cXq
2{pp1�c2q{ρβq , (211)

which as ρ Ñ 0, p1 � c2q{2ρ Ñ t, transforms to the old case. This process
becomes stationary, i.e. the probabilities at a fixed time do not change in t,
if and only if the initial distribution of X is given by the limiting t Ñ 8
distribution of (211):

e�ρβX2a
π{ρβ dX , (212)

and this is the only “normal Markovian process” with this property.
Finally, consider a Hermitian matrix B � pBijq with n2 real quantities Bij

undergoing n2 independent Ornstein–Uhlenbeck processes with ρ � 1, but#
β � 1 for Bii (on diagonal) ,
β � 2 for Bij (off diagonal) ,

and so the respective probability distribution Pii, Pij satisfy by (210):$'''&'''%
BPiiBt �

�
1
2
B2
BB2

ii

� B
BBii p�Biiq



Pii ,

BPijBt �
�

1
2� 2

B2
BB2

ij

� B
BBij p�Bijq



Pij ,

(213)

with solution, by (211) pc � e�tq, given by:$''&''%
Piipt, Bii, Biiq � 1?

2π
ap1� c2q{2e�pBii�cBiiq2{p1�c2q ,

Pijpt, Bij , Bijq � 1?
2π

ap1� c2q{4e�pBij�cBijq2{pp1�c2q{2q .
(214)
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By the independence of the processes the joint probability distribution is given
by:

P pt, B,Bq � n¹
i�1

Pii
¹
1¤i,
j¤n,
i�j

Pij � Z�1

p1� c2qn2{2 e�TrpB�cBq2{p1�c2q , (215)

with Z � p2πqn2{22p�n2�n{2q, which by (213) and (215) evolves by the
Ornstein–Uhlenbeck process:

BP
Bt �

ņ

i,j�1

�
1
4
p1� δijq B2BB2

ij

� B
BBijBij



P

� ņ

i,j�1

�
1
4
p1� δijq B

BBij ΦpBq
B
BBij

1
ΦpBq



P pBq ,

(216)

with ΦpBq � expp� trB2q. Note that the most general solution (215) to (216)
is invariant under the unitary transformation

pB,Bq Ñ pUBU�1, UBU�1q , (217)

which forces the actual process (216) to possess this unitary invariance and
in fact (216) induces a random motion purely on the spectrum of B. This
motion, discovered by Dyson in [30, 31], is called Dyson diffusion, and indeed
the Ornstein–Uhlenbeck process

Bptq � �
Bijptq�

given by (216) with solution (215), induces Dyson Brownian motion:�
λ1ptq, . . . , λnptq� P Rn on the eigenvalues of Bptq.

The transition probability P pt, λ̄, λq satisfies the following diffusion equa-
tion: BP

Bt �
ņ

1

�
1
2
B2
Bλ2

i

� B
Bλi

B log
a
Φpλq

Bλi


P

� 1
2

ņ

i�1

B
BλiΦpλq

B
Bλi

1
ΦpλqP

(218)

with

Φpλq � ∆2
npλq

n¹
1

e�λ2
i ,

which is a Brownian motion, where instead of the particle at λi feeling only
the harmonic restoring force �λi, as in the Ornstein–Uhlenbeck process, it
feels the full force

Fipλq :� B log
a
Φpλq

Bλi �
j̧�i

1
λi � λj � λi , (219)
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which acts to keep the particles apart. In short, the Vandermonde in Φpλq
creates n–repelling Brownian motions, while the exponential term keeps them
from flying out to infinity. The equation (218) was shown by Dyson in [30, 31]
by observing that Brownian motion with a force term F � pFiq is, in general,
completely characterized infinitesimally by the dynamics:

Epδλiq � Fipλqδt, E
�pδλiq2� � δt , (220)

and so in particular (216) yields

EpδBijq � �Bijδt, E
�pδBijq2� � 1

2 p1� δijqδt . (221)

Then by the unitary invariance (217) of the process (216), one may set at time
t : Bptq � diag

�
λ1ptq, . . . , λnptq�, and then using the perturbation formula:

δλi��
t

� δBii �
j̧�i

pδBjiq2 � pδBjiq2pλi � λjq � � � � ,

compute Epδλiq and E
�pδλiq2� by employing (221), immediately yielding

(220) with Fipλq given by (219). Thus by the characterization of (218) by
(220), we have verified Dysons result (218).

Remember an Ornstein–Uhlenbeck process has a stationary measure pre-
cisely if we take for the initial measure the equilibrium measure at t Ñ 8.
So consider our Ornstein–Uhlenbeck transition density (215) with t Ñ 8
stationary distribution:

Z�1e� trB2
dB ,

and with this invariant measure as initial condition, one finds for the joint
distribution pc � e�pt2�t1qq
P pBpt1q P dB1, Bpt2q P dB2q

� Z�1 dB1dB2

p1� c2qn2{2 e�1{p1�c2qTrpB2
1�2cB1B2�B2

2q , (222)

and similarly pci � e�pti�1�tiqq compute

P pBpt1q P dB1, . . . , Bptkq P dBkq
� Z�1

k e� trB2
1

k¹
i�2

e�1{p1�c2i�1qTrpBi�ci�1Bi�1q2dB1, . . . , dBk

� Z�1
k

k¹
i�1

e�p1{p1�c2i�1q�c2i {p1�c2i qq°n
j�1 λ

2
j,i

n¹
j�1

dλj,i

k�1¹
i�1

detpep2ci{p1�c2i qq λ`,i�1λm,iq1¤`,
m¤n∆npλ1q∆npλkq,�

λi � pλ1,i, λ2,i, . . . , λn,iq� , (223)
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using the HCIZ formula (138).
The distribution of the eigenvalues for GUE is expressible as a Fredholm

determinant (9) involving the famous Hermite kernel (5) and Eynard and
Mehta [32] showed that you have for the Dyson process an analogous extended
Hermite kernel, specifically the matrix kernel [39]:

KH,n
titj :�

$''''&''''%
8̧

k�1

e�kpti�tjqϕn�kpxqϕn�kpyq, ti ¥ tj ,

� 0̧

k��8
ekptj�tiqϕn�kpxqϕn�kpyq, ti   tj ,

(224)

with »
R
ϕipxqϕjpxq dx � δij , ϕipxq � pipxqe�x2{2 ,

where

ϕkpxq �
$&%e�x2{2pkpxq, for k ¥ 0, with pkpxq � Hkpxq

2k{2?k!π1{4 ,
0, for k   0 ;

so pkpxq are the normalized Hermite polynomials. Then we have

Prob (all Bptiq eigenvalues R Ei, 1 ¤ i ¤ m) � detpI �KH,Eq :
KH,E
ij px, yq � IEipxqKH,n

titj px, yqIEj pyq , (225)

the above being a Fredholm determinant with a matrix kernel.

Remark. In general such a Fredholm determinant is given by:

detpI � zpKtitj q1¤i,j¤mq��
z�1

� 1� 8̧

N�1

p�zqN ¸
0¤ri¤N,°m

1 ri�N

»
R

r1¹
1

dα
p1q
i � � � rm¹

1

dα
pmq
i

� det
��
Ktkt`pαpkqi , α

p`q
j q�1¤i¤rk,

1¤j¤r`



1¤k ,`¤m��

z�1

,

where the N–fold integral above is taken over the range

R �
$''&''%
�8   α

p1q
1 ¤ � � � ¤ α

p1q
r1   8

...
�8   α

pmq
1 ¤ � � � ¤ α

pmq
rm   8

,//.//- ,
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with integrand equal to the determinant of an N�N matrix, with blocks given
by the rk� r` matrices

�
Ktkt`pαpkqi , α

p`q
j q�1¤i¤rk,

1¤j¤r`

. In particular, for m � 2, we

have

1� 8̧

N�1

p�zqN ¸
0¤r,s¤N,
r�s�N

»!�8 α1¤���¤αr 8�8 β1¤���¤βs 8
) r¹

1

dαi

s¹
1

dβi

� det

��� pKt1t1pαi, αjq�1¤i,
j¤r

� pKt1t2pαi, βjq�1¤i¤r,
1¤j¤s� pKt2t1pβi, αjq�1¤i¤s,

1¤j¤r
� pKt2t2pβi, βjq�1¤i,

j¤s

�������
z�1

. (226)

These processes have scaling limits corresponding to the bulk and edge
scaling limits in the GUE.

The Airy process is defined by rescaling in the extended Hermite kernel:

x � ?2n� u?
2n1{6 , y � ?2n� v?

2n1{6 , t � τ

n1{3 , (227)

and the Sine process by rescaling in the extended Hermite kernel:

x � uπ?
2n

, y � vπ?
2n

, t � π2 τ

2n
. (228)

This amounts to following, in slow time, the eigenvalues at the edge and in
the bulk, but with a microscope specified by the above rescalings. Then the
extended kernels have well-defined limits as nÑ8:

KA
titj px, yq �

$''&''%
» 8
0

e�zpti�tjqAipx� zqAipy � zq dz, ti ¥ tj ,

�
» 0

�8
ezptj�tiqAipx� zqAipy � zq dz, ti   tj ,

(229)

KS
titj �

$''&''%
1
π

» π
0

epz2{2qpti�tjq cos zpx� yq dz, ti ¥ tj ,

� 1
π

» 8
π

e�pz2{2qptj�tiq cos zpx� yq dz, ti   tj ,

(230)

with Ai the Airy function. Letting Aptq and Sptq denote the Airy and Sine
processes, we define them below by

ProbpAptiq R Ei, 1 ¤ i ¤ kq � detpI �KA,Eq ,
ProbpSptiq R Ei, 1 ¤ i ¤ kq � detpI �KS,Eq , (231)

where the determinants are matrix Fredholm determinants defined by the
matrix kernels (229) and (230) in the same fashion as (225). The Airy process
was first defined by Prähofer and Spohn in [46] and the Sine process was first
defined by Tracy and Widom in [53].
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4.2 PDE’s and asymptotics for the processes

It turns out that the 2–time joint probabilities for all three processes, Dyson,
Airy and Sine satisfy PDE’s, which moreover lead to long time t � t2 � t1
asymptotics in, for example, the Airy case. In this section we state the results
of Adler and van Moerbeke [6], sketching the proofs in the next section. The
first result concerns the Dyson process:

Theorem 4.1 (Dyson process). Given t1   t2 and t � t2�t1, the logarithm
of the joint distribution for the Dyson Brownian motion

�
λ1ptq, . . . , λnptq�,

Gnpt; a1, . . . a2r; b1, . . . , b2sq :� logP pall λipt1q P E1, all λipt2q P E2q ,
satisfies a third-order nonlinear PDE in the boundary points of E1 and E2

and t, which takes on the simple form, setting c � e�t,

A1
B2A1Gn

B1A1Gn � 2nc
� B1

A2B1Gn
A1B1Gn � 2nc

. (232)

The sets E1 and E2 are the disjoint union of intervals

E1 :� r¤
i�1

ra2i�1, a2is and E2 :� s¤
i�1

rb2i�1, b2is � R ,
which specify the linear operators

A1 �
2ŗ

1

B
Baj � c

2ş

1

B
Bbj ,

B1 � c
2ŗ

1

B
Baj �

2ş

1

B
Bbj ,

A2 �
2ŗ

1

aj
B
Baj � c

2
2ş

1

bj
B
Bbj � p1� c

2q BBt � c2 ,

B2 � c2
2ŗ

1

aj
B
Baj �

2ş

1

bj
B
Bbj � p1� c

2q BBt � c2 .
The duality ai Ø bj reflects itself in the duality Ai Ø Bi.

The next result concerns the Airy process:

Theorem 4.2 (Airy process). Given t1   t2 and t � t2 � t1, the joint
distribution for the Airy process Aptq,

Gpt;u1, . . . u2r; v1, . . . , v2sq :� logP pApt1q P E1, Apt2q P E2q ,
satisfies a third-order nonlinear PDE in the ui, vi and t, in terms of the
Wronskian tfpyq, gpyquy :� f 1pyqgpyq � fpyqg1pyq,



60 Mark Adler�pLu � LvqpLuEv � LvEuq � t2pLu � LvqLuLv�G
� 1

2tpL2
u � L2

vqG, pLu � Lvq2GuLu�Lv
. (233)

The sets E1 and E2 are the disjoint union of intervals

E1 :� r¤
i�1

ru2i�1, u2is and E2 :� s¤
i�1

rv2i�1, v2is � R ,
which specify the set of linear operators

Lu :� 2ŗ

1

B
Bui , Lv :� 2ş

1

B
Bvi ,

Eu :� 2ŗ

1

ui
B
Bui � t

B
Bt , Ev :� 2ş

1

vi
B
Bvi � t

B
Bt .

The duality vi Ø vj reflects itself in the duality Lu Ø Lv, Eu Ø Ev.

Corollary 4.1. In the case of semi-infinite intervals E1 and E2, the PDE for
the Airy joint probability

Hpt;x, yq :� logP
�
Apt1q ¤ y � x

2
, Apt2q ¤ y � x

2



,

takes on the following simple form in x, y and t2, with t � t2 � t1, also in
terms of the Wronskian,

2t
B3H
BtBxBy �

�
t2
B
Bx � x

B
By


�B2H
Bx2

� B2HBy2



� 8

" B2H
BxBy ,

B2H
By2

*
y

. (234)

Remark. Note for the solution Hpt;x, yq,
lim
t×0

Hpt;x, yq � logF2

�
min

�
y � x

2
,
y � x

2


�
.

The following theorem concerns the Sine process and uses the same sets
and operators as Theorem 4.2:

Theorem 4.3 (Sine process). For t1   t2, and compact E1 and E2 � R,
the log of the joint probability for the Sine processes Siptq,

Gpt;u1, . . . u2r; v1, . . . , v2s :� logP pall Sipt1q P Ec1, all Sipt2q P Ec2q ,
satisfies

Lu
p2EvLu � pEv � Eu � 1qLvqGpLu � Lvq2G� π2

� Lv
p2EuLv � pEu � Ev � 1qLuqGpLu � Lvq2G� π2

. (235)
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Corollary 4.2. In the case of a single interval, the logarithm of the joint
probability for the Sine process,

Hpt;x, yq � logP pSpt1q R rx1 � x2, x1 � x2s, Spt2q R ry1 � y2, y1 � y2sq
satisfies

B
Bx1

p2EyB{Bx1 � pEy � Ex � 1qB{By1qHpB{Bx1 � B{By1q2H � π2

� B
By1

p2ExB{By1 � pEx � Ey � 1qB{Bx1qHpB{Bx1 � B{By1q2H � π2
. (236)

Asymptotic consequences:

Prähofer and Spohn showed that the Airy process is a stationary process with
continuous sample paths; thus the probability P pAptq ¤ uq is independent of
t, and is given by the Tracy–Widom distribution

P pAptq ¤ uq � F2puq :� exp
�
�
» 8
u

pα� uqq2pαq dα


, (237)

with qpαq the solution of the Painlevé II equation,

q2 � αq � 2q3 with qpαq �
$'&'%�e

�p2{3qα3{2

2
?
πα1{4 , for αÕ8 ,a�α{2 , for a× �8 .

(238)

The PDE’s obtained above provide a very handy tool to compute large
time asymptotics for these different processes, with the disadvantage that
one usually needs, for justification, a nontrivial assumption concerning the
interchange of sums and limits, which can be avoided upon directly using the
Fredholm determinant formula for the joint probabilities (see Widom [57])
the latter method, however, tends to be quite tedious and quickly gets out of
hand. We now state the following asymptotic result:

Theorem 4.4 (Large time asymptotics for the Airy process). For large
t � t2 � t1, the joint probability admits the asymptotic series

P pApt1q ¤ u,Apt2q ¤ vq
� F2puqF2pvq � F 12puqF 12pvq

t2
� Φpu, vq � Φpv, uq

t4
�O

�
1
t6



, (239)

with the function q � qpαq given by (238) and

Φpu, vq
:� F2puqF2pvq

�
1
4

�» 8
u

q2dα


2�» 8
v

q2dα


2 � q2puq
�

1
4
q2pvq � 1

2

�» 8
v

q2dα


2
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�
» 8
v

dαp2pv � αqq2 � q12 � q4q
» 8
u

q2dα



. (240)

Moreover, the covariance for large t � t2 � t1 behaves as

E
�
Apt2qApt1q�� E�Apt2q�E�Apt1q� � 1

t2
� c

t4
� � � � , (241)

where
c :� 2

¼
R2

Φpu, vq du dv .

Conjecture. The Airy process satisfies the nonexplosion condition for fixed x:

lim
zÑ8P pAptq ¥ x� z | Ap0q ¤ �zq � 0 . (242)

4.3 Proof of the results

In this section we sketch the proofs of the results of the prior section, but all
of these proofs are ultimately based on a fundamental theorem that we have
proven in Section 3, which we now restate.

Let M1,M2 P Hn, Hermitian n� n matrices and consider the ensemble:

P
�pM1,M2q � S

� � ³
S
dM1dM2e

�1{2 TrpM2
1�M2

2�2cM1M2q³
Hn�Hn

dM1dM2e�1{2 TrpM2
1�M2

2�2cM1M2q , (243)

with

dM1 � ∆2
npxq

n¹
1

dxi dU1 , dM2 � ∆2
npyq

n¹
1

dyi dU2 .

Given

E � E1 � E2 �
r¤
1

ra2i�1, a2is �
s¤
1

rb2i�1, b2is ,
define the boundary operators:

Ã1 � � 1
c2 � 1

�
ŗ

1

B
Baj � c

ş

1

B
Bbj

�
, Ã2 �

ŗ

1

aj
B
Baj �

B
Bc ,

B̃1 � Ã
1
��
aØb

, B̃2 � Ã
2
��
aØb

.

Note Ã1B̃1 � B̃1Ã1.
The following theorem was proven in Section 3:

Theorem 4.5. The statistics

Fnpc; a1, . . . , a2r; b1, . . . , b2sq :� logPnpEq
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:� logP pall pM1–eigenvaluesq P E1, all pM2–eigenvaluesq P E2q ,
satisfies the third order nonlinear PDE:

Ã1

� B̃2Ã1Fn

B̃1Ã1Fn � nc{p1� c2q


� B̃1

� Ã2B̃1Fn

Ã1B̃1Fn � nc{p1� c2q


. (244)

Proof of Theorem 4.1.

Changing limits of integration in the integral Fn defined by the measure (243)
to agree with the integral Gn defined by the measure (222), we find the func-
tion Gn of Theorem 4.1 is related to the function Fn of Theorem 4.5 by a
trivial rescaling:

Gnpt; a1, . . . , a2r; b1, . . . , b2sq � Fn

�
c;

a1ap1� c2q{2 , . . . , a2rap1� c2q{2 ;

b1ap1� c2q{2 , . . . , b2sap1� c2q{2
 (245)

and applying the chain rule to (244) using (245) leads to Theorem 4.1 imme-
diately, upon clearing denominators.

In order to prove the theorems concerning the Airy and Sine processes, we
need a rigorous statement concerning the asymptotics of our Dyson, Airy and
Sine kernels. To that end, letting

S1 :�
$'&'%t ÞÑ t

n1{3 , s ÞÑ s

n1{3 ,
x ÞÑ ?

2n� 1� u?
2n1{6

y ÞÑ ?
2n� 1� v?

2n1{6

,/./-
S2 :�

"
t ÞÑ π2t

2n
, s ÞÑ π2s

2n
, x ÞÑ πu?

2n
, y ÞÑ πv?

2n

*
,

(246)

we have:

Proposition 4.1. Under the substitutions S1 and S2, the extended Hermite
kernel tends with derivative,respectively, to the extended Airy and Sine kernel,
when nÑ8, uniformly for u, v P compact subsets � R:

lim
nÑ8K

H,n
t,s px, yq dy��

S1

� KA
t,spu, vq dv ,

lim
nÑ8K

H,n
t,s px, yq dy��

S2

� e�pπ2{2qpt�sqKS
t,spu, vq dv . (247)

Remark. The proof involves careful estimating and Riemann–Hilbert tech-
niques and is found in [6].
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Proof of Theorem 4.2.

Rescale in Theorem 4.1

ai � ?2n� ui?
2n1{6 , bi � ?2n� vi?

2n1{6 , t � τ

n1{3 (248)

and then from Proposition 4.1 it follows that, with derivatives that,

Gn

�
τ

n1{3 , a; b


� Gpτ, u, vq �O

�
1
k



, k � n1{6 . (249)

We now do large n asymptotics on the operators Ai, Bi, setting L � Lu�Lv,
E � Eu � Ev, with Lu, Lv, Eu, Ev defined in Theorem 4.2; we find:

A1 � ?2k
�
L�

�
τ

k2
� τ2

2k4
� τ3

6k6



Lv �O

�
1
k8




,

B1 � ?2k
�
L�

�
τ

k2
� τ2

2k4
� τ3

6k6



Lu �O

�
1
k8




,

A2 � 2k4

�
L� 2τ

k2
Lv � 1

2k4
pE � 1� 4τ2Lvq

� τ

k6

�
Ev � 1� 4

3
τ2Lv



�O

�
1
k8




,

B2 � 2k4

�
L� 2τ

k2
Lu � 1

2k4
pE � 1� 4τ2Luq

� τ

k6

�
Eu � 1� 4

3
τ2Lu



�O

�
1
k8




,

(250)

and consequently

1
2
?

2k5
B2A1

� L2 � τ

k2
pL� LuqL� 1

2k4

�
LpE � 2q � τ2

�
4LupL� Lvq � LLvq�

� τ

k6

�
LpEu�2q� 1

2
LvpE�2q� τ2

6
p8LLu�18LuLv�LLvq



�O

�
1
k8



(251)

1
2k2

B1A1 � L2� τ

k2
L2� τ2

k4

�
1
2
L2�LuLv



� τ3

k6

�
1
6
L2�LuLv



�O

�
1
k8



.

Feeding these estimates and (249) into the relation (232) of Theorem 4.1,
multiplied by pB1A1Gn�2ncq2, which by the quotient rule becomes an identity
involving Wronskians, we then find ptf, guX � gXf � fXgq
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0 �
"

1
2
?

2k5
B2A1Gn,

1
2k2

pB1A1Gn � 2k6e�τ{k2q
*
A1{p?2kq

�
"

1
2
?

2k5
A2B1Gn,

1
2k2

pA1B1Gn � 2k6e�τ{k2q
*
B1{p?2kq

� 2τ
k2

��pLu � LvqpLuEv � LvEuq � τ2pLu � LvqLuLv�Gn
� 1

2
tpL2

u � L2
vqHn, pLu � Lvq2GnuLu�Lv

�
�O

�
1
k3



� 2τ
k2

��pLu � LvqpLuEv � LvEuq � τ2pLu � LvqLuLv�G
� 1

2
tpL2

u � L2
vqG, pLu � Lvq2GuLu�Lv

�
�O

�
1
k3



.

In this calculation, we used the linearity of the Wronskian tX,Y uZ in its
three arguments and the following commutation relations:

rLu, Eus � Lu, rLu, Evs � rLu, Lvs � rLu, τ s � 0, rEu, τ s � τ ,

including their dual relations by u Ø v; also we have tL2G, 1uLu�Lv �tLpLu � LvqG, 1uL. It is also useful to note that the two Wronskians in the
first expression are dual to each other by uØ v. The point of the computation
is to preserve the Wronskian structure up to the end. This proves Theorem 4.2,
upon replacing τ Ñ t.

Proof of Corollary 4.1.

Equation (233) for the probability

Gpτ ;u, vq :� logP pApτ1q ¤ u,Apτ2q ¤ vq, τ � τ2 � τ1 ,
takes on the explicit form

τ
B
Bτ

� B2
Bu2

� B2
Bv2



G � B3G

Bu2Bv
�

2
B2G
Bv2

� B2G
BuBv �

B2G
Bu2

� u� v � τ2



� B3G
Bv2Bu

�
2
B2G
Bu2

� B2G
BuBv �

B2G
Bv2

� u� v � τ2



�
�B3G
Bu3

B
Bv �

B3G
Bv3

B
Bu


� B
Bu �

B
Bv



G . (252)

This equation enjoys an obvious uØ v duality. Finally the change of variables
in the statement of Corollary 4.1 leads to (234).

The proof of Theorem 4.3 is done in the same spirit as that of Theorem 4.2
and Corollary 4.2 follows immediately by substitution in Theorem 4.3. Next,
we need some preliminaries to prove Theorem 4.4. The first being:
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Proposition 4.2. The following ratio of probabilities admits the asymptotic
expansion for large t ¡ 0 in terms of functions fipu, vq, symmetric in u and v

P pAp0q ¤ u,Aptq ¤ vq
P pAp0q ¤ uqP pAptq ¤ vq � 1�

i̧¥1

fipu, vq
ti

, (253)

from which it follows that

lim
tÑ8P pAp0q ¤ u,Aptq ¤ vq � P pAp0q ¤ uqP pAptq ¤ vq � F2puqF2pvq ,

this means that the Airy process decouples at 8.

The proof necessitates using the extended Airy kernel. Note, since the
probabilities in (253) are symmetric in u and v, the coefficients fi are sym-
metric as well. The last equality in the formula above follows from stationarity
and (237).

Conjecture. The coefficients fipu, vq have the property

lim
uÑ8 fipu, vq � 0 for fixed v P R , (254)

and

lim
zÑ8 fip�z, z � xq � 0 for fixed x P R . (255)

The justification for this plausible conjecture will now follow. First, con-
sidering the following conditional probability:

P pAptq ¤ v | Ap0q ¤ uq � P pAp0q ¤ u,Aptq ¤ vq
P pAp0q ¤ uq

� F2pvq
�

1�
i̧¥1

fipu, vq
ti

�
,

and letting v Ñ8, we have automatically

1 � lim
vÑ8P pAptq ¤ v | Ap0q ¤ uq � lim

vÑ8

�
F2pvq

�
1�

i̧¥1

fipu, vq
ti

��
� 1� lim

vÑ8
i̧¥1

fipu, vq
ti

,

which would imply, assuming the interchange of the limit and the summation
is valid,

lim
vÑ8 fipu, vq � 0 , (256)
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and, by symmetry

lim
uÑ8 fipu, vq � 0 .

To deal with (255) we assume the following nonexplosion condition for any
fixed t ¡ 0, x P R, namely, that the conditional probability satisfies

lim
zÑ8P pAptq ¥ x� z | Ap0q ¤ �zq � 0 .

Hence, the conditional probability satisfies, upon setting

v � z � x , u � �z ,
and using limzÑ8 F2pz � xq � 1, the following:

1 � lim
zÑ8P pAptq ¤ z � x | Ap0q ¤ �zq � 1� lim

zÑ8
i̧¥1

fip�z, z � xq
ti

,

which, assuming the validity of the same interchange, implies that

lim
zÑ8 fip�z, z � xq � 0 for all i ¥ 1 .

Proof of Theorem 4.4.

Putting the log of the expansion (253)

Gpt;u, vq � logP pAp0q ¤ u,Aptq   vq
� logF2puq�logF2pvq�

i̧¥1

hipu, vq
ti

(257)

� logF2puq�logF2pvq� f1pu, vq
t

� f2pu, vq�f2
1 pu, vq{2

t2
�� � � ,

into (252) leads to:
(i) a leading term of order t, given by

Lh1 � 0 , (258)

where

L :�
� B
Bu �

B
Bv


 B2
BuBv . (259)

The most general solution to (258) is given by

h1pu, vq � r1puq � r3pvq � r2pu� vq ,
with arbitrary functions r1, r2, r3. Hence,
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P pAp0q ¤ u,Aptq ¤ vq � F2puqF2pvq
�

1� h1pu, vq
t

� � � �



with h1pu, vq � f1pu, vq as in (253). Applying (254)

r1puq � r3p8q � r2p8q � 0 for all u P R ,
implying

r1puq � constant � r1p8q ,
and similarly

r3puq � constant � r3p8q .
Therefore, without loss of generality, we may absorb the constants r1p8q

and r3p8q in the definition of r2pu� vq. Hence, from (257),

f1pu, vq � h1pu, vq � r2pu� vq
and using (255),

0 � lim
zÑ8 f1p�z, z � xq � r2pxq ,

implying that the h1pu, vq–term in the series (257) vanishes.
(ii) One computes that the term h2pu, vq in the expansion (257) ofGpt;u, vq

sastisfies

Lh2 � B3g
Bu3

B2g
Bv2

� B3gBv3

B2g
Bu2

with gpuq :� logF2puq . (260)

This is the term of order t0, by putting the series (257) in (252). The most
general solution to (260) is

h2pu, vq � g1puqg1pvq � r1puq � r3pvq � r2pu� vq .
Then

P pAp0q ¤ u,Aptq ¤ vq � eGpt;u,vq

� F2puqF2pvq exp
i̧¥2

hipu, vq
ti

� F2puqF2pvq
�

1� h2pu, vq
t2

� � � �


. (261)

In view of the explicit formula for the distribution F2 (237) and the behavior
of qpαq for αÕ8, we have that

lim
uÑ8 g

1puq � lim
uÑ8

�
logF2puq�1

� lim
uÑ8

» 8
u

q2pαq dα � 0 .
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Hence

0 � lim
uÑ8 f2pu, vq � lim

uÑ8h2pu, vq � r1p8q � r3pvq � r2p8q ,
showing r3 and similarly r1 are constants. Therefore, by absorbing r1p8q and
r3p8q into r2pu� vq, we have

f2pu, vq � h2pu, vq � g1puqg1pvq � r2pu� vq .
Again, by the behavior of qpxq at �8 and �8, we have for large z ¡ 0,

g1p�zqg1pz � xq �
» 8
�z
q2pαq dα

» 8
z�x

q2pαq dα ¤ cz3{2e�2z{3 .

Hence
0 � lim

zÑ8 f2p�z, z � xq � r2pxq
and so

f2pu, vq � h2pu, vq � g1puqg1pvq ,
yielding the 1{t2 term in the series (257), and so it goes.

Finally, to prove (241), we compute from (239), after integration by parts
and taking into account the boundary terms using (238):

E
�
Ap0qAptq� �¼

R2

uv
B2
BuBvP pAp0q ¤ u,Aptq ¤ vq du dv

�
» 8
�8

uF 12puq du
» 8
�8

vF 12pvq dv
� 1
t2

» 8
�8

F 12puq du
» 8
�8

F 12pvq dv
� 1
t4

¼
R2

�
Φpu, vq � Φpv, uq� du dv

�O
�

1
t6



� �

E
�
Ap0q�	2 � 1

t2
� c

t4
�O

�
1
t6



,

where
c :�

¼
R2

�
Φpu, vq � Φpv, uq� du dv � 2

¼
R2

Φpu, vq du dv ,
thus ending the proof of Theorem 4.4.
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5 The Pearcey Distribution

5.1 GUE with an external source and Brownian motion

In this section we discuss the equivalence of GUE with an external source, in-
troduced by Brézin–Hikami [27] and a conditional Brownian motion, following
Aptkarev, Bleher and Kuijlaars [21].

Non-intersecting Brownian paths:

Consider n–non-intersecting Brownian paths with predetermined endpoints
at t � 0, 1, as specified in Figure 2.

Fig. 2.

By the Karlin–McGregor formula [42], the above situation has probability
density

pnpt, x1, . . . , xnq � 1
Zn

det
�
ppαi, xj , tq�1¤i,

j¤n det
�
ppxi, aj , 1� tq�1¤i,

j¤n
� 1
Z 1n

n¹
1

e�x2
i {tp1�tq detpe2aixj{tq1¤i,

j¤n detpe2aixj{1�tq1¤i,
j¤n ,

(262)

with12

ppx, y, tq � e�px�yq2{t?
πt

. (263)

For example,13 let all the particles start out at x � 0, at t � 0, with n1

particles ending up at a, n2 ending up at �a at t � 1, with n � n1 � n2.
12 Here Zn � Znpa, αq.
13 Obviously, implicit in this example is a well-defined limit as the endpoints come

together.
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Fig. 3.

Here

pn1,n2pt, x1, . . . , xnq � 1
Zn1,n2,a

∆n1�n2pxqdet

���
ψ�i�pxjq�1¤i�¤n1,

1¤j¤n1�n2�
ψ�i�pxjq�1¤i�¤n2,

1¤j¤n1�n2

� ,

with
ψ�i pxq � xi�1e�x2{tp1�tq�2ax{p1�tq .

So setting E � �
1¤i¤rrb2i�1, b2is, we find

P an1,n2
pt, bq :� Proban1,n2

pall xiptq � Eq

:� Prob

���all xiptq � E

�������
n1 left-most paths end up at a
n2 right-most paths end up at �a
and all start at 0, with all paths
non-intersecting.

��

�
³
En

±n
1 dxi∆npxqdet

��
ψ�i� pxjq

�
1¤i�¤n1,
1¤j¤n1�n2�

ψ�i� pxjq
�
1¤i�¤n2,
1¤j¤n1�n2

�
³
Rn

±n
1 dxi∆npxqdet

��
ψ�i� pxjq

�
1¤i�¤n1,
1¤j¤n1�n2�

ψ�i� pxjq
�
1¤i�¤n2,
1¤j¤n1�n2

� . (264)

Random matrix with external source:

Consider the ensemble, introduced by Brézin–Hikami [27], on n�n Hermitian
matrices Hn
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P
�
M P pM,M � dMq� � 1

Zn
etrp�V pMq�AMq dM , (265)

with
A � diagpa1, . . . , anq .

By HCIZ (see (138)), we find

P
�
spec pMq � Eq� � 1

Zn

»
En

∆2
npzq

n¹
1

e�V pziq dzi
»
Upnq

etrAUΛU
�1
dU

� 1
Z 1n

»
En

∆2
npzq

n¹
1

e�V pziq dzi
detreaizj s1¤i,

j¤n
∆npzq∆npaq

� 1
Z2n

»
En

∆npzq
n¹
1

e�V pziq dzi detreaizj s1¤i,
j¤n . (266)

For example: consider the limiting case

A � diag p�a,�a, . . . ,�a,looooooooomooooooooon
n2

a, a, . . . , aqlooooomooooon
n1

, E � r¤
i�1

rb2i�1, b2is , (267)

P pspecpMq � Eq :� Pn1,n2pa, bq

�
³
En

±n
1 dxi∆npzq det

��
ρ�i� pxjq

�
1¤i�¤n1,
1¤j¤n1�n2�

ρ�i� pxjq
�
1¤i�¤n2,
1¤j¤n1�n2

�
³
Rn

±n
1 dxi∆npzqdet

��
ρ�i� pxjq

�
1¤i�¤n1,
1¤j¤n1�n2�

ρ�i� pxjq
�
1¤i�¤n2,
1¤j¤n1�n2

� . (268)

where
ρ�i pzq � zi�1e�V pzq�az, n � n1 � n2 . (269)

Then we have by Aptkarev, Bleher, Kuijlaars [21]:

Non-intersecting Brownian motion ô GUE with external source

P an1,n2
pt, bq � Pn1,n2

�c
2t

1� ta,
d

2
tp1� tqb


���
V pzq�z2{2

, (270)

so the two problems: non-intersecting Brownian motion and GUE with an
external source, are equivalent!
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5.2 MOPS and a Riemann–Hilbert problem

In this section, we introduce multiple orthogonal polynomials (MOPS), fol-
lowing Bleher and Kuijlaars [24]. This lead them to a determinal m–point cor-
relation function for the GUE with external source, in terms of a “Christoffel–
Darboux” kernel for the MOPS, as in the pure GUE case. In addition, they
formulated a Riemann–Hilbert (RH) problem for the MOPS, analogous to
that for classical orthogonal polynomials, thus enabling them to understand
universal behavior for the MOPS and hence universal behavior for the GUE
with external source (see [21, 25]).

Let us first order the spectrum of A of (267) in some definite fashion, for
example

Ordered spectrum of pAq � p�a, a, a,�a, . . . ,�aq :� pα1, α2, . . . , αnq .
For each k � 0, 1, . . . , n, let k � k1 � k2, k1, k2 defined as follows:

k1 :� # times a appears in α1, . . . , ak ,

k2 :� # times � a appears in α1, . . . , ak .
(271)

We now define the 2 kinds of MOPS.
MOP II: Define a unique monic kth degree polynomial pk � pk1,k2 :

pkpxq � pk1,k2pxq :
»
R
pk1,k2pxqρ�i�pxq dx � 0

ρ�i pxq � xi�1e�V pxq�ax , 1 ¤ i� ¤ k1 , 1 ¤ i� ¤ k2 , (272)

MOP I: Define unique polynomials q�k1�1,k2
pxq, q�k1,k2�1pxq of respective

degrees k1 � 1, k2 � 1:

qk�1pxq :� qk1,k2pxq � q�k1�1,k2
pxqρ�1 pxq � q�k1,k2�1pxqρ�1 pxq

:
»
R
xjqk�1pxq dx � δj,k�1 , 0 ¤ j ¤ k � 1 , (273)

which immediately yields:

Bi-orthonal polynomials:»
R
pjpxqqkpxq dx � δj,k j, k � 0, 1, . . . , n� 1 . (274)

This leads to a Christoffel–Darboux kernel, as in (5):

Kpaqn1,n2
px, yq :� Knpx, yq :� e�1{2V pxq�1{2V pyq n�1̧

0

pkpxqqkpyq , (275)

which is independent of the ad hoc ordering of the spectrum of A and which,
due to bi-orthonality, has the usual reproducing properties:
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�8

Knpx, xq dx � n ,

» 8
�8

Knpx, yqKnpy, zq dy � Knpx, zq . (276)

The joint probability density can be written in terms of Kn,

1
Zn

eTrp�V pΛq�AΛq∆npλq � 1
n!

detrKnpλi, λjqs1¤i,
j¤n , (277)

with Λ � diagpλ1, . . . , λnq, yielding the m–point correlation function:

Rmpλ1, . . . , λmq � detrKnpλi, λjqs1¤i,
j¤m , (278)

and we find the usual Fredholm determinant formula:

P pspecpMq � Ecq � det
�
I �Knpx, yqIEpyq� . (279)

Finally, we have a Riemann–Hilbert (RH) problem for the MOPS.

Riemann–Hilbert problem for MOPS:

MOP II:

Y pzq :�
�� pn1,n2pzq C�pn1,n2 C�pn1,n2

c1pn1�1,n2pzq c1C�pn1�1,n2 c1C�pn1�1,n2

c2pn1,n2�1pzq c2C�pn1,n2�1 c2C�pn1,n2�1

�� (280)

with C� Cauchy transforms:

C�fpzq :� 1
2πi

»
R

fpsqρ�1 psq ds
s� z , ρ�1 pzq � e�V pzq�az . (281)

Then Y pzq satisfies the RH problem:

1. Y pzq analytic on CzR.
2. Jump condition for x P R:

Y�pxq � Y�pxq
��1 ρ�1 pxq ρ�1 pxq

0 1 0
0 0 1

� .

3. Behavior as z Ñ8

Y pzq �
�
I �O

�
1
z


���zn1�n2

z�n1

z�n2

� . (282)

MOP I: A dual RH problem for q�k1,k2 and pY �1qT .
Finally we have a Christoffel–Darboux type formula (see (5)) for the kernel

K
paq
n,npx, yq of (275) expressed in terms of the RH matrix (280):



Integrable Systems, Random Matrices and Random Processes 75

Kpaqn,npx, yq � e�1{4px2�y2q
2πipx� yq p0, eay, e�ayqY �1pyqY pxq

��1
0
0

� . (283)

Thus to understand the large n asymptotics of the GUE with external source,
from (277), (278), and (279), it suffices to understand the asymptotics of
K
paq
n,npx, yq given by (275). Thus by (283) it suffices to understand the asymp-

totics of the solution Y pzq to the RH problem of (282), which is the subject
of [21] and [25].

5.3 Results concerning universal behavior

In this section we will first discuss universal behavior for the equivalent ran-
dom matrix and Brownian motion models, leading to the Pearcey process.
We will then give a PDE of Adler–van Moerbeke [7] governing this behavior,
and finally a PDE for the n-time correlation function of this process, deriving
the first PDE in the following sections. The following pictures illustrate the
situation.

Universal behavior :

I. Brownian motion: 2n paths, a � ?n

Fig. 4.

At t � 1
2 the Brownian paths start to separate into 2 distinct groups.
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II. Random matrices: n1 � n2 � n, V pzq � z2{2, a :� â
?

2n.

Density of eigenvalues: ρpxq :� limnÑ8pK â
?

2n
n,n p?2nx,

?
2nxqq{2n

I. â   1

II. â � 1

III. â ¡ 1

Fig. 5.

The 3 corresponding regimes, I, II and III, for the random matrix density
of states ρpxq and thus the corresponding situation for the Brownian motion,
are explained by the following theorem:

Theorem 5.1 (Aptkarev, Bleher, Kuijlaars [21]). For the GUE with ex-
ternal source, the limiting mean density of states for â ¡ 0 is:

ρpxq :� lim
nÑ8

K â
?

2n
n,n p?2nx,

?
2nxq

2n
� 1
π
| Im ξpxq| , (284)

with

ξpxq : ξ3 � xξ2 � pâ2 � 1qξ � xâ2 � 0 (Pastur’s equation [45]) ,

yielding the density of eigenvalues pictures.

It is natural to look for universal behavior near â � 1 by looking with a
microscope about x � 0. Equivalently, thinking in terms of the 2n–Brownian
motions, one sets a � ?n and about t � 1

2 one looks with a microscope near
x � 0 to see the 2n–Brownian motions slowly separating into two distinct
groups. Rescale as follows:

t � 1
2
� τ?

n
, x � u

n1{4 , a � ?n . (285)

Remembering the equivalence between Brownian motion and the GUE with
external source, namely (270), the Fredholm determinant formula (279), for
the GUE with external source, yields:
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Proban1,n2
pall xiptq � Ecq � detpI � rKE

n q ,rKE
n px, yq�

d
2

tp1�tqK
?

2ta{p1�tq
n1,n2

�d
2

tp1� tq x,
d

2
tp1� tq y

�
IEpyq . (286)

Universal behavior for nÑ8 amounts to understanding rKE
n px, yq for nÑ8,

under the rescaling (285) and indeed we have the results:

Universal Pearcey limiting behavior :

Theorem 5.2 (Tracy–Widom [54]). Upon rescaling the Brownian kernel,
we find the following limiting behavior, with derivates:

lim
nÑ8n

�1{4
d

2
tp1� tqK

?
2ta{p1�tq

n,n

�d
2

tp1� tq x,
d

2
tp1� tq y

������a�?n,t�1
2�τ{?n,px,yq�pu,vq{n1{4

� KP
τ pu, vq ,

with the Pearcy kernel Kτ pu, vq of Brézin–Hikami [27] defined as follows:

Kτ px, yq :� ppxqq2pyq � p1pxqq1pyq � p2pxqqpyq � τppxqqpyq
x� y

�
» 8
0

ppx� zqqpy � zq dz , (287)

where (note ω � eiπ{4)

ppxq :� 1
2π

» 8
�8

e�u4{4�τu2{2�iux du ,

qpyq :� 1
2π

»
X

eu
4{4�τu2{2�uy du

� Im
�
ω

π

» 8
0

due�u4{4�iτu2{2peωuy � e�ωuyq
� (288)

satisfy the differential equations (adjoint to each other)

p3 � τp1 � xp � 0 and q3 � τq1 � yq � 0 .

The contour X is given by the ingoing rays from �8eiπ{4 to 0 and the outgoing
rays from 0 to �8e�iπ{4.

Theorem 5.2 allows us to define the Pearcey process Ppτq as the motion
of an infinite number of non-intersecting Brownian paths, near t � 1

2 , upon
taking a limit in (286), using the precise scaling of (285), to wit:
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lim
nÑ8Prob

?
n

n,n

�
all n1{4xi

�
1
2
� τ?

n



R E



� detpI �KP

τ IEq
�: ProbpPpτq R Eq , (289)

which defines for us the Pearcey process. Note the pathwise interpretation
of Ppτq certainly needs to be resolved. The Pearcey distribution with the
parameter τ can also be interpreted as the transitional probability for the
Pearcey process. We now give a PDE for the distribution, which shall be
derived in the following section:

Theorem 5.3 (Adler–van Moerbeke [7]).
For compact E � �r

i�1ru2i�1, u2is,
F pτ ;u1, . . . , u2rq :� log ProbpPpτq R Eq (290)

satisfies the following 4th order, 3rd degree PDE in τ and the ui:

B�1

� 1
2 pB3F q{pBτ3q�pB0�2qB2�1F� 1

16tB�1BF {Bτ,B2�1F uB�1

B2�1BF {Bτ


� 0 , (291)

where

B�1 �
2ŗ

1

� B
Bui , B0 �

2ŗ

1

� ui
B
Bui . (292)

It is natural to ask about the joint Pearcey distribution involving k–times,
namely:

lim
nÑ8Prob

?
n

n,n

�
all n1{4xi

�
1
2
� τj?

n



R Ej , 1 ¤ j ¤k



� ProbpPpτjq R Ej , 1 ¤ i ¤ kq

� det
�
I�pIEiK

P
τiτj

IEj q1¤i,
j¤k

�
, (293)

where the above is a Fredholm determinant involving a matrix kernel, and the
extended Pearcey kernel of Tracy–Widom [54] KP

τiτj
, is given by

KP
τiτj
px, yq � � 1

4π2

»
X

» i8
�i8

e�s4{4�τjs
2{2�ys�t4{4�τit

2{2�xt ds dt
s� t , (294)

with X the same contour of (288). We note KP
ττ px, yq � KP

τ px, yq of (287),
the Brézin–Hikami Pearcey kernel. We then have the analogous theorem to
Theorem 5.3 (which we will not prove here) namely:

Theorem 5.4 (Adler–van Moerbeke [12]).
For compact Ej � �rj

i�1rupjq2i�1u
pjq
2i s, 1 ¤ j ¤ k,
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F pτ1, τ2, . . . , τk;up1q, up2q, . . . , upkqq :� log ProbpP pτjq R Ej , 1 ¤ j ¤ kq (295)

satisfies the following 4th order, 3rd degree PDE in τi and upjq: D�1X � 0,
with

X :� (296)�
4pE2�1� rD�1D�1qE�1F�p2E0�D0�2qD2�1F� 1

8tD�1E�1F,D2�1F uD�1

D2�1E�1F

�
where

Dj :� ķ

i�1

Bjpupiqq , rD�1 :� ķ

i�1

τiB�1pupiqq ,

Bjpupiqq :� 2ri̧

`�1

pupiq` qj�1 B
Bupiq`

, Ej :� ķ

i�1

τ j�1
i

B
Bτi .

5.4 3-KP deformation of the random matrix problem

In this section we shall deform the measures (269) in the random matrix
problem, for V pzq � z2{2, so as to introduce 3-KP τ–functions into the picture,
and using the bilinear identities, we will derive some useful 3-KP PDE for these
τ–functions. The probability distribution for the GUE with external source
was given by (268), to wit:

P pspecpMq � Eq
:� Pn1,n2pEq � 1

Zn

»
En

n¹
1

dzi∆npzqdet

��
ρ�i� pzjq

�
1¤i�¤n1,
1¤j¤n1�n2�

ρ�i� pzjq
�
1¤i�¤n2,
1¤j¤n1�n2

�
where

ρ�i pzq � zi�1e�z2{2�az . (297)

Let us deform ρ�i pzq as follows:

ρ�i pzq Ñ ρ̂�i pzq :� zi�1e�z2{2�az�βz2e
°8

k�1ptk�s�k qzk

, (298)

yielding a deformation of the probability:

Pn1,n2pEq Ñ τn1,n2pt, s�, s�, Eq
τn1,n2pt, s�, s�,Rq . (299)

Where, by the same argument used to derive (140),

τn1,n2pt, s�, s�, Eq :� detmn1,n2pt, s�, s�, Eq , (300)

with
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mn1,n2pt, s�, s�, Eq :�
$'&'% rµ

�
ijs1¤i�¤n1,

0¤j¤n1�n2�1

rµ�ijs1¤i�¤n2,
0¤j¤n1�n2�1

,/./- , (301)

and
µ�ijpt, s�, s�q :�

»
E

ρ̂�i�jpzq dz .
We also need the identity pn � n1 � n2q
τn1,n2pt, s�, s�, Eq :� detmn1,n2pt, s�, s�, Eq

� 1
n1!n2!

»
En

∆npx, yq
n1¹
j�1

e
°8

1 tix
i
j

n2¹
j�1

e
°8

1 tiy
i
j

�
�
∆n1pxq

n1¹
j�1

e�x2
j {2�axj�βx2

j e�
°8

1 s�i xi
j dxj

�
�
�
∆n2pyq

n2¹
j�1

e�y2
j {2�ayj�βy2

j e�
°8

1 s�i yi
j dyj

�
. (302)

That the above is a 3-KP deformation is the content of the following theorem.

Theorem 5.5 (Adler–van Moerbeke–Vanhaecke [15]). Given the func-
tions τn1,n2 as in (300), the wave matrices

Ψ�n1,n2
pλ; t, s�, s�q

:� 1
τn1,n2pt,s�,s�q

�����
ψp1q�n1,n2

p�1qn2ψ
p2q�
n1�1,n2

ψ
p3q�
n1,n2�1

p�1qn2ψ
p1q�
n1�1,n2

ψp2q�n1,n2
p�1qn2ψ

p3q�
n1�1,n2�1

ψ
p1q
n1,n2�1 p�1qn2�1ψp2q�n1�1,n2�1 ψp3q�n1,n2

���� ,

Ψ�n1,n2
pλ; t, s�, s�q (303)

:� 1
τn1,n2pt,s�,s�q

�����
ψp1q�n1,n2

p�1qn2�1ψ
p2q�
n1�1,n2

�ψp3q�n1,n2�1

p�1qn2�1ψ
p1q�
n1�1,n2

ψp2q�n1,n2
p�1qn2ψ

p3q�
n1�1,n2�1

�ψp1q�n1,n2�1 p�1qn2�1ψ
p2q�
n1�1,n2�1 ψp3q�n1,n2

���� ,

with wave functions

ψp1q�n1,n2
pλ; t, s�, s�q :� λ�pn1�n2qe�

°8
1 tiλ

i

τn1,n2pt	 rλ�1s, s�, s�q ,
ψp2q�n1,n2

pλ; t, s�, s�q :� λ	n1e�
°8

1 s�i λi

τn1,n2pt, s� 	 rλ�1s, s�q ,
ψp3qn1,n2

pλ; t, s�, s�q :� λ	n2e�
°8

1 s�i λi

τn1,n2pt, s�, s� 	 rλ�1sq ,
(304)

satisfy the bilinear identity,
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8
Ψ�k1,k2Ψ�T`1,`2 dλ � 0 , @k1k2, `1, `2, @t, s�, t, s� , (305)

of which the p1, 1q component spelled out is:¾
8
τk1,k2pt�rλ�1s, s�, s�qτ`1,`2pt�rλ�1s, s�, s�qλk1�k2�`1�̀ 2e

°8
1 pti�tiqλi

dλ

� p�1qk2�`2
¾
8
τk1�1,k2pt, s� � rλ�1s, s�qτ`1�1,`2pt, s� � rλ�1s, s�q

� λ`1�k1�2e
°8

1 ps�i �s�i qλi

dλ (306)

�
¾
8
τk1,k2�1pt, s�, s� � rλ�1sqτ`1,`2�1pt, s�, s� � rλ�1sq

� λ`2�k2�2e
°8

1 ps�i �s�i qλi

dλ � 0 .

Sketch of Proof :

The proof is via the MOPS of Section 5.2. We use the formal Cauchy trans-
form, thinking of z as large:

C�fpzq :�
»
R

fpsqρ̂�1 psq
z � s ds :�

i̧¥1

1
zi

»
ρ̂�1 psqsi�1 ds , (307)

which should be compared with the Cauchy transform of (281), which we
used in the Riemann Hilbert problem involving MOPS, and let C0 denote the
Cauchy transform with 1 instead of ρ̂�1 . We now make the following identi-
fication between the MOPS of (272), (273) defined with ρ�i Ñ ρ̂�i (and so
dependent on t, s�, s�) and their Cauchy transforms and shifted τ–functions,
namely:

pk1,k2pλq � λk1�k2 τk1,k2pt� rλ�1s, s�, s�q
τk1,k2pt, s�, s�q ,

C�pk1,k2pλq � λ�k1�1 τk1�1,k2pt, s� � rλ�1s, s�qp�1qk2
τk1,k2pt, s�, s�q ,

C�pk1,k2pλq � λ�k2�1 τk1,k2�1pt, s�, s� � rλ�1sq
τk1,k2pt, s�, s�q , (308)

C0qk1,k2pλq � λ�k1�k2 τk1,k2pt� rλ�1s, s�, s�q
τk1,k2pt, s�, s�q ,

q�k1�1,k2
pλq � λk1�1 τk1�1,k2pt, s� � rλ�1s, s�qp�1qk2�1

τk1,k2pt, s�, s�q ,

q�k1,k2�1pλq � �λk2�1 τk1,k2�1pt, s�, s� � rλ�1sq
τk1,k2pt, s�, s�q ,
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wherepk1,k2pλq wastheMOPof thesecondkind and qk1,k2pλq � q�k1�1,k2
pλqρ̂�1 �

q�k1,k2�1pλqρ̂�1 was the MOP of the first kind. This in effect identifies all the
elements in the RH matrix Y pλq given in (280) and pY �1qT , the latter which
also satisfies a dual RH problem in terms of ratio’s of τ–functions; indeed,
Ψ�k1,k2pλq without the exponenials is precisely Y pλq, etc. for Ψ�k1,k2 . Then us-
ing a self-evident formal residue identity, to wit:

1
2πi

¾
8

�
fpzq �

»
R

gpsq
s� z dµpsq



dz �

»
R
fpsqgpsq dµpsq , (309)

with fpzq � °8
0 aiz

i, and designating fpt, s�, s�q1 :� fpt, s�, s�q, we imme-
diately conclude that¾
8
e
°8

1 pti�tiqλi

pk1,k2
�
C0q`1,`2pλq�1 dλ

�
»
R
e
°8

1 pti�tiqλi

pk1,k2pλ, t, s�, s�qq`1,`2pλ, t, s�, s�q dλ
�
»
R
e
°8

1 pti�tiqλi

pk1,k2pλ, t, s�, s�qpq�̀1�1,`2
pλ, t, s�, s�qρ̂�1

� q�̀
1,`2�1pλ, t, s�, s�qρ̂�1 q dλ

�
¾
8

�
C�pk1,k2pλq��q�̀1�1,`2

pλq�1e°ps�i �s�i qλi

dλ

�
¾
8

�
C�pk1,k2pλq��q�̀1,`2�1pλq�1e°ps�i �s�i qλi

dλ . (310)

By (308), this is nothing but the bilinear identity (306). In fact, all the other
entries of (305) are just (306) with its subscripts shifted. To say a quick word
about (308), all that really goes into it is solving explicitly the linear systems
defining pk1,k2 , q

�
k1�1,k2

and q�k1,k2�1, namely (272) and (273), and making use
of the identity expp�°8

1 xi{iq � p1 � xq	1 for x small in the formula (300)
for τk1,k2pt, s�, s�q.

An immediate consequence of Theorem 5.5 is the following:

Corollary 5.1. Given the above τ -functions τk1,k2pt, s�, s�q, they satisfy the
following bilinear identities14

14 With e
°8

1 tizi �:
°8

0 siptqzi defining the elementary Schur polynomials.
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8̧

j�0

s`1�`2�k1�k2�j�1p�2aqsjprBtqe°81 pak B{Btk�bk B{Bs�k �ck B{Bs�k q
τ`1,`2 � τk1,k2

� 8̧

j�0

sk1�`1�1�jp�2bqsjprBs�qe°81 pak B{Btk�bk B{Bs�k �ck B{Bs�k q
τ`1�1,`2 � τk1�1,k2p�1qk2�`2

� 8̧

j�0

sk2�`2�1�jp�2cqsjprBs�qe°81 pak B{Btk�bk B{Bs�k �ck B{Bs�k q
τ`1,`2�1 � τk1,k2�1 � 0 ,

(311)

with a, b, c P C8 arbitrary.
Upon specializing, these identities imply PDE’s expressed in terms of Hi-

rota’s symbol for j � 1, 2 . . . :

sjprBtqτk1�1,k2 � τk1�1,k2 � �τ2
k1,k2

B2
Bs�1 Btj�1

log τk1,k2 , (312)

sjprBs�qτk1�1,k2 � τk1�1,k2 � �τ2
k1,k2

B2
Bt1Bs�j�1

log τk1,k2 , (313)

yielding

B2 log τk1,k2Bt1Bs�1 � �τk1�1,k2τk1�1,k2

τ2
k1,k2

, (314)

B
Bt1 log

τk1�1,k2

τk1�1,k2

� B2{Bt2Bs�1 log τk1,k2B2{Bt1Bs�1 log τk1,k2
, (315)

� B
Bs�1 log

τk1�1,k2

τk1�1,k2

� B2{Bt1Bs�2 log τk1,k2B2{Bt1Bs�1 log τk1,k2
, (316)

Proof. Applying Lemma A.1 to the bilinear identity (306) immediately yields
(311). Then Taylor expanding in a, b, c and setting in equation (311) all
ai, bi, ci � 0, except aj�1, and also setting `1 � k1�2, `2 � k2, equation (311)
becomes

aj�1

�
�2sjprBtqτk1�2,k2 � τk1,k2 � B2

Bs�1 Btj�1

τk1�1,k2 � τk1�1,k2



�Opa2

j�1q � 0,

and the coefficient of aj�1 must vanish identically, yielding equation (312)
upon setting k1 Ñ k1 � 1. Setting in equation (311) all ai, bi, ci � 0, except
bj�1, and `1 � k1, `2 � k2, the vanishing of the coefficient of bj�1 in equa-
tion (311) yields equation (313). Specializing equation (312) to j � 0 and 1
respectively yields (since s1ptq � t1 implies s1pB̃tq � B{Bt1; also s0 � 1):

B2 log τk1,k2Bt1Bs�1 � �τk1�1,k2τk1�1,k2

τ2
k1,k2
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and

B2
Bs�1 Bt2 log τk1,k2 � � 1

τ2
k1,k2

�� B
Bt1 τk1�1,k2



τk1�1,k2�τk1�1,k2

� B
Bt1 τk1�1,k2


�
.

Upon dividing the second equation by the first, we find equation (315) and
similarly equation (316) follows from equation (313).

5.5 Virasoro constraints for the integrable deformations

Given the Heisenberg and Virasoro operators, for m ¥ �1, k ¥ 0:

Jp1qm,k � B
Btm � p�mqt�m � kδ0,m ,

Jp2qm,kptq � 1
2

� ¸
i�j�m

B2
BtiBtj � 2

i̧¥1

iti
B

Bti�m �
¸

i�j��m
itijtj

�
�
�
k � m� 1

2


� B
Btm � p�mqt�m



� kpk � 1q

2
δm,0 ,

(317)

we now state (explicitly exhibiting the dependence of τk1,k2 on β):

Theorem 5.6. The integral τk1,k2pt, s�, s�;β;Eq, given by (302) satisfies

Bmτk1,k2 � Vk1,k2m τk1,k2 for m ¥ �1 , (318)

where Bm and Vm are differential operators:

Bm �
2ŗ

1

bm�1
i

B
Bbi , for E � 2r¤

1

rb2i�1, b2is � R (319)

and

Vk1,k2m :� tJp2qm,k1�k2ptq � pm� 1qJp1qm,k1�k2ptq
� Jp2qm,k1p�s�q � aJp1qm�1,k1

p�s�q � p1� 2βqJp1qm�2,k1
p�s�q

� Jp2qm,k2p�s�q � aJp1qm�1,k2
p�sq � p1� 2βqJp1qm�2,k2

p�s�qu . (320)

Lemma 5.1. Setting

dIn � ∆npx, yq
k1¹
j�1

e
°8

1 tix
i
j

k2¹
j�1

e
°8

1 tiy
i
j

�
�
∆k1pxq

k1¹
j�1

e�x2
j {2�axj�βx2

j e�
°8

1 s�i xi
j dxj

�
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�
�
∆k2pyq

k2¹
j�1

e�y2
j {2�ayj�βy2

j e�
°8

1 s�i yi
j dyj

�
,

the following variational formula holds for m ¥ �1:

d

dε
dIn

�
xi ÞÑ xi � εxm�1

i

yi ÞÑ yi � εym�1
i


 ����
ε�0

� Vk1,k2m pdInq . (321)

Proof. The variational formula (321) is an immediate consequence of applying
the variational formula (184) separately to the three factors of dIn, and in
addition applying formula (185) to the first factor, to account for the fact
that

±k1
j�1 dxj

±k2
j�1 dyj is missing from the first factor.

Proof of Theorem 5.6:

Formula (318) follows immediately from formula (321) by taking into account
the variation of BE under the change of coordinates.

From (317) and (320) and from the identity when acting on on τk1,k2 ,

B
Btn � �

B
Bs�n �

B
Bs�n , (322)

compute that

Vk1,k2m � 1
2

¸
i�j�m

� B2
BtiBtj �

B2
Bs�i Bs�j �

B2
Bs�i Bs�j



�
i̧¥1

�
iti

B
Bti�m � is

�
i

B
Bs�i�m � is

�
i

B
Bs�i�m



� pk1 � k2q

� B
Btm � p�mqt�m



� k1

� B
Bs�m � p�mqs

��m



� k2

� B
Bs�m � p�mqs

��m


� pk2

1 � k1k2 � k2
2qδm,0 � apk1 � k2qδm�1,0

� mpm� 1q
2

p�t�m � s��m � s��mq � B
Btm�2

� a
�
� B
Bs�m�1

� B
Bs�m�1

� pm� 1qps��m�1 � s��m�1q



� 2β
� B
Bs�m�2

� B
Bs�m�2



, m ¥ �1 . (323)

The following identities, valid when acting on τk1,k2pt, s�, s�;β,Eq, will
also be used:

B
Bs�1 � �1

2

� B
Bt1 �

B
Ba



,

B
Bs�2 � �1

2

� B
Bt2 �

B
Bβ



,

B
Bs�1 � �1

2

� B
Bt1 �

B
Ba



,

B
Bs�2 � �1

2

� B
Bt2 �

B
Bβ



.

(324)
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Corollary 5.2. The τ -function τ � τk1,k2pt, s�, s�;β,Eq satisfies the follow-
ing differential identities, with Bm � °2r

1 bm�1
i B{Bbi.

�B�1τ � V1τ � v1τ �:
� B
Bt1 � 2β

B
Ba



τ

�
i̧¥2

�
iti

B
Bti�1

� is�i B
Bs�i�1

� is�i B
Bs�i�1



τ

� papk2 � k1q � k1s
�
1 � k2s

�
1 � pk1 � k2qt1qτ ,

1
2

�
B�1 � B

Ba


τ �W1τ � w1τ �:

� B
Bs�1 � β

B
Ba



τ

� 1
2
i̧¥2

�
iti

B
Bti�1

� is�i B
Bs�i�1

� is�i B
Bs�i�1



τ

�
�
a

2
pk1 � k2q � 1

2
pk1 � k2qt1 � k1s

�
1 � k2s

�
1



τ

�
�
B0 � a BBa



τ � V2τ � v2τ �:

Bτ
Bt2 � 2β

Bτ
Bβ

�
i̧¥1

�
iti
B
Bti � is

�
i

B
Bs�i � is

�
i

B
Bs�i



τ

� pk2
1 � k2

2 � k1k2qτ
1
2

�
B0 � a BBa �

B
Bβ



τ �W2τ � w2τ �:

Bτ
Bs�2 � β

Bτ
Bβ

� 1
2
i̧¥1

�
iti
B
Bti � is

�
i

B
Bs�i � is

�
i

B
Bs�i



τ

� 1
2
pk2

1 � k2
2 � k1k2qτ

(325)

where V1, W1, V2, W2 are first order operators and v1, w1, v2, w2 are func-
tions, acting as multiplicative operators.

Corollary 5.3. On the locus L :� tt � s� � s� � 0, β � 0u, the function
f � log τk1,k2pt, s�, s�;β,Eq satisfies the following differential identities:

Bf
Bt1 � �B�1f � apk1 � k2q ,
Bf
Bs�1 � 1

2

�
B�1 � B

Ba


f � a

2
pk2 � k1q ,

Bf
Bt2 �

�
� B0 � a BBa



f � k2

1 � k1k2 � k2
2 ,

Bf
Bs�2 � 1

2

�
B0 � a BBa �

B
Bβ



f � 1

2
pk2

1 � k2
2 � k1k2q , (326)
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2
B2f
Bt1Bs�1 � B�1

� B
Ba � B�1



f � 2k1 ,

2
B2f
Bt1Bs�2 �

�
a
B
Ba �

B
Bβ � B0 � 1



B�1f � 2

Bf
Ba � 2apk1 � k2q , (327)

2
B2f
Bt2Bs�1 � B

Ba
�
B0 � a BBa � aB�1



f � B�1pB0 � 1qf � 2apk1 � k2q .

Proof. Upon dividing equations (325) by τ and restricting to the locus L,
equations (326) follow immediately.

Remembering f � log τ and setting

A1 :� �B�1 , B1 :� 1
2

�
B�1 � B

Ba


,

A2 :� �
�
B0 � a BBa



, B2 :� 1

2

�
B0 � a BBa �

B
Bβ



,

(328)

we may recast (325) as (compare with (193))

Akf � Vkf � vk, Bkf �Wkf � wk, k � 1, 2 , (329)

where (compare with (191)) we note that

Vk��
L
� B
Btk , Wk

��
L
� B
Bs�k , k � 1, 2 . (330)

To prove (327) we will copy the argument of Section 3.6 (see (195)). Indeed,
compute

B1A1f
��
L � B1pV1f � v1q � B1V1f ��

L
� B1pv1q��

L
p�q� V1B1f ��

L
� B1pv1q��

L

p �� q� B
Bt1 pW1f � w1q��

L
� B1pv1q��

L

� B
Bt1

� B
Bs�1 � � � �



f ��
L
� Bw1Bt1 ��

L

� B1pv1q��
L
, (331)

where we used in p�q that rB1,V1s��
L
� 0 and in p �� q that V1

��
L
� B{Bt1, and

so from (331) we must compute

B
Bt1W1

��
L
� B2
Bt1Bs�1 ,

Bw1Bt1 ��
L
� 1

2
pk1�k2q , B1pv1q��

L
� 1

2
pk1�k2q . (332)

Now from (331) and (332), we find
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B1A1f��
L
� B2f
Bt1Bs�1 ��

L

� 1
2
pk1 � k2q � 1

2
pk1 � k2q � B2f

Bt2Bs�1 � k1 ,

and so

B2f
Bt1Bs�1 ��

L

� B1A1f��
L
� k1 � �B�1

1
2

�
B1 � B

Ba


f��
L
� k1 ,

which is just the first equation in (327). The crucial point in the calculation
being (330) and rB1,V1s��

L
� 0. The other two formulas in (327) are done

in precisely the same fashion, using the crucial facts (330) and rB2,V1s��
L
�

rA2,W1s��
L
� 0 and the analogs of (332).

5.6 A PDE for the Gaussian ensemble with external source and
the Pearcey PDE

From now on set: k1 � k2 :� k and restrict to the locus L. From (315) and
(316) we have the

3-KP relations:

B
Bt1 g �

B2f
Bt2Bs�1

N B2f
Bt1Bs�1 , � B

Bs�1 g �
B2f
Bt1Bs�2

N B2f
Bt1Bs�1 , (333)

with
f :� log τk,k , g :� logpτk�1,k{τk�1,kq ,

while from (326), we find

Virasoro relations on L:

Bg
Bt1 � �B�1g � 2a ,

Bg
Bs� �

1
2

�
B�1 � B

Ba


g � a . (334)

Eliminating Bg{Bt1, Bg{Bs�1 from (333) using (334) and then further elimi-
nating A1g :� �B�g and B1g :� 1

2 pB�1 � B{Baqg using A1B1g � B1A1g
yields

B�1

�B2{Bt2Bs�1 �2 B2{Bt1Bs�2 qfB2f{Bt1Bs�1



� B
Ba

� pB2{Bt2Bs�1 �2a B2{Bt1Bs�1 qfB2f{Bt1Bs�1


, (335)

while from (327) we find the
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Virasoro relations on L:

2
B2

Bt1Bs�1 f � B�1

� B
Ba � B�1



f � 2k �: F� ,

2
� B2
Bt2Bs�1 � 2

B2
Bt1Bs�2



f � H�1 � 2B�1

Bf
BB ,

2
� B2
Bt2Bs�1 � 2a

B2
Bt1Bs�2



f � H�2 ,

(336)

where the precise formulas for H�i will be given later. Substituting (336) into
(335) and clearing the denominator yields15"

B�1
Bf
Bβ , F�

*
B�1

�
"
H�1 ,

1
2
F�

*
B�1

�
"
H�2 ,

1
2
F�

*
B{Ba

, (337)

and by the involution: a Ñ �a, β Ñ �β, which by (302), clearly fixes f �
log τk,k on t � s� � s� � 0, we find pH�i � H�i|aÑ�aq

�
"
B�1

Bf
Bβ , F�

*
B�1

�
"
H�1 ,

1
2
F�

*
B�1

�
"
H�2 ,

1
2
F�

*
�B{Ba

. (338)

These 2 relations (337) and (338) yield a linear system for:

B�1
Bf
Bβ , B2�1

Bf
Bβ .

Solving the system yields:

B�1
Bf
Bβ � R1 , B2�1

Bf
Bβ � R2 ,

and so
B�1R1pfq � R2pfq , f � log τk,kp0, 0, 0, Eq��

β�0

.

Since

P pspecpMq � Eq � τk,kp0, 0, 0, Eq
τk,kp0, 0, 0,R ����

β�0

,

with

τk,kp0, 0, 0,Rq��
β�0

�
� k�1¹

0

j!

2

2k
2p�2πqkeka2

ak
2
,

we find the following theorem:

15 tf, guX :� gXf � fXg.
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Theorem 5.7 (Adler–van Moerbeke [7]).

For E � �r
1rb2i�1, b2is, A � diagp

khkkkkkikkkkkj�a, . . . ,�a,
khkkkikkkj

a, . . . , aq,

P pa; b1, . . . , b2rq �
³
H2kpEq e

Trp� 1
2M

2�AMq dM³
H2kpRq e

Trp� 1
2M

2�AMq dM
(339)

satisfies a nonlinear 4th order PDE in a, b1, . . . br:

pF�B�1G
� � F�B�1G

�qpF�B�1F
� � F�B�1F

�q
� pF�G� � F�G�qpF�B2�1F

� � F�B2�1F
�q � 0 , (340)

where

B�1 �
2ŗ

1

B
Bbi , B0 �

2ŗ

1

bi
B
Bbi ,

F� :��2k�B�1

� B
Ba�B�1



logP ,

G� :�tH�1 , F�uB�1�tH�2 , F�uB{Ba ,
H�1 :� B

Ba
�
B0�a BBa�aB�1�4

B
Ba



logP�B0B�1 logP�4ak�4

k2

a
,

H�2 :� B
Ba

�
B0�a BBa�aB�1



logP�p2aB2�1�B0B�1�2B�1q logP ,

F� � F���
aÑ�a

and G� � G���
aÑ�a

.16

(341)

We now show how Theorem 5.7 implies Theorem 5.3. Indeed, remember
our picture of 2k Brownian paths diverging at t � 1

2 .
Also, remembering the equivalence (270) between GUE with external

source and the above Brownian motion, and (286), we find

P ak,kpt; b1, . . . , b2rq :� Probak,kpall xiptq � Eq
� P

�c
2t

1� ta;
d

2
tp1� tq pb1, . . . , brq



� detpI � rKEc

2k q ,
(342)

where the function P p�; �q is that of (339).
Letting the number of particles 2k Ñ 8 and looking about the location

x � 0 at time t � 1
2 with a microscope, and slowing down time as follows:

16 Note P pa; b1, . . . b2rq � P p�a; b1, . . . , brq.
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Fig. 6.

k � 1
z4

, �a � � 1
z2

, bi � uiz , t � 1
2 � τz2 , z Ñ 0 , (343)

which is just the Pearcey scaling (285), we find by Theorem 5.2 and (342),
that

Prob1{z2p1{z4,1{z4q
�

all xi

�
1
2
� τz2



P r¤

1

rzu2i�1, zu2is



� P

�c
2

1� ta;
d

2
tp1� tq pb1, . . . , b2rq


����
a�1{z2,bi�uiz,t� 1

2�τz2

� detpI �KP
τ I rEcq �Opzq

�: Qpτ ;u1, . . . , u2rq �Opzq ,

(344)

where KP
τ is the Pearcey kernel (287) and rE � �r

1ru2i�1, u2is. Taking account
of

P ak,kpt; b1, . . . , b2rq � P

�c
2t

1� ta;
d

2
tp1� tq pb1, . . . , br



�: P pA,B1, . . . , B2rq ,

(345)

where the function P p�, �q is that of (339), and the scaling (343) of the Pearcey
process, we subject the equation (340) to both the change of coordinates
involved in the equation (345) and the Pearcey scaling (343) simultaneously:

0 � tpF�B�1G
� � F�B�1G

�qpF�B�1F
� � F�B�1F

�q
�pF�G��F�G�qpF�B2�1F

��F�B2�1F
�qu����A�?2

z2

d
1
2�τz2

1
2�τz2 ,

Bi� uiz
?

2?
1
4�τ2z4
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� 1
z17

�
PDE in τ and u for logP ak,kpt; b1, . . . , b2rq��

scaling



�O

�
1
z15



� 1
z17

�
same PDE for logQpτ, u1, . . . , u2rq��O� 1

z16



;

the first step is accomplished by the chain rule and the latter step by (344),
yielding Theorem 5.3 for F � logQ.

A Hirota Symbol Residue Identity

Lemma A.1. We have the following formal residue identity

1
2πi

¾
8
fpt1 � rz�1s, s1, u1qgpt2 � rz�1s, s2, u2qe°81 pt1i�t2i qzi

zr dz

�
j̧¥0

sj�1�rp�2aqsjpB̃tqe°81 pa` B{Bt`�b` B{Bs`�c` B{Bu`qg � f , (A.346)

where

t1 � t� a , s1 � s� b , u1 � u� c ,
t2 � t� a , s2 � s� b , u2 � u� c , (A.347)

rBt � � B
Bt1 ,

1
2
B
Bt2 ,

1
3
B
Bt3 , . . .



, e

°8
1 tiz

i � 8̧

0

siptqzi , (A.348)

and the Hirota symbol

ppBt, Bs, Buqg � f
:� ppBt1 , Bs1 , Bu1qgpt� t1, s� s1, u� u1qfpt� t1, s� s1, u� u1q��

t1�0,
s1�0,
u1�0

. (A.349)

Proof. By definition,

1
2πi

¾
8

i�8̧

i��8
aiz

i dz � a�1 , (A.350)

and so by Tayler’s Theorem, following [28] compute:¾
8
fpt1 � rz�1s, s1, u1qgpt2 � rz�1s, s2, u2qe°81 pt1i�t2i qzi

zr
dz

2πi

�
¾
8
fpt� a� rz�1s, s� b, u� cqgpt� a� rz�1s, s� b, u� cqe�2

°8
1 aiz

i

zr
dz

2πi
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�
¾
8
e
°8

1 p1{iziqB{Baifpt� a, s� b, u� cqgpt� a, s� b, u� cqe�2
°8

1 aiz
i

zr
dz

2πi

�
¾
8

8̧

1

z�jsjpB̃aqfpt� a, s� b, u� cqgpt� a, s� b, u� cq
8̧

`�0

z`�rs`p�2aq dz
2πi

(picking out the residue term)

� 8̧

j�0

sj�1�rp�2aqsjpB̃aqfpt� a, s� b, u� cqgpt� a, s� b, u� cq

� 8̧

j�0

sj�1�rp�2aqsjpB̃aqe°81 pa` B{Bt1̀�b` B{Bs1̀�c` B{Bu1̀ qfpt� t1, s� s1, u� u1q
� gpt� t1, s� s1, u� u1q at t1 � s1 � u1 � 0

� 8̧

j�0

sj�1�rp�2aqsjpB̃t1qe°81 pa` B{Bt1̀�b` B{Bs1̀�c` B{Bu1̀ q

� gpt� t1, s� s1, u� u1qfpt� t1, s� s1, u� u1q at t1 � s1 � u1 � 0

� 8̧

j�0

sj�1�rp�2aqsjpB̃tqe°81 pa` B{Bt`�b` B{Bs`�c` B{Bu`qgptq � fptq ,

completing the proof.

Proof of (28):

To deduce (28) from (27), observe that since t, t1 are arbitrary in (27), when
we make the change of coordinates (A.347), a becomes arbitrary and we then
apply Lemma A.1, with s and u absent, r � 0 and f � g � τ , to deduce (28).

Proof of (166):

To deduce (167) from (166), apply Lemma A.1 to the l.h.s. of (166), setting
f � τn, g � τm�1, r � n � m � 1, where no u, u1 is present, and when
we make the change of coordinates (A.347), since t, t1, s, s1 are arbitrary,
so is a and b, while in the r.h.s. of (166), we first need to make the change
of coordinates z Ñ z�1, so zn�m�1 dz Ñ zm�n�1 dz (taking account of the
switch in orientation) and then we apply Lemma A.1, with f � τn�1, g � τm,
r � m� n� 1, and so deduce (167) from (166).
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